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A theory of the magnetic field diffusion is developed in order to explain high-energy x-ray emis-
sion observed in vacuum spark plasmas. The acceleration mechanism is based on the intense in-
duced electric field due to an abrupt inductance change when the plasma column expands from its
pinch radius to a large radius. According to this magnetic field diffusion model, high-energy elec-
trons are well collimated at the axis. In addition, the electron energy in this collimated flux can be
easily more than 20 times the electrode voltage, which generates high-energy x-ray radiation by in-

teraction with the dense plasma.

I. INTRODUCTION

A vacuum spark microplasma emits strong line radia-
tion arising from K transitions in He- and H-like ions of
high Z (such as Fe) atoms and bremsstrahlung radiation,
both of which are expected from a multi-keV tempera-
ture plasma. In addition, the discharge emits unexpect-
edly strong high-energy x rays associated with the micro-
plasma formation. The photon energy of such radiation
far exceeds the values expected from either the thermal
bremsstrahlung or the applied electrode voltage.

Recently, Veretennikov et al.! have reported a very
important piece of information regarding the time corre-
lation between plasma dynamics and the formation of the
microplasma. According to their multiple-frame, short-
exposure-time shadow graphs, the microplasma is pro-
duced some time after (average of about 20 ns) the max-
imum contraction of the plasma column, as it expanded
to a diameter of about 2 mm, contrary to what one might
expects from any existing model. In order to explain this
dilemma, they speculated that there may exist a second
contraction immediately following the first, due to a radi-
ation cooling, which is so fast that one could not normal-
ly observe it. It is well established that the final contrac-
tion to a microsize plasma is probably due to a plasma
collapse? caused by a rapid radiation loss. However, ex-
actly how the expanding plasma leads to the second col-
lapse and emission of the high-energy x ray has not been
well understood.

In order to explain these complex physical phenomena,
we introduce a magnetic field diffusion model after ex-
pansion. In Sec. II, we develop a theoretical model based
on the plasma expansion following the plasma pinch with
minimum radius. Once the plasma column expands
abruptly, the magnetic field stored inside the pinched
plasma diffuses, thereby creating an intense induced elec-
tric field [Eq. (18)], which in turn accelerates charged
particles into a very-high-energy state. This induced
electric field is strongly concentrated at the axis [Eq.
(19)]. The induced plasma current, which is proportional
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to the induced electric field, is also well collimated at the
axis [Egs. (5) and (18)]. This highly collimated electron
flux interacts with the dense anode plasma, thereby creat-
ing high-density microplasma. Note that the electrons in
the induced plasma current may have very high energy,
which can be easily more than 20 times the electrode
voltage. In Sec. III, the electron-energy spectrum and
the corresponding x-ray spectrum are obtained for the
magnetic diffusion model and numerical examples are
presented. A qualitative discussion of the vacuum spark
physics is presented in Sec. IV.

II. THEORETICAL MODEL

The theoretical model in this section is based on the
plasma expansion scheme after a pinch state, which is
schematically presented in Fig. 1. Here, axial distance of
the pinch region is d,, and the original pinch and new ex-
panded radii are denoted by R, and R, respectively.
The plasma current I is assumed to be constant. During
contraction of the plasma column, the system inductance

ORIGINAL PINCH
RADIUS Rp

\ p-
NEW EXPANDED PLASMA

RADIUS Ro

HIGHLY COLLIMATED ELECTRON
FLUX AFTER EXPANSION

FIG. 1. Schematic presentation of a vacuum discharge plas-
ma and the highly collimated electron beam at the axis.
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increases, thereby storing magnetic field energy. The
source of this magnetic field energy originates from the
kinetic energy of electrons which migrate from cathode
to anode. The induced electric field E; (¢), which may
accelerate charged particles in a high-energy state, is ex-
pressed as
d dI dL

E,(t)= dt(LI) Ldt +1I i (1)
where L is the system inductance and [ is the plasma
current. The accelerating voltage due to the term
LdI /dt has been investigated in previous studies.’ In this
report, we will concentrate on the accelerating mecha-
nism due to the term IdL /dt. Change of the system in-
ductance dL /dt is caused by the abrupt change of pinch
radius. During expansion, the charged particles are ac-
celerated outwardly by a pressure gradient force. The
plasma radius exhibits a parabolic function of time ¢.
The change of the system magnetic flux is proportional to
the plasma radius. The major inductance change occurs
at the last stage (R ~R,) of plasma expansion. Thus, in
order to simplify the subsequent analysis, we can assume
that the plasma radius expands abruptly from R =R, to
R =R, at time t =0. As shown in Fig. 1, a highly col-
limated electron flux is generated on axis after expansion.

The electric field E in the pinch region is given by

E=V/d,, @)

for t <0 and for t— . Here V is the anode-cathode
voltage difference. The steady-state current density be-
fore and after expansion is expressed as

J,=I,/mR}, 0<r<R,
Jo(r)= 0 otherwise 3)
for t <0 and

Jo=I,/7R}, 0<r<R,
Jolr)= 0 otherwise @)

for t >0. We also assume that the current density is pro-
portional to the electric field. That is,

J=0FE , (5)

where o is a constant depending on the cathode material,
shape, etc.
The Ampere’s law in the Maxwell equation is ex-

pressed as

yxg=L9p+47y (6)

- c ot c
where the term proportional to (1/¢)(3E/9t) is negligi-
bly small. The total current density J, in Eq. (6)
represents both the steady-state value Jy(r) and the tran-
sient density J! (r,¢), which is related to the vector po-
tential A4,(r,t) by

g
c

T or=—2 9 4 (rr), 0
at

where use has been made of Eq. (5) and the definition of
the induced axial electric field
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E, (r,t)=—(1/c)3d/3t)A,(r,t) .

Substituting Eq. (7) into Eq. (6) and making use of
By=0A4,(r,t)/3r, we obtain

470 O
2 3 A, (rt),

19
r or

9 —_ 47
rar A,(rt) |= . Jolr)+

(8)

for ¢ > 0. Obviously, the solution to Eq. (8) is a combina-
tion of the steady-state and time-transient solutions.
That is,

A (r,t)= A,(r)+ fowdkAk(r)exp(—kit) , 9)

where A is the decay constant.

The transient solution A, (r) in Eq. (9) can be found by
substitution of Eq. (9) into Eq. (8). After straightforward
algebra, we obtain

d

r;Ak(r)

+ 4o

1d 2 _
- 7 M An=0, (10)

for the transient solution.
solution to Eq. (10) is

The physically acceptable

A (ry=a, Jy(kr) , (11)

where Jy(x) is the zeroth-order Bessel function of the
first kind and the perpendicular wave number k is related
to the decay constant A, by

Ay =kc /(4ma)'/? . (12)

Note that the solution A4,(r,t) in Eq. (9) is equal to the
steady-state solution A,(r) for ¢t <0. That is,

A,(r,t <0)=A4,(r,t=0,),

where 0, =limg_,,0+8. Thus the coefficient a is relat-
ed to the difference of the steady-state vector potentials
before and after expansion, which is expressed as

fO”dk aJolkr)=AA,(r), (13)
where A 4,(r) is approximately given by
21 R
——Oln —° , O0<r<R
c R, 4
AAd,(r)= |—In |— R,<r<R, (14)
¢ r
0 otherwise.

Multiplying both sides of Eq. (13) by rJ(kr) and making
use of the orthogonality of the Bessel function

fomx dxJo(gx ) o(Ex)= ﬁ%ﬂ—) )

we obtain

21
ak=C—kO[J0(kRP)-JO(kRO)] . (15)
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The induced electric field

E, (r,t)= ——l——a—Az(r,t)

c ot
is obtained from Eq. (9) and is given by
= Lo [k kU (KR, )~ Jo(kR)
Eqn(r,)=-—— [ “dk k[Jo(kR,)=Jo(kRo)]
XJo(kr)exp(—At) . (16)
Defining
2
=—<L, (17)
TOR,

and carrying out the integration over k space in Eq. (10),
the induced electric field in Eq. (16) is expressed as

I, R2+r? 2r
E, (rt)= exp | — —~ I
' moR}T P TR} 0 7R,
R(2)+r2’ 2R,r J
—exp | T 5 Yo | e ||
TRp TRP

(18)

The induced electric field in Eq. (18) is one of the main
results in this work and can be used to investigate proper-
ties of the accelerating voltage for a broad range of sys-
tem parameters. Note from Eq. (18) that the induced
electric field E;,(r,t) and the induced current density
Jin(r,t)=0FE;, (r,t) are maximum at the axis (r =0) and
decrease as the value r increases. At the axis of the plas-
ma column (7 =0), the induced electric field in Eq. (18) is
considerably simplified to

R 2
24|

14

1
Ein(o,,):_____o_

exp —exp
mo R [,27'

which is further simplified to

E(0,1)= —= (20)

% ex
P
for Ry/R,>>1. The condition Ry/R, >>1 can be easily
satisfied in the present experiments. For simplicity of the
present article, the analysis in the remainder of this re-
port is restricted to the case of R,/Ry,<<1 and r=0,
which corresponds to Eq. (20).

The total voltage difference V(7) across the pinch re-
gion is the sum of the steady-state value ¥ and the in-
duced voltage E;,d,. Defining the normalized value
v(1)=V(7)/V, we obtain

I,d
pn=1+—22_Lop |- 1| 1)
7TO’RPV T T
which has its maximum
Iyd,
v, =v(r=1)=1+—+F"—exp(—1) (22)
7T(7RPV

at
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lodp
TtoRp2V

=100

FIG. 2. Plot of normalized electron acceleration energy vs 7
obtained from Eq. (21) for Ro/R, >>1and Iod, /7o R}V =100.

7=1. (23)

Shown in Fig. 2 is the plot of the normalized accelerat-
ing voltage v(r) versus 7 obtained from Eq. (21) for
Iod, /mo R}V =100. From Fig. 2, we note that the ac-
celerating voltage is many times the anode-cathode volt-
age for I,d, /mprzVZ 100. It is also noted from Fig. 2
that there are rising and falling portions of the accelerat-
ing voltage. From Eq. (24), we obtain the time

2
f = mpr

m ’
C2

(24)

which corresponds to the maximum accelerating voltage
V,,. In a typical present experiment, ¢, is less than a

fraction of a nanosecond. We therefore conclude that the
peak accelerating voltage occurs right after expansion.

III. ENERGY SPECTRUM

It is also very useful to define the electron-energy spec-
trum &(v) by

S(v)Av=IAt , (25)

where [ is the electron current. In obtaining Eq. (25), we
have assumed that most of the pinch current is carried by
electrons. In this context, we define the normalized ener-
gy spectrum E(v) by

=-__ v
ldv/dr] ’°

where use has been made of the fact that the current den-
sity profile at » =0 is the same as v(7). The energy spec-
trum defined in Eq. (26) is a dimensionless parameter and
provides a relative scaling. Note that Eq. (26) is defined
in terms of the current density at the axis. Strictly speak-
ing, the energy spectrum must be proportional to the to-
tal current as shown in Eq. (25). In this sense the energy
spectrum in Eq. (26) is an approximate representation,
which is, however, reasonable for the purpose of the
present article.

E(v) (26)
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Obviously, the time-integrated energy spectrum E(v)
consists of sum of the two contributions, one from the ris-
ing portion of the accelerating voltage and the other from
the falling portion of the accelerating voltage. They are

E\(0)=—2 % 0<r<1
2 (27)
v
= <o .
EZ(U) v‘——l T—l’ 1<T o0
Therefore, the energy spectrum E(v) is given by
E(w)=E,|(v)+E,(v) . (28)

We remind the reader that, making use of Eq. (26), the
normalized time 7 in Eq. (27) is explicitly determined in
terms of the energy v for a specified value of the parame-
ter Iod, /7TO'R: V. Shown in Fig. 3 is a plot of the energy
spectrum versus v obtained from Egs. (27) and (28) for
Iyd, /mTszV= 100. In this figure, the logarithmic verti-
cal scale represents a relative intensity in an arbitrary
unit. Obviously, the energy spectrum in Eq. (28) has a
singular point at v =v,,.

The highly collimated electron flux at the axis interacts
with the dense-anode plasma, generating high-energy x-
ray radiation and creating high-density microplasmas.
Assuming that the anode plasma density is comparable
with the density of a solid material, we can obtain the
hard x-ray spectrum §(&) from*

_1 p%  E(v)
$(e) ef dv n

I 1+vVi1i—e/v
e )

1—V1—e/v

; (29)

where € represents the hard x-ray energy normalized by

1000
|odp
—— =100
TToRp2V
100
E(v)
10
1 1 1 1
0 10 20 30

v

FIG. 3. Plot of the energy spectrum vs the normalized energy
v obtained from Eq. (28) for parameters identical to Fig. 2.
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FIG. 4. Plot of the x-ray spectrum vs normalized x-ray ener-
gy € obtained from Eq. (29) for parameters identical to Fig. 2.

eV. Here, V is the anode-cathode voltage difference.
Substituting Egs. (27) and (28) into Eq. (29) and making
use of eq. (21), we can qualitatively estimate the hard x-
ray spectrum emitted from anode plasma. It must be
difficult to compare specific experimental data with the
estimated values from Eq. (29) because of too many un-
known physical parameters. But this estimated x-ray
spectrum may provide a qualitative understanding of
hard x-ray emission from a vacuum spark discharge.
Nevertheless, we present in Fig. 4 a plot of the x-ray
spectrum versus the x-ray energy & obtained from Egq.
(29) for 1od, /77'0Rp2V =100. The maximum normalized
x-ray energy in Fig. 4 is ¢,=37.6 for Iyd,/
#0R3V= 100, which corresponds to the maximum elec-
tron energy. Obviously, the high-energy tail of the x-ray
spectrum exhibits nonthermal distribution. After a
rough estimation, we find that the x-ray spectrum of the
superthermal radiation in Fig. 4 is expressed as

Se)=ce 33 (30)

in the x-ray energy range 10<¢ <30. In Eq. (30), c is a
constant. Finally, we conclude this section by pointing
out that the superthermal x-ray spectrum in Eq. (30) is
very similar to that obtained from experimental data
presented in Ref. 7.

IV. DISCUSSION

In this paper, we have developed a theoretical model
based on the magnetic field diffusion in order to explain
complex vacuum spark phenomena, including emission of
superthermal x radiation. As shown in Fig. 5, the plasma
radius R reaches its minimum value R, (pinch radius) at
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FIG. 5. Schematic presentation of plasma column radius R
vs time f.

t =—t, and then expands to R =R, at t =0. During
constriction of the plasma column, the inductance of the
plasma system increases, thereby storing magnetic field
energy. Assuming that the plasma current is constant,
the plasma expansion from R =R, to R =R, means a
change of the system inductance, thereby ensuring in-
tense induced accelerating voltage. The plasma expan-
sion is caused by the pressure gradient force. Thus the
plasma radius may be a parabolic function of time z.
Since the change of the system magnetic flux is propor-
tional to the plasma radius, it is reasonable to conclude
that the major inductance change occurs at the last stage
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of plasma expansion (R ~R,). In order to make the
analysis simple, we therefore assume that the plasma ra-
dius expands abruptly from R =R, to R =R, at t =0 as
shown in Fig. 5. The delay time ¢, of the expansion after
the pinch is in the order of 10 ns.

Once the plasma column expands abruptly at ¢ =0, the
magnetic field stored inside the pinched plasma diffuses,
creating an intense induced electric field [Eq. (18)]. This
induced electric field has its peak value on axis and rapid-
ly decreases as the radial coordinate r increases. Obvi-
ously, the induced electric field accelerates charged parti-
cles into a very-high-energy state. The induced plasma
current is proportional to the induced electric field as
shown in Eq. (5). Therefore, high-energy electron flux is
well collimated on axis. This highly collimated electron
flux interacts with the dense-anode plasma, thereby gen-
erating high-energy x-ray radiation and creating high-
density microplasmas. The high-current electron beam
interacting with a dense plasma could also induce a
current-driven ion-acoustic instability. The high-energy
x-ray source is therefore the high-density microplasmas,
in agreement with recent experimental observation.® In
addition, this high-energy x radiation occurs at the delay
time ?, after the pinch state. Very often, high-energy
electron flux may also drill a small hole in the anode.®
This qualitative discussion may provide a reasonable
theoretical basis to explain various observations in the
present vacuum spark experiments.!’
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