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Molecular theory of the spontaneous polarization in the chiral smectic-C phase
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It 's shown that the specific configuration of a chiral molecule gives rise to a spontaneous polar-
ization in the smectic-C phase due to the molecular interaction in terms of the electrostatic quadru-
pole moments that produces the tilt of the director in the smectic-C phase.

In the liquid-crystalline smectic-C phase the averaged
alignment of the anisotropic molecules constituting the
one-dimensional layered structure is tilted with respect to
the layer norma1 v. ' The projection of the director n,
which is a unit vector along the local direction of align-
ment, on the two-dimensional Auid layers is denoted by a
vector c,

~
c~ ( 1, called the C director. The characteristic

parameter for the smectic-C phase is the tilt angle cu

determined by v.n=coscu, ' cf. Fig. 1.
If the anisotropic molecules of the smectic-C phase are

chiral, that is, optically active, the C director rotates
from layer to layer around v, resulting in a macroscopic
helical structure of the tilted director the characteristic
length p over which the C director makes a 2~ turn is
typically of the order of 1 pm. As predicted by Meyer
and also demonstrated experimentally, ' there is in each
layer of the chiral smectic-C phase a spontaneous polar-
ization P =p n X c; this polarization is only manifest as a
homogeneous macroscopic polarization if the twist of the
C director is suppressed by external means. The magni-
tude of the piezoelectric coe%cient p is typically of the
order 10—100 nC/cm .

Meyer's symmetry arguments and the chemists' intui-
tion and empirical knowledge have not yet led to a
clear description of the molecular mechanism responsible
for the spontaneous polarization in the chiral smectic-C
phase. We therefore present a simple elementary picture
of the configuration of an anisotropic chiral molecule and
its coupling with the layered tilted structure of the
smectic-C phase, which is of primary importance.

Indeed, to avoid all misunderstanding it should be
recognized from the beginning that the molecular in-
teraction that produces the twist from layer to layer can-
not be responsible for the polarization in each layer. To
illustrate this point, we recall that molecular theories
dealing with the twist of the director are essentially based
on the dispersive interaction energy between two mole-
cules in terms of the combined action of the molecular
dipole-dipole and of the molecular dipole-quadrupole
transition. ' The essence of this chir al interaction
denoted by V,'" comes to the fore by noting that'

V)~=V'"(0;,A~, RJ) ~(p lpga);(p lqp ) C Dppy,

where the indices a, 13, etc. refer to the coordinates
X, Y, Z of a macroscopic coordinate system; p =p (0)
and q&z =q& (0) are the corresponding components of
the induced molecular dipole and quadrupole transitions
er and err, respectively, which are a function of the
orientation of a molecular fixed coordinate system (x,y, z)
with respect to the (X, Y, Z) coordinate system. This
orientation denoted by one symbol Q can be described in
terms of the Euler angles $, 8, $ indicated in Fig. 1;
Q=Q($, 8, $). The tensor elements C ~ and D&&z de-
scribe the dependence of V" on the relative position
R; =(Rx,R&,Rz) of two molecules in terms of products
of the corresponding components R, R&, etc.; repeated
indices in Eq. (1) indicate a summation. The product
C .D&& contains only odd powers of the components of
R; . The averaging of V,-' over all relative positions R,"
yields therefore nonzero only if the relative orientation of
the molecules is also an odd function of R, ; this is the
characteristic of V -". Indeed, it has been shown' that
the orientationally averaged value of the sum of terms
like (p ~pp);(p ~q& )., proportional to cos8, sinO;, in a
molecular field approach can be written as
(Pz(cos8) ) sin(27rR ~/p), where the order parameter
(P2(cos8)) is the orientationally averaged value of the
second-order Legendre polynomial I'2 of the argument
cosO;=z; n and 2~R&/p is the angle of rotation of n
over a distance R z around the y axis which is perpendic-
ular to n; when considering the chiral smectic-C phase
the y axis is along v, i.e., perpendicular to c. ' The actu-
al value of the pitch p is found by minimization of the full
potential energy. ' '

This brief recapitulation shows that the chiral interac-
tion which produces the twist vanishes when the mole-
cules have on average the same orientation; V " is then
an odd function of the re1ative position of the molecules
which vanishes on average. This applies to all molecules
in each layer and in the whole of the sample when the
twist is suppressed; this proves the assertion of Meyer
that the interaction giving rise to the twist is not the
cause of the spontaneous polarization. Indeed, to explain
the latter one has primarily to consider the molecular in-
teraction that gives rise to the tilt of the director in the
smectic-C phase.

We therefore consider the interaction V,- ~ between the
electrostatic molecular quadrupole moments described in
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FIG. 1. The relative orientations of the coordinate systems
involved. (a) The Z axis is along the layer normal to v, the Z'
axis is along the director n; v.n=cosco. (b) Schematic represen-
tation of the Euler angles P, 9, i( which describe the orientation
of the molecular coordinate system (x,y, z) with respect to the
(X, Y', Z') coordinate system; the primes are only relevant for
the smectic-C phase, that is, cosO= z.n.

Vc(co) is the molecular field arising from VP~q defined
above. The additional term 6 Vz sin ~ ensures the stabili-
ty of the smectic- 2 phase against a tilt of the director; for
the discussion it suffices to note that this term arises in a
natural way by taking into account the anisotropy of the
excluded volume when calculating V~. '

The order parameter (cos(qRz)P2(A) & is the mixed
order parameter of the smectic phase' which is a measure
for the uniaxial orientational order with respect to n,
P2(A) =P2(z.n), in combination with the one-
dimensiona1 trans1ational order along v; Rz denotes the
relative position of the molecules along v which defines
the Z axis, whereas the thickness d of the layers
determines the wave number q =2~/d. To appreciate
the meaning of the order parameter

Vq~= V"q(Q, , Q, , R,, )=q p(A, )q .~.(Q, )T fi .~. (2)

terms of the quadrupole tensor q &= g, e r r &, that is
it is relevant to note that Q (II) has come out as'

Q ( II ) =yrzz =cosP costtr cosH —sing sing cos H, (6)

where A=q„——,'qyy and I =2qyz are the anisotropy and
"diagonal flatness" of the molecular quadrupole distribu-
tion, respectively, defined in a molecular coordinate sys-
tem (x,y, z), cf. Fig. 2; cP4 is a weighted average of the
tensor T

& & over all relative positions R, which being
even in R, is harmless. The quantities in angle brackets
of Eq. (3) are averaged values defined by

(cP2 &
= f dRz f dQ f (Q, Rz)cos(qRz)Pz(A), (4)

where the normalized one-particle distribution function
f (&,Rz)=exp( —V/kT)/f dRz f dQexp( —V/kT) is

defined in terms of the molecular field V = V(II, Rz) of
the smectic phase given by

V= Vit+ Vc(cu)+5V&sin ni; (5)

V~ is the molecular field for the smectic-A phase' and
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FIG. 2. (a) An anisotropic molecule with a quadrupole mo-
ment q in terms of two eccentric dipoles +p=(0,py, p, ). (b) A
chiral variant by the mere addition of a dipole p= (p, 0,0).

where the tensor T
& &

describes the dependence of V, ~

on the relative position R; of the molecules. It is
straightforward to show' that this interaction in the
smectic phase gives rise to an averaged mean field
( Vc(ni) &, Vc(cu) = ( VP~~&, defined in terms of the
relevant order parameters (cP2 & =(cos(qRz)P2(A, ) &

and (eg &
= (cos(qRz )Q (II ) & and of the tilt angle ni by

&V, (~)&= —(r'(.g&'+lal b, ( Q&( P &since)3 P;
(3)

where yr =cosP cost( —sing sing cosH and zz. =cosH are
the direction cosines of the molecular y (z) axis with
respect to the macroscopic Y' (Z') axis; the Z' axis is
along n and the Y' is perpendicular to n in the plane of v
and n; cf. Fig. 1.

At this stage we are in a position to consider the points
at issue. The first point is that the tilt angle ~ introduced
as the characteristic parameter for the smectic-C phase is
determined by the order parameter (cg &.

' Indeed, it
may be seen from Eqs. (5) and (3) that minimization of
the averaged mean field ( V & with respect to cu yields

sinn~ ~1 5(eg & .

By the mere definition of Q (II ), cf. Eq. (6) and Fig. I, it is
obvious that a nonzero value of (cg &, or of the tilt co, re-
quires that the symmetry of the smectic-C phase is
confined to a twofold rotation around the X axis perpen-
dicular to v and n, a reflection with respect to the plane
of v and n and the inversion. This restricted symmetry
corresponds to the monoclinic symmetry first assigned to
the smectic-C phase by Meyer.

The second point is the specific consequence for the
smectic-C phase as compared with the nematic phase
when the anisotropic molecules constituting the phase
are also chiral. The fact that the lack of a mirror plane
and inversion center on a molecular level eliminates the
mirror and inversion symmetry on a macroscopic level
has been considered before and will not be discussed.
It is, however, essential to consider the actual molecular
configuration in connection with chirality. One could of
course try to study and classify all possible conformations
of such molecules consistent with the more or less hin-
dered rotations around covalent bonds and other specific
intramolecular interactions to find the most probable
configuration compatible with a nonvanishing chirality. '

Such detailed analysis, though essential for the under-
standing of the activity of each specific molecular com-
pound, is beyond the scope of this paper and not relevant
for the argument. Indeed, it suffices to recognizes that
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the effective chiral configuration of a molecule with
respect to an asymmetric substituted carbon atom is in
fact a system of at least two dipoles 1 and 2 at a distance
r, 2 such that not only p, p2 but also (p, Xp2) r, 2 is
nonzero; this picture is reminiscent of the classic theories
and descriptions of the optical rotatory power. ' ' In or-
der to make the molecular depicted in Fig. 2(a) chiral, it
is then necessary and sufticient to rotate one of the di-
poles out of the yz plane, or equivalently to attach to the
molecule a dipole directed along the x axis, making
(p, Xpz) r,z=p„q», nonzero; cf. Fig. 2(b). This model is
quite different from previous models, ' ' which describe
chiral molecules as molecules with just one single dipole.
This manifestation of chirality on a molecular level leads
in the smectic-C phase inevitably to a molecular dipole
p, effective on a macroscopic level, that is
px=p„(cxx}%0. Indeed, the existence of the C phase
due to the mutual coupling of the quadrupole com-
ponents I and 6 requires a nonzero (cyr,zz, };this im-
plies that (cxx } is zero nonzero. To illustrate this point
we note that xx=cosgcosgcos8 —sin/sing, that is
xx =yt, zz —sing sint)'csin 8; cf. Eq. (6).

Thus we find that the macroscopic polarization in each
layer, which is directed along the local symmetry axis,
can be written as

Px =pp„( ( cQ }—( c sing sing sin 8 }) =pp„( cQ },
where p is the number density X/V and p„ the effective
molecular dipole along the x axis; since it is not essential
for the argument, we have disregarded the term
(c sintI) sinl( sin 8},which, in view of the almost perfect
orientational order in the smectic-C phase, can be expect-
ed to be vanishingly small. Equations (7) and (8) show
that the connection between Pz and cu found experimen-
tally is due to their relation with the order parameter
(cQ }, which below the smectic-A —smectic-C phase
transition temperature T„c varies as (T„c—T)'r .
Equation (8) also shows that the maximum obtainable
value of Pz is apart from p limited by the actual value of
(cQ }. Maximization of Px therefore requires a molecu-
lar configuration in which not only p but also I and 6
are optimum, the latter two to optimize the coupling of
the molecules with the layered tilted structure.

In conclusion, we have shown that the coupling of a
chiral molecule, depicted as an asymmetric three-
dimensional system of coupled dipoles, to the monoclinic
environment of the smectic-C phase in terms of the
molecular interaction that gives rise to the tilt of the
director in the C phase leads inevitably to a macroscopic
polarization in each layer of the C phase, twisted or not.
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