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Investigations of models and experimental studies of a stationary regime
for a laser with a saturable absorber
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The laser with saturable absorber (LSA) with level structures in amplifier and absorber media has
been modeled in a rate-equation approach introducing memory functions. This approach has been
applied to vibrational structures in a CO~ medium and rotovibrational structures in molecular ab-
sorbers. Experimental results for the LSA regimes with inhomogeneously and homogeneously
broadened absorbers are presented. The theoretical results for the laser threshold and the Hopf bi-
furcation are derived by the model through a fitting of the laser-absorber coupling parameters.

I. INTRODUCTION

The laser with a saturable absorber (LSA) is currently
the subject of many studies both from the point of view of
dynamical system theory and from the point of view of
competing matter-field interaction between the absorber
and amplifier media. In the first case the possibility of
modeling the LSA with a small number of equations (the
laser mode representing only one degree of freedom)
makes available a prototype of a simple nonlinear dynam-
ical system in which chaotic behavior can eventually be
found. In the latter case, the study of the stationary and
dynamical regimes of the system displays information
about the molecular microscopic phenomena at the basis
of the absorber and amplifier responses to an electromag-
netic (em) field. '

The equations ruling the behavior of the LSA are de-
rived from the evolution of the density matrix of the
atom system, whose level structure could present some
degree of complexity, under the simultaneous inAuence of
the em field and the collisions with surrounding atoms or
molecules. Many LSA studies for both the static and dy-
namic regimes have been devoted to the case of a two-
level molecular system. The reason behind that choice
was, beyond the need to simplify as much as possible the
analysis of this system, the belief that most of the in-
teresting physical behavior would arise mainly from the
nonlinear nature of the interaction between two damped
oscillators (or more than two in the case of inhomogene-
ously broadened transition), i.e. , the cavity mode and the
molecular system. In spite of this simplification the
dynamical behavior of the resulting set of equations has
been shown to provide a very interesting and rich behav-
ior giving rise to many optical instabilities. Among them
the self-oscillating regime of passive Q switching (PQS)
has received great attention with the aim of producing
very intense and short laser pulses.

However, as the first experiments on the LSA with
CO2 were being carried out, the difficulty of matching the
experimental results with the results given by the models
became apparent. This in part was attributed to the
effective optical complexities of a real system not taken

into account by a model based on a plane-wave approxi-
mation for the field inside the cavity. At the same time
new kinds of pulse shapes were observed in correspon-
dence with the self-oscillating PQS regime which could
not be interpreted, for a reasonable set of parameter
values, by the simplified two-level models. Those pulses
characterized by a high-frequency oscillatory tail were
reproduced by Tachikawa et al. by using a rate equations
model in which an important contribution in the relaxa-
tion mechanism of the active medium (CO2) was taken
into account. A previous effort to consider in some de-
tail the structure of the relaxation mechanism occurring
in molecular species was made by Arimondo et al. by
introducing the complexities of the rotovibrational mani-
folds in the analysis of the LSA. However, a simplifying
assumption on the relaxation rates of the lower level of
the amplifier medium prevented them from reproducing
the characteristic pulse shapes with oscillating tail. On
the contrary, in the Tachikawa et al. model the descrip-
tion of the absorber, lacking of any rotovibrational struc-
ture, convinced us that a better modeling should be intro-
duced for a more careful comparison between experimen-
tal and theoretical results. It appeared to us, through the
experimental analysis, that a proper description of the
collisional mechanisms was a first and necessary step to
improve the fit of LSA experimental data with theoretical
ones and, from the theoretical point of view, produce reli-
able models. In the past a systematic study of laser mod-
eling was already undertaken in conjunction with the de-
velopment of CO2 laser sources and very sophisticated
models of the active medium were developed. Among
them the models characterized by a thermodynamic ap-
proach to the problem of int. aband energy exchanges
have been proved to be quite effective in interpreting the
stationary laser operating conditions. In these models
each vibrational band is characterized by a given temper-
ature and energy balance equations between various vi-
brational modes are set up. However, even if these
descriptions of laser operation have some common roots
with the rate-equations approach, both stemming from a
philosophy based on coarse-graining procedures, they
could hardly describe a dynamical regime of the laser sys-
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tern where sharp pulses perturb the medium to such an
extent that a proper definition of band temperature might
not be possible. In the case of a model based on the rate
equations we can easily treat the interaction of a given
energy level with the heat bath by the introduction of a
phenomenological damping rate of its population. In this
respect, some recent experiments in which the population
dynamics was directly monitored by a tunable diode laser
offer the possibility of modeling the COz discharge behav-
ior by small number of rate equations through a proper
selection of the predominant relaxation mechanisms. As
regards the absorption process, the complexity in the ab-
sorption spectra of typical molecular gases used in the
PQS experiments, combined with the peculiar working
conditions for the LSA setups (very low pressure in the
absorbing cell), further complicates the theoretical
analysis. However, at the present it seems that a more
crude approach to the absorber's modeling should be
tried before a more complex theoretical investigation is
put at work. On the other hand, the improvement of the
amplifier analysis in the above quoted papers induces us
to suppose that modeling the LSA system with a reduced
number of equations remains valuable from the point of
view of numerical agreement with experimental measure-
ments.

In this paper we present an improvement on the LSA
modeling in which the relaxation mechanisms of the ab-
sorber and amplifier media are considered in some detail.
We will show how the stationary solutions and the state
diagram for the LSA system are interpreted with this new
model by performing a comparison with experimental
findings on a CO2 laser with SF6 saturable absorber. Ex-
perimental results concerning other absorbing gases will
be presented but not completely analyzed within the pro-
posed model. The application of the model is completed
in a successive paper where the LSA pulsed, oscillatory,
and chaotic regimes are analyzed.

The LSA experiments are characterized by additional
features that, if included in the theoretical model, add a
very large complexity. Most experimental observations
of bistability and instability in the LSA are performed
with low-pressure absorbers, thus in a regime of inhomo-
geneously broadened absorption line. The theory of
Salomaa and Stenholm, "later applied to experimental
observations on He-Ne laser with an intracavity
absorber, ' ' was an early analysis of LSA steady state, bi-
stability, and instability in the presence of saturation of a
single velocity class inside the Doppler profile. We have
not taken into account in this paper the inhomogeneously
broadened transition and we have treated the absorber as
an homogeneous one. In fact an important experimental
result of this paper is that, quite surprisingly, the ranges
of bistable and unstable operation are very similar for
homogeneous and inhomogeneous broadened absorption
lines. This leads us to believe that the kind of modeling
adopted, either homogeneous or inhomogeneous, could
not, in some LSA operating conditions, constitute an
essential feature of the model. Thus we have made use of
a model with a homogeneously broadened transition, as
in the presence of an efficient velocity diffusion relaxation
mechanism. Most LSA theoretical investigations have

II. THEORETICAL MODELING

The theory of interaction of a monochromatic radia-
tion field with a molecular or atomic system under the as-
sumption that it can be represented by a two-level quan-
tum system has been extensively discussed by many au-
thors. " The basic equations stemming naturally from
this assumption are known as the optical Bloch equations
or sometimes as the Fermi damped-oscillator equations.
The usual approach followed in the solution of these
equations consists of separating the slowly varying part
of a given variable from the very fast one which varies at
the frequency of the driving field. Thus for the laser elec-
tric field and for the average value of the polarization
operator of an ensemble of X atoms inside the unitary
volume, E and P, respectively, the slowly varying com-
ponents are isolated from the fast ones varying at the
laser frequency co. In the case of a system with more than
two levels in which only two of them are resonant with
the radiation we will suppose that owing to the frequency
mismatch the off-diagonal elements of the density matrix
are significantly different from zero only for the radiation
resonant states. It is shown in Appendix A that under
these conditions the effect of all the remaining levels can
be represented by a memory function K(t) for the vari-
able difference of population between the resonant levels,
which are supposed to have energy separation %coo.

Neglecting higher-order derivatives of P, as well as fast
oscillating terms, the modified equations then read

P = —[y~ —i (co —coo)]P+i (pluri)ED, , (la)

been restricted to the fully tuned case, in which the reso-
nant frequencies of the amplifier and absorber media are
equal and match the cavity tuning. These restrictions
have been lifted in a recent theoretical analysis, ' where
the frequency detunings were included in the LSA
analysis by increasing the number of equations, whence
the complexity of the numerical analysis. In the present
modeling we have eliminated adiabatically the polariza-
tions and considered the laser frequency as an external
parameter, therefore obtaining rate equations with ab-
sorption and amplifier parameters depending on the fre-
quency detunings.

Section II presents the theoretical modeling. The mod-
el that we will adopt in this investigation of the LSA will
be essentially one based on the rate-equation approxima-
tion. However, that approach will be brieAy reviewed,
starting from the more basic equations and arriving at
the final set of equations, with the purpose of showing
some of the major assumptions inherent in our model.
We will include a general relaxation mechanism in the
form of a memory function, and in particular we will dis-
cuss the case of rotovibrational relaxation mechanisms as
applied to the LSA analysis. Section III specifies the re-
laxation mechanisms of the CO& amplifier medium and of
the absorber. Section IV presents the experimental setup
and the LSA parameters relative to the experiment. The
experimental results for the LSA response are reported in
Sec. V and are compared to our modeling in Sec. VI.
Some mathematical details are reserved to the Appen-
dixes.
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D= —f K (t')[D (t t—') D—o]dt' .

(lb)

E = —2irico(i)'+ill")DE —kE,
D = —i)"2~E~ D/fi f —K(t')[D (t —t') D—]dt', (4b)

0

P = D(i)'+i i—)")E (2a)

where the g' in-phase and g" out-phase coupling
coefficients are given by

Here D is upper-state population minus lower-state
population for X atoms inside the unitary volume. D
gives the equilibrium value of D (in the absence of the ra-
diation field) determined either from thermal mechanisms
or by the presence of an external pumping. y~ is the
transverse relaxation rate and p is the dipole moment ma-
trix element between radiation resonant lower and upper
states.

For the particular case of CO& lasers Eq. (la) can be
transformed into the following one by an adiabatic elim-
ination of the polarization in the consequence of the high
value of yi as compared to the rate of change of the other
variables 2

where the last term in Eq. (4a) represents the losses
through the mirrors. In a non-plane-wave configuration
the constant k will be modified by the addition of a phe-
nomenological term taking into account the diffraction
losses. By introducing as a new variable the intracavity
intensity I =c~E~ /8' of either the forward or backward
wave we can write for a medium uniformly distributed in
the cavity and completely filling it:

I=

4~cog�

"DI —2kI, (Sa)

In the case in which also the absorber is present in the
cavity, by neglecting all the internal reflections of the
field in passing through regions of different media we can
write

D = —16irrt"DI/(A'c) —f K(t')[D(t —t') D)d—t' .
0

(5b)

p
2 Q 2

p
1+g2 '

$y 1+g2 (2b)
L L,I=4m') g" DI —4ncog" DI —2kI,L L (6a)

and the normalized detuning is given by

(2c)

D = —16rrrt"DI/(Ac) —f K(t')[D(t —t') D]dt', —
0

(6b)

D = —16irrt"DI/(Pic) —f K(t')[D(t t') D]dt' .——
0

Here a minus sign has been introduced in Eq. (2a) to
take care of the convention adopted for the population
difference in the amplifier medium. In a linear cavity
with standing-wave radiation, forward and backward
waves propagate with slowing varying electric field am-
plitudes EF and E~ given by

BE, 1 BE
+ — =2&i—PF

Bz c Bt c

BE 1 BE
+ — = 27Tl—P~

Bz c Bt c

(3a)

(3b)

where PF and P~ are the slowly varying amplitudes of the
forward and backward polarization components generat-
ing the field inside the cavity. Since the traveling time of
the photon in the cavity is small as compared to the
dynamical time scale, we can assume that the transverse
and longitudinal profiles of the two fields for the forward
and backward waves are not modified in changing from a
static to a dynamic regime. Furthermore, for a perfectly
reflecting mirror at one end of the laser cavity we must
have EF = —Ez =E. This means that the field in the cav-
ity can be represented by one variable only, the field
mode amplitude E. In turn the population difference D is
determined through Eq. (lb) by the square of the total
field impinging on the atom. This term can be replaced
by ~EF~ + Eii~ if standing-wave effects are neglected
and successively transformed into 2~E~ in the limit of the
uniform-field approximation. ' As a result of the above
considerations the equations for the evolution of the laser
variables can be put into the following form:

(6c)

1+2I /I, 1+2IjI„
—1 =0,

where the following quantities have been defined:

c fi~„c fi~,
8~ g" ' " 8~

A*= f K(t')dt', X*=f K(t')dt',
0 0

(8a)

(8b)

Lg 1 0 L, 13 =4ircoil" D, A =4irui)" D . (8c)L 2k ' L 2k

Furthermore, we introduce some other quantities of in-
terest in LSA theory as well in the following analysis:

Here all the barred quantities refer to the absorber and
have the same meanings as for the amplifier, except that
the absorber population variable D is defined as the
difference between lower and upper states. Then to de-
scribe inversion of population in the amplifier and the
usual population difference in the absorber we have
D )0 and D )0. L and L, are the lengths of the gain
and absorber cells and L is the cavity length. A basic as-
sumption in this set of equations is that both absorber
and amplifier have homogeneously broadened lines.

From the stationary solution of Eqs. (6), making use of
the time independence of D and D in the integrals, it fol-
lows that the standard relation for the stationary LSA in-
tensity I of the forward or backward wave is given by
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I,a= I„ (Sd)

a =4n—g"D, a =4n —g"D
0 0 (Se)

L 1 L,
Xqg 47rco7J, %~~ —477corI

L 2k ' " L 2k

4ncug" ao 1

2kkc A~Do 2k '
4m' g" ao 1

2k Ac g~D 2k

Lg c — —La c
L 2k ' L 2k

A =ao

(Sg)

(Sh)

III. AMPLIFIER AND ABSORBER
RELAXATIONS AND RATE-EQUATION MODEL

A. Ampli6er

The relaxation dynamics in carbon dioxide has been
extensively studied by many authors and several models
have been devised to explain the properties of a COz

Here I, and I„are, respectively, the gain-medium satu-
ration intensity and the absorber-rnediurn saturation in-
tensity for a traveling wave and the factor of 2 in the
denominator of Eq. (7) appears because of the standing-
wave laser field. The constants A* and %' are calculat-
ed in Appendixes 8 and C for particular choices of the
level structure. The quantities A and A, with standard
meaning in LSA theory, are defined as the ratio between
the unsaturated small-signal gain or absorption and the
cavity losses. At threshold of laser operation without any
intracavity absorber the A parameter is equal to 1. ao
and o,o are the small-signal gain (unsaturated gain) and
the small-signal absorption (unsaturated absorption) in
the homogeneously broadened regime. The saturability
parameter a has the standard meaning of the ratio be-
tween saturation intensities of the gain and the absorber
media. The parameters % and X, are the stimulated
emission coefficients normalized to the cavity damping
rate and like the parameters S,s and %„are determined
by the emission and absorption coefficients g" and g" of
the molecules in the amplifier and absorber respectively.
These quantities, as well as A and A, depend on the laser
frequency through the g" and g" dependencies reported
in Eq. (2b).

Equation (7) shows that even in the case in which the
relaxation depends on the dynamics of auxiliary levels,
the steady-state equation of the LSA shows a stationary
bistable behavior similar to that of the much more
simplified models previously used to describe the LSA.
The difference between previous models of LSA in COz
lasers and the present one consists mainly in the range of
the parameters for which instabilities occur as well in the
completely different dynamical scenario displayed by this
new model. In the following sections we will discuss a
modeling of the relaxation dynamics which will allow us
to gain insight into the nature of the memory functions
for the amplifier and the absorber.

laser, one main target being the comprehension of its
high-gain saturation. An accurate investigation of the
population dynamics in a COz discharge has been recent-
ly reported using a probe diode laser resonant with some
COz levels. The main feature of the relaxation dynamics
consists in a very fast rotational relaxation of the
radiation-excited level within the set of rotational levels
belonging to a given vibrational band and by the slower
vibrational-vibrational and vibrational-translational re-
laxations. However, the particular level configuration of
the COz molecule with quasidegenerate vibrational states
and efficient energy pooling plays an important role in
rendering the above mechanism peculiar to this kind of
molecule. In the context of the LSA problem, as well in
the dynamics of the COz laser, the relaxation processes of
the COz amplifier have been modeled within the so-called
four-level model, ' ' where rotational coupling has been
introduced, and later within a three-level model where
the relaxation of the lower laser level towards the ground
state has been added. A rich complexity of behaviors
has been obtained by the introduction of these additional
relaxation processes. ' ' By considering that the experi-
mental investigations of the LSA display an even richer
dynamical scenario, it is supposed that a full modeling of
the relaxation processes would be capable of providing a
closer agreement with experiments and perhaps new
types of dynamical regimes.

The reduced model that we adopt merging the models
of Refs. 2 and 5 is schematically represented in Fig. 1(a).
The levels shown there represent sets of real COz levels
characterized by a fast relaxation rate within a given set.
The relaxation toward external levels is a sort of weighted
average of the relaxation rates for the single levels. The
group denoted by 2 corresponds to the set of rotational
states originating from the vibrational state 00 1 and in-
cludes the upper laser level. The level 1 groups the rota-
tional states corresponding to the vibrational states 10 0,
02 0, and 02 0 which are strongly coupled by almost-
resonant collisions. The level 0 contains the 01'0 vibra-
tional level and the 00 0 ground state. The relaxation of
the 01'0 level towards the ground state, measured to be
3.3 X 10 sec ' Torr ' in a 1:9 COz. He mixture, "may
lead to a bottleneck phenomenon in the relaxation to-
wards the ground state and will set an upper limit to the
pumping rate for which the schematization of level 0 as a
single level is valid. Figure 1(b), discussed in Appendix
8, reports a model for the case where the schematization
of a single level cannot be applied. We note that for the
typical amplifier pressures, owing to the very fast rota-
tional relaxation rates, an adiabatic elimination of the
population of rotational levels can be applied.

B. Absorber

The modeling of the absorption mechanism in the pas-
sive medium (we used mainly SF6 as saturable absorber)
involves some difficulties since the SF6 infrared spectrum
is very complex and several v3~0 lines fall within the ab-
sorption profile which, as a result of the low LSA work-
ing pressures, should be considered dominated by the
Doppler broadening [half width at half maximum
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The absorber level diagram to be used in our modeling
is shown in Fig. 2. The laser radiation is resonant with
the two levels denoted by 2 and 4 which in turn are cou-
pled via relaxation mechanisms to the rotational heat
baths corresponding to the vibrational ground state level
1 (v3=0) and excited level 2 (v3=1), respectively.

C. Rate equations

Rpp

0

20

R10 YR

Laser

Following the previous considerations we can set up
the system of rate equations for the intensity I of the for-
ward or backward wave in the cavity, and, corresponding
to the level diagrams of Figs. 1(a) and (2) (see Appendixes
8 and C), for the population difference
D =(M2 —Mi)/N&o between the amplifier upper and

2

lower vibrational levels normalized to the population
density Nco, and for 5R = (M3 —M4 ) /N, the population2'

difference between the absorber lower and upper rota-
tional resonant levels normalized to the population densi-
ty N, . Making use of the memory functions, measuring
the times in units of the cavity damping time 1/(2k), and
normalizing the relaxation rates to the 2k rate, the rate
equations are written

I =I(B, D B„oR——1), (9a)

R2O+R )0 +R p& +4BgI D
Rio R

R20+R i0+2P

R —R R —R20 10 20 10

2 2 21

0
1'0

X exp
0

R2O+R ]o

2
+$ r' D(t r')dt', —

FIG. 1. Energy-level diagram of the amplifier medium in-

cluding rotational-vibrational structure (a) within the model ap-
plied in this paper and (b) within a model taking care of the
bottleneck phenomenon in the 1'=(01'0) level at high pumping
of the CO~ medium.

I

i, = —(y, +4B.I)S, +
Xv+rz

+yRyR f "exp[ (yv+—yR)r ]~R(r —r')«'
0

(9b)

(HWHM) of 15.4 MHz at T =300 K]. For instance,
from the saturated absorption measurements' it appears
that for the line P (16) at least four SF6 transitions fall in-
side the Doppler profile, while for the P(20) line one
strong line with 27.7-MHz detuning and a weaker unas-
signed one with —3.2-MHz detuning interact with the
laser transition. In our model we will avoid discussing in
detail the relevance of these facts to the absorption mech-
anism of SF6. Moreover, we will adopt a very crude
schematization of the coupling with the radiation by set-
ting up a system of rate equations for the set of molecules
belonging to the velocity group tuned to the field. This
will result in an absorption coefficient which correctly
reproduces the Doppler absorption coefficient of the gas.
However, the functional dependence of the saturation
factor from the intensity will be the typical (1+I/I„)
dependence of a homogeneously broadened transition in-
stead of the (1+I/I„) '~ dependence of an inhomo-
geneously broadened transition.

where we have made use of the parameters defined in the
Appendixes.

YR

YR

FIG. 2. Energy level diagram of the absorber medium includ-
ing rotational and vibrational structures.
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In the amplifier as well as in the absorber we have sup-
posed the rotational relaxation constants of the upper
level and lower level to be the same. In the amplifier an
adiabatic elimination of the rotational levels has been ap-
plied; moreover, when this adiabatic elimination is per-
formed, a simplification may be introduced into the
equations owing to the smallness of the transition rate in-
duced by the radiation as compared to the level depletion
due to rotational collisions.

Using Eqs. (9) and exploiting some relations derived in

Appendixes B and C, we can explicitly calculate the pa-
rameters A, A, and the saturation intensities of the
amplifier and the absorber, which are given by

vibrational relaxation rates but restricted their attention
to the static operation and obtained no new results for
the LSA dynamics. The numerical solution of the LSA
equations with different vibrational relaxation rates was
really started by Tachikawa et al. who introduced at the
same time the pumping from the ground state, whose role
in the LSA dynamics is not relevant. Regarding the ab-
sorber dynamics, it appears from Eq. (9c) that the
memory function has a range of influence on retarded
times equal to I/(y~+y~ ), which is quite large. There-
fore it should influence the slow LSA regimes as well as
those unstable regimes emerging from a stationary solu-
tion, thus changing the stability ranges of the LSA.

(1 R~&/R&o)

R2O+Rq, Q(1+R2) /R )o)
A=B, D =B, S

A =B„5~,

(10a)

( lob)

IV. EXPERIMENT

A. Apparatus

R (o(R20+R~& +$)+JR~]
B R ~o+ R ~0+2$

(10c)

XR

2Ba
I

3 R

3'v

(10d)

In the above equations D represents the equilibrium
value of the normalized population difference in the gain
medium in absence of laser radiation and 5~ the normal-
ized population difference between lower and upper ab-
sorber levels. Notice that I, may be alternatively de-
rived from Eq. (B3) for %'* making use of Eq. (8a) when,
owing to the adiabatic elimination of the rotational popu-
lation in Eq. (B3), the term with I/y~ is neglected as

compared to the other one.
In regard to the number of parameters effectively

determining the dynamical behavior of Eqs. (9), we must
note that only the ratio B, /B is important, the absolute
value of B, and B changing the intensity I only by a
multiplicative factor. Because in Eqs. (9) the typical Q
values are very small compared to the relaxation rates in
the amplifier the dependence of the memory function on
the pumping rate Q can be neglected. We expect this to
be true also in general therefore the influence of $ should
be restricted only to the determination of the term D in
Eq. (lb). As a consequence only the product B, Q, pro-
portional to the parameter A, will determine the dynami-
cal evolution of the intensity.

The form of Eqs. (9a) and (9b) for the variables D and
5R with memory functions allow us to make some com-
ments on the roles played by the different relaxation rates
in the LSA dynamics. It appears in Eq. (9b) that if
R,o

=R 2o, the term containing the memory function
disappears. Therefore the internal dynamics of the CO&

amplifying medium becomes important owing to the
differences in the vibrational relaxation rates of the two
levels involved in the laser action. In Ref. 2 the LSA
operation was investigated theoretically in the hypothesis
of equal vibrational relaxation rates, so that the richness
of the LSA dynamics could not be obtained. Asquini and
Casagrande' examined the LSA operation for different

The LSA apparatus, standard for intracavity experi-
ments, is composed of a COz laser (L =76 cm) with a
grating at one cavity end, an output mirror at the other
end, and a central iris to realize the single-mode opera-
tion. It contains an intracavity (L, =45 cm) cell where
different absorbing gases, at pressures in the 20—50-
m Torr range, are injected in a flowing regime. The
current in the discharge tube containing the gases at 19
Torr total pressure in the ratio CO2.N2. He, 1:1.5:5, is sta-
bilized to an high degree. The cavity damping time, mea-
sured by introducing into the intracavity cell an unsatur-
able absorber, ' was 2k =2.3 X 10 sec '. The main im-
provement in the experimental arrangement, described in
detail in previous papers, ' ' was in the data recording
and handling. Thus the signal at the detector output cor-
responding to the static regime or produced by the laser
pulses in the unstable and chaotic regimes were recorded
directly by a PC microcomputer or on a transient digitiz-
er, whose output was transferred to the PC microcomput-
er. The records of time evolutions, phase portraits for
the laser pulses, first-passage times, return maps of the in-
tensity, and of the return time were obtained through an
analysis of the data stored in the computer. Return times
and statistical fluctuations in the return times were ob-
tained by recording up to 200 laser pulses in the micro-
computer memory.

The laser evolution was monitored as a function of the
control parameter: the CO2 amplifier current, the ab-
sorber pressure, and the laser frequency detuning
ov=(co coo)!2~ within —the mode contour. The laser
current is related to the pumping in the amplifier, i.e., to
the A parameter. By measuring the laser output power
as a function of the current i flowing through the
discharge and comparing it with the theoretical descrip-
tion, the functional relation connecting the laser parame-
ter A to the discharge current is determined. In Fig. 3
we report a typical result for the output intensity I,„, of
the laser when the intracavity cell did not contain a
saturable absorber. The output intensity I,„, is related to
the control parameter A and the saturation intensity I,
through the following relation:

I,„,= TI, ( 3 —1)/2,
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IOLI 4 A P Q = 51+6.9(i —2.0) (12)

04-

02--

--1.5

-- 90

-- 70

where i is measured in mA. It should be noticed that the
functional dependence of the pump parameter Q on the
current is different from that of Ref. 5. In fact the
current dependence of the Q parameter is determined by
the internal structure of the CO& amplifier and that struc-
ture, probably not completely described by the three-level
model of the amplifier, does not give equal result in the
two experiments.

I

10
50

15 B. I.SA parameters

FIG. 3. Plot of the measured laser output intensity I,„, (mea-
sured in W/cm ) vs the current i (measured in mA) in the
amplifier for the 10P(20) laser line without the intracavity ab-
sorber; the vertical scales on the left report the 2 and P (in

sec ') parameters as derived from a fit of the measured output
intensity. Error bars on the current and the output intensity are
smaller than the dot dimensions.

with the output mirror transmissivity T =0.03. This re-
lation allows us to establish a mapping between the pa-
rameter 3 and the discharge current once the value of I,
is known and does not change appreciably with the
discharge current. This last condition has been verified
for our laser system in Ref. 19. The value of the satura-
tion intensity, previously measured to be I, =40 W/cm
using a nonsaturable absorber, ' is reproduced by the
data of Table I using Eq. (10c), where the Q terms can be
neglected. By using the experimental results of Fig. 3, we
have determined the functional dependence of the purnp-
ing rate $, measured in sec ', from the laser discharge
current to be

We summarized in Table I the parameters characteris-
tic of our LSA experiments with SF~ and ' NH3. The re-
laxation of the upper CO& laser level Rzo characterized
by slow vibrational-vibrational, vibrational-translational
deexcitation and diffusional processes, has been measured
as 5.5X10 sec ' for a typical laser mixture at 10-Torr
pressure and 20-mA discharge current. ". A slightly
different value has been inserted in Table I in order to fit
the experimental value for the saturation intensity I, .
The relaxation R &0 of the lower laser level, as measured
in (7c), has a value of 1.3X10 sec ' for our working
pressure. The relaxation rate Rz& is very small: its value
can be taken to be —10 sec ' on thermodynamic bases
and its role in the dynamics of the amplifier is negligible.
The CO& rotational relaxation rate y~, measured by Deg-
nan, ' for our mixture and pressure is 2. 5 X 10 sec

While in the experiment use was made of several ab-
sorbing gases, most theoretical at tention was given to the
SF6 experiments. The decay times of rotational levels in

SF6 have been reported by Moulton et al. for the excit-
ed and ground vibrational states. In our model these
times are assumed to be equal; therefore we adopt a rota-
tional relaxation rate of 2. 9X10 sec ' Torr '. At small

TABLE I. Parameters for our LSA with 25-mTorr SF6 or 10-mTorr "NH3 absorber. The values for
SF6 have been derived from Refs. 16, 22, and 24 and that corresponding to "NH, from Ref. 25. Relax-
ation rates are measured in units of 2k =2.3 X 10' sec ', the cavity damping rate.

B,g
B (W 'cm )

R,o

Rqo
R~1
'Vz

1 R

10P (20)

1.5 x10'
0.8x10 '
0.056
3.5x10 '
4.0x10 '

10.4
0.68

Amplifier (CO, )

Absorber

Line
10P ( 16)

1.5 X 10
0.8 X 10
0.056
3.5x10 '
4.0x10-'

10.4
0.68

10R (42)

48
2.4X 10
0.056
3.5 X 10
4.0X 10

10.4
0.68

6v (MHz)

B (W 'cm )

7R
XR

3 v

SF6
v, P(59),
27.7
0.49
3.4
0.032
1.6X 10
1 ~ 31X 10

SF6
v, Q(38), F, +E+F,

—7.25
8.9
2.24
0.032
1.18 X 10-'
1.31 X 10

NHB
v, "R (2,0)

52.0
10.1
2.0
0.036
9.6X 10
1.31 x 10-'
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absorber pressures as ours (25 mTorr), the vibrational re-
laxation time is principally determined by transit time
across the laser beam (0.3 cm diameter). This relaxation
process is taken into account by introducing a 4.0X10
sec relaxation rate for the yz vibrational relaxation of
the absorber.

The parameters B, , Bg, B„,and B, describing the in-
teraction between laser field and amplifier and absorber
media have been derived from Eqs. (8), (B5), and (C2) as a
function of the experimentally determined absorption
coefficients by using the molecular constants and the level
structure available in the literature for the CO2
amplifier, for SF6, ' and for NH3 25 The absorber
parameters have been calculated for a laser tuned at the
center of the cavity mode [5v=(co —coo)/2m. =0] and in
Table I the detuning 5v indicates the frequency of the
nearest assigned absorption line. The absorption
coefficients refer to inhomogeneous broadening and the
homogeneous linewidth results equal to the inhomogene-
ous one for an absorber pressure roughly 0.5 Torr.

the absorber pressure and the laser detuning. The
10P (16) and 10P (20) lines produce quite different results
even if the SF6 absorption coefficient is very similar in or-
der of magnitude, probably as a consequence of different
frequency tunings in respect to the several transitions
contributing to the SF6 absorption coefficient on those
CO2 laser lines. The centers of SF6 absorption lines have
been plotted in Figs. 5 and 6.

An important question concerning the analyses of the
LSA experiments is that most observations are performed
with a low-pressure saturable absorber, thus in a regime
of inhomogeneously broadened transition line. However,
we have noticed that by adding a buffer gas to a low-
pressure absorber, in such a way that the line becomes
homogeneously broadened, the range of bistability and
PQS operations for the LSA is not greatly affected. Ex-
perimental evidence of this behavior is the comparison
between Fig. 4 and Figs. 5 or 6, because Fig. 4 reports

V. EXPERIMENTAL STATE DIAGRAM

We have investigated the LSA regimes as a function of
the control parameters. A typical result for the LSA out-
put intensity versus the pump control parameter A is re-
ported in Fig. 4, obtained from the PC recorded data.
The LSA output, obtained for the 10P(16) CO2 line and
SF6 absorber at 12 mTorr with 500-mTorr Nz buffer gas,
presents, as 3 is increased, initially the off regime, later a
pulsed regime, and finally the cw regime corresponding to
an intensity I+ [Fig. 4(a)]. On the contrary, when the A

pump parameter is decreased, Fig. 4(b), the pulsed region
appears on a more narrow region as a consequence of the
bistability between cw and pulsed regimes displayed by
the LSA. The pulsed regimes, generally denoted as PQS,
have been classified in Refs. 15 and 8 as type-I quasi-
homoclinic orbit and cycle instabilities, and type-II insta-
bilities. The pulses reported in Fig. 4 are classified as
quasihomoclinic orbits in type-I instabilities. The experi-
mental results of Fig. 4 have been obtained in a regime of
homogeneous broadening due to the presence of the N2
buffer gas.

The result of the investigations of LSA operating re-
gimes may be presented on a state diagram as a function
of the control parameters, as shown in Figs. 5—7 for
different LSA operations. Figure 5 refers to the CO&
operations on the 10P(16) line with an SF6 absorber and
reports the operation regimes at a constant absorber pres-
sure (20 m Torr) as a function of the pump parameter and
the laser frequency parameter 5v. The state diagram
shows the presence of generalized bistability between
PQS type-II and off regimes. Each state diagram has
been explored vertically, i.e., keeping constant the control
parameter plotted on the horizontal axis. Quite diff'erent
bistability ranges may be obtained when the operation is
modified, i.e., by keeping constant the vertical control pa-
rameter and by scanning the horizontal parameter. A
similar diagram for the 10P(20) line with 25-mTorr SF6
absorber is reported in Fig. 6. The LSA operation re-
ports type-I PQS regions with extensions depending on

FICx. 4. Laser output intensity vs the A pump parameter for
the LSA operations on the 10P (16) CO2 line with 12-mTorr SF6
absorber and 500-mTorr N2 buft'er gas as obtained through a
reconstruction of the computer-recorded data. The regions of
dark vertical lines indicate pulsing regimes, and the extrema of
the vertical lines represent the maximum intensities of the
pulses. The Az and AH values are reported on the horizontal
axes.
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SF6 data with buAer gas at a pressure giving homogene-
ous broadening and Figs. 5 and 6 represent the SF6 data
in an inhomogeneously broadened regime. It results that
the range of A values producing bistability and pulsation
is similar in both cases.

VI. COMPARISON WITH SF6
EXPERIMENTAL RESULTS

1.2
~ E

1.0
j3 + gl gll

I
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I
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We have performed a comparison of experimental and
theoretically calculated laser intensity-switching points
characterizing a given LSA stationary behavior. We

I (Wi cm"-)
~ ~ &

FIG. 5. LSA state diagram in the (A, 6v) plane for the
10P(16) line and SF6 at 20 mTorr, presenting off, cw and PQS
operations, with bistability between cw and off operations in the
dashed area and bistability between PQS and off operations in
the darkened area. The data were obtained by sweeping A at
constant 6v. The arrows, marked I—IV on the horizontal scale,
denote the center frequency of the Q(43)F, , Q(45)Fz, Q(43)E,
and Q(48)Fz SF6 absorption lines, as measured in Ref. 16. The
continuous lines through the experimental points have been
drawn only for clarity of presentation.
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FIG. 6. Same diagram as in Fig. 5 for 10P(20) and SF~ at 25
mTorr, with bistability between cw and off' operations in the
dashed area and bistability between PQS and off operations in

the darkened area. The data were obtained by sweeping A at
constant 6v. The arrow on the horizontal scale denotes the
center frequency of the P {59)A~ SF6 absorption lines, as mea-
sured in Ref. 16. The continuous lines through the experimen-
tal points have been drawn only for clarity of presentation.

FIG. 7. Theoretical results for the intracavity laser intensity
I vs the A control parameter for SF6 absorber on the 10P ( 16)
and 10P(20) lines at 25-mTorr pressure in (a) and (b), respec-
tively, and in (c) on the 10P ( 16) line for a homogeneous
broadening of 25-mTorr absorber owing to buffer gas collisions.
For (a) and (b) the relaxation rates are in Table I and the B pa-
rarneters, as indicated in the text, have been chosen to repro-
duce the experimentally observed A~ and AH values. For (c) B
parameters come from fitting the experimental observations and

y& =0.64 and y~ =2.4X 10 for collisions with N2 buff'er gas.
, regions of stable solutions; i z i X, PQS type-I instabili-

ty regions; . . ~, solutions inaccessible experimentally. Notice
that in (c) a generalized bistability between cw and PQS opera-
tions is obtained for all the reported A values larger than Az.
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have in fact examined the values of A0 and AH. A& is
the value of the pumping parameter corresponding to the
threshold for the laser oscillation whereas AH is the Hopf
bifurcation value at which the nontrivial stationary solu-
tion of Eqs. (9), stable for higher values of A, loses its sta-
bility by making a transition to either a state of zero in-
tensity or to a regime of PQS. The theoretical results of
Fig. 7, obtained as fit to the experimental observations,
present the A& and AH values in different operating re-
gimes. For bistability between two cw steady states [Fig.
7(a)], Ao and AH delimit the bistability region. In pres-
ence of PQS regimes Ao and AH denote where the cw
steady states lose their stability, as in the experimental
observations of Fig. 4. The Az value is directly connect-
ed to the parameter A through the relation A~ = 1+ A,
which in turn is related to the small-signal absorption
coefficient of the SF6 according to Eq. (8). AH can be cal-
culated by applying a stability criterion to the solution
I+.

We have found experimentally A& =1.22 for the LSA
operation on line 10P(16) with 25-mTorr SF6 and

Ao = 1.26 for operation with 10P (20) line corresponding
to A =0.22 and A =0.26, respectively. However, these
values do not agree with those reported in Table I, calcu-
lated by making use of the well-established absorption
coefficients for SF6 corresponding those laser lines. A
legitimate doubt is that this disagreement could originate
in an incorrect value of Iz or the cavity damping k.
However, it is highly improbable that these could ac-
count for discrepancy of about one order of magnitude or
more. In any case we observe that the ratio between the
two values of A, which does not suffer from the uncer-
tainties in I~ and the cavity damping k, does not equal
the ratio between the absorption coefficients correspond-
ing to the two laser lines. We have decided to use these
A parameters as adjustable parameter for our model. If
we turn now our attention to the experimentally deter-
mined value of AH we note that AH—= 1.3 for the LSA
working on the 10P(20) line and AH -=1.06 for LSA on
10P(16). By making use of our model and applying a
stability criterion to the solution I+ we determine instead
for both laser lines a value of AH which is very close to
unity. We find that, in order to reproduce the experimen-
tal values of AH, we must modify the values of 8 with
respect to those found in Table I; the values which
correctly reproduce AH are B,=1.52 and 0.22 W ' cm
for 10P(16) and 10P(20) lines, respectively. Figures 7(a)
and 7(b) report the solutions given by the model for those
two lines using the A and B, parameters as free variables
to reproduce the experimental phase diagrams. We note
here that the calculated values of B, give a very low
value of the saturation intensity of the absorber and
therefore it is to be expected that the stationary solution
becomes unstable only for A values very close to 1 which,
on the other hand, is not the case of the experimental re-
sults. It is clear therefore that probably the main source
of disagreement with LSA experiments resides in the
modeling of the absorber which at low pressures could in-
teract with the radiation in a very complicated and non-
standard way. We will discuss in the following some

features that we have neglected in our model and that can
be responsible for the disagreement with the experiment.

The first one consists of having considered a homo-
geneous broadened feature for SF6 absorption, whereas,
at the very low pressures at which the LSA operates, this
absorber presents a Doppler broadened absorption line.
On the other hand, the results of Fig. 4, relative to opera-
tion of the LSA with a homogeneously broadened SF6 ab-
sorber (due to collisions with N2 buffer gas), can be repro-
duced by supposing the rotational relaxation rates by col-
lisions with N2 are the same as for collisions with SF6 and
using B„=0.24 W ' cm and B,=0.11 W ' cm [see
Fig. 7(c)]. Thus very similar results seem to appear for
interaction of the radiation with a narrowly delimited ve-
locity group of molecules, as in the inhomogeneous
broadening case, and for interaction with the total veloci-
ty distribution, as in the homogeneous case. We deduce
that in the experiment the velocity diffusion processes
play an important role in influencing the absorption
mechanism and in particular by raising the value of the
saturation intensity, which from Eq. (10d) is inversely
proportional to B,. In fact the presence of efficient elas-
tic velocity changing collisions in SF6 has been demon-
strated with a 5X10 sec ' collision rate at 25-mTorr
working pressure, a rate fast in comparison to other ab-
sorber rates of Table I ~

A second approximation probably derives from some
peculiar features concerning the absorption of infrared
radiation by SF6 which have not been included in our
model. It is well known that owing to the low anharmon-
icity of the SF6 vibrations the absorbed radiation can be
at the same time resonant with a hot-band vibrorotation-
al transition. This mechanism could have some influence
on the incorrect reproduction of the AH value in our
model. Although some authors have considered this
phenomenon, their experimental measurements have re-
lied on rate equation models in which, according to our
opinion, overly drastic simplifications were made. It ap-
pears, therefore, that even if the excited-state absorption
plays an important role, a more complex modeling of the
absorption mechanism should be carefully considered, at
least for the 10P(20) line, which is more affected by the
multiple absorption as compared with the 10P (16) line.

As a last possibility we should consider that another
mechanism, of a completely different nature than that
emerging from the rate-equation approach, could be re-
sponsible for the discrepancies in the values of A0 and
AH. As noticed above the frequency of the laser can be
perturbed when the absorber is placed in the cavity and
this influence can also affect the dynamic regime of the
LSA. The importance of laser-detuning effects for the
different LSA solutions has been pointed out recently.
In such a case, the picture resulting by considering the
various SF6 lines falling within the laser profile would be-
come a very difficult one to handle from the theoretical
point of view. In this case a more simple absorbing sys-
tern such as NH3 should be considered for theoretical in-
vestigations. However, in order to describe these effects
we should complement our system of equations with an
additional one taking into account the optical path of the
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radiation inside the cavity.
Finally it should be noticed that the LSA experiments

analyzed in this paper are.performed in a regime where
the uniform-field approximation cannot be properly ap-
plied. In Ref. 18 it was shown how the LSA bistable re-
girne can be described without the uniform-field approxi-
mation, but the resulting rate equations appear rather in-
tractable. Thus in the present paper the uniform-field ap-
proximation has been used to analyze the experimental
results, even if parameters such as the cavity damping
rate have been derived from the static regime without
that approximation. '

VII. CONCLUSIONS

We have presented an LSA model that takes into ac-
count the internal structure of the amplifier and absorber
media. Introducing a memory function in the equation
for the population difference interacting with the laser ra-
diation makes it possible to describe in a unified way the
molecular complexities. Specific applications have been
presented in describing the rotational-vibrational struc-
ture, the pumping action from the ground state to the
upper lasing level in the CO2 laser, or both structures
combined. The memory function approach allows con-
sideration, in a unified way, of all level schemes with a
rather complicated structure.

Some experimental results concerning the LSA regimes
for different intracavity absorbing gases have been
presented. Additional results concerning the LSA unsta-
ble and chaotic regimes will be presented in Ref. 8. The
main interest of the present paper was a comparison of
the model with the experimental results for the LSA
operations. In fact we have been able to gain insight into
the mechanism of the LSA response in the bistability and
pulsation regimes. This analysis should be compared to
that made by Taehikawa et al. ' " on the basis of a
slightly different model. The main difference between the
model used in that work and that presented here consists
in the inclusion in the present model of the rotational-
vibrational structure of the absorber. On the contrary in
Refs. 14 the absorber internal structure was simplified to
a single rotational relaxation rate. An adiabatic elimina-
tion of the absorber rotational population may be applied
at high absorber pressures (or high buffer gas pressures).
At low absorber pressures the rotational structure is an
important component in the description, and by neglect-
ing it a wrong estimate is obtained for the saturation in-
tensity and the locations of different regimes in parame-
ters space. The analyses of Ref. 14 were based on the ab-
sorber rotational population difference without including
the vibrational structure and the vibrational relaxation.
In fact the pump control parameter was used as a free pa-
rameter in the analysis of Tachikawa et al. , whereas in
our analysis it was fixed by the laser response without the
intracavity absorber. An important result coming from
the memory-function approach is that the important role
played by the internal dynamics of COz is not associated
with the three-level pumping mechanism, as appeared
from the numerical analysis of Ref. 14, but is associated
with the different vibrational relaxation rates of the lasing
levels.

In the present LSA model, as well in the large majority
of previous works, a homogeneous broadening of the ab-
sorber has been assumed in deriving the LSA rate equa-
tions, even if in most experiments a low-pressure absorber
is used, giving inhomogeneously broadened lines. How-
ever, an important experimental result of the present pa-
per is that by adding a buffer gas, and thus passing to a
homogeneously broadened regime, the ranges of bistable
or unstable regimes are modified by less than 20%. In
fact our model has been properly applied to the LSA ob-
servations with a homogeneously broadened line. How-
ever, it turned out that the observations of homogeneous
broadening as well as the LSA fixed points in the inhomo-
geneous broadening case could not be fitted on the basis
of the absorption coefficients available from the litera-
ture. Thus in our analysis the strengths of the laser-
absorber interaction parameters were used as adjustable
parameters. A result coming from our modeling is that
the velocity diffusion in the absorber is probably playing
an important role in determining the LSA operation.
Thus at the present stage, where without introducing ad
hoc parameters the state diagram cannot be reproduced
within a 50% range of values, the application of a homo-
geneously broadened theory is a satisfactory approach.
The question of a suitable model for the saturation of
molecular gases used as saturable absorbers in the in-
frared has been investigated in detail in the past. ' "
Beside the rotovibrational structure, other features have
been included in those models, such as the spatial
diffusion of the molecules, the temperature gradient, and
the distortion of the optical beam, whose importance de-
pend on the geometry and pressure of the absorber. It is
very difficult to include those features in our LSA
description. Furthermore, in our opinion the laser fre-
quency detuning and the excited-state absorption play the
most important role in the discrepancies between the
theoretical parameters and the fitted ones. An important
result arising from the theoretical model of Ref. 13(a) is
that at laser intensities comparable to those of LSA intra-
cavity experiments, the SF6 saturation behavior may be
treated as a homogeneous one with saturation larger than
that predicted by a simple two-level model, in agreement
with the result of this paper.

Frequency detuning and transverse distribution of the
laser field have been left out of the analysis. In the future
we plan to investigate theoretically and experimentally
the role of the laser frequency. The analysis of the sta-
tionary regime for our LSA according to the above sug-
gestions is currently under investigation and the results of
this inquiry will be published in a forthcoming paper.
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APPENDIX A: MEMORY FUNCTION

We present here, by exploiting the linearity of the re-
laxation mechanism associated with the variable
difference of population of the tuned transition, a method
for deriving the general laser equations given in Sec. II.
For such purpose we give a short review of the standard
theory of memory functions as it is used in the solution of
systems of first-order linear differential equations. We
start by considering the following system of linear
differential equations with an external forcing f; (t):

x, =A. »x, —f K'(s)x, (t —s)ds +P(x „t}, (A7)

or by absorbing the first term at the second member into
the memory function in the form of a 6-function-term

The vector (xz, xi, . . . , x„) can be found in terms of the
variable x, by using Eq. (A4). After inserting in the first
equation the expressions for x2, . . . , x„as a function of
x, we arrive at the final equation

N

x, = g .A;.x +f, (t),
j=1

(Ala}
x = —f K"(s)x,(t —s)ds+P(x, , t) .

1
(A8)

which can also be written in the more compact vectorial
notation as

x=Ax+ f(t) . (Alb)

When referring to our specific problem, the variables
x, will be identified with the populations of our level sys-
tem and the A; with either relaxation or pumping rates
or a combination of both. The role of the term f;(t) will
become clear in the course of the present derivation.

The standard theory of linear differential equations
gives the solution of Eq. (A 1) in the following form:

x(t) =x(0) exp(At)+ f exp(As) f(t —s)ds . (A2)

We note that as long as the matrix A satisfies the condi-
tion

(A3)

As opposed to the case of the memory matrix of Eq.
(A4), the memory function of Eq. (A8} has a different
meaning in terms of the free evolution of the system
represented by the matrix A. In fact the evolution for
the memory function K' is that of the subsystem
represented by the element A» of the matrix A. Thus
K' represents the contribution into the first equation of
the set (A6) of all the other variables different from x,
when they evolve uncoupled from x, . This contribution
must be evaluated on a free evolution ruled by A11 with
initial conditions x;(0 ) = —A; ] (i =2, n ).

A useful quantity is the integral %" of the memory
function, which as we have seen appears in Eqs. (8). To
find it let us consider Eq. (A8) with a constant P term in-
dependent of the time. The solution will be given by

(A9)

x(t)= —f K(s)f(t —s) ds,
a

(A4)

for times large enough that the term exp(At) can be con-
sidered small, the solution can be written as follows: Equivalently, by solving the linear equation resulting

from Eqs. (A6) it is obtained:

with K(t)= —exp(At). We note here that the condition
(A3) holds if the eigenvalues of the matrix A are all nega-
tive, which is obviously satisfied in our case. As a final
remark we observe that the matrix K, which usually is
named the "memory matrix, " satisfies the following
differential equation:

By comparison of Eq. (A9) and Eq. (A10) we find

(A 10)

(Al 1)

K;, = g A; K„K;,(0)= —5;, .
j=1

(A5)

+n ~n1+1 ~n2+2+~n3+3+ +~nn+n

The above equation illustrates a very important property
of the memory matrix: K is determined only by the free
evolution of the system. In particular we see that the sth
column can be identified with a vector satisfying Eq. (Al)
with f;(t)=0 and initial conditions x;(0)= —5,,

Let us consider now the evolution of a variable xi
ruled by a nonlinear term pumping term P(x, , t) and cou-
pled linearly to a set of other n —1 variables x2, . . . , x„.
These equations can be written as follows:

x] A]]x]+A]2x&+A]3x3+ ' ' +Al x +P(x] t)

+2 21+ 1 +~22+2 +~ 23+ 3 + +~2n+n

which indicates a way to obtain A' by making use of Eq.
(A10) for x, when a unitary source P= 1 is given to this
variable in Eqs. (A5).

APPENDIX B: RELAXATION DYNAMICS
IN THE AMPLIFIER

We present the relaxation scheme used for the
amplifier medium and apply it to the calculation of the
memory function and of the saturation intensity for this
medium through Eq. (8a). We need thus to compute the
memory-function integral corresponding to the variable
population difference for the radiation resonant rotation-
al levels of the amplifier. In the level diagram of Fig. 1(a)
these levels are defined as 3 and 4 and are coupled to the
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vibrational manifolds 2 and 1 through rotational relaxa-
tion rates. We will suppose that upper and lower levels
have equal rotational relaxation rates. Figure 1(a) reports
the relaxation and pumping mechanism in the amplifier
medium as adopted in our model. The populations M4
and M3 are those of the levels tuned to the radiation, and

M4 —M3 the relevant variable for which the memory
function should be determined. If the total population of
CO2 vibrational levels M& and M2 are defined excluding
M3 and M4, respectively, the rate equations for this set of
levels, with times measured in units 1/(2k) of the cavity
damping time and relaxation rates normalized to 2k, are
given by

M4= —y'M4+yRM2 2—X I(M M3)

M3 ygM3+yRM]+2$gI(M4 —M3)

M': (R~]+R2o+$)M2 QM]+y'M
—yRMz+&Nco,

M, = —R ~~ Mi+R2)M~+y~M3 —yqM),

Mi. =R ii Mi —R i oMi. ,

Mo: QMo+R]'oM]

(83)

Using the same procedure applied above to derive the
memory function, we find

M4= —y"M4+y" M2 —2X I(M —M3),

M3 = y~M3+—y'M]+2% I(M —M3),
Mg= —(Rp]+R/o+$)M2 $M]+y+M4

—y'M2+ @Neo

M] = R oMi+R2&M2+&~M3 j ~M

(Bl)

1

XR

2XR /VR

Rii 1+
R i~p

—R 20

R2,
R]] (R2]+R2o+$ 1+ +QRp]

R10

(B4)
Q is defined as the pumping rate from the ground vibra-
tional manifold 0 to the upper vibrational manifold 2.
R, denotes the relaxation rate from the i' vibrational
manifold to the j vibrational manifold. S defines the ab-
sorption coefticient coupling of levels 3 and 4 with the ra-
diation of intensity I. The ratio yz/yR between rota-
tional relaxation rates is found on the basis that the equi-
librium between the populations of the rotational levels,
as determined by Eqs. (Bl) in absence of the laser field,
satisfies the Boltzmann distribution. Thus the ratio
yz/yR is equal to the Boltzmann exponential factor di-
vided by the rotational partition function. ' In Eqs. (Bl)
we have supposed that the lower and upper states have
nearly equal Boltzmann exponential factors. Following
the procedure outlined in Appendix A we can find%* by
eliminating the terms containing the radiation in Eqs.
(Bl), the constant Q term, and putting a source term —,

' to
M4 and —

—,
' to M3 in the resulting stationary equations.

By solving the resulting equations we find

2Xw /Tz

1 R]o+R~o+2Q+
y' QR21+R lo(R2o+R2i+Q)

(B2)

and the saturation intensity is given by I,s =A*/(2%s).
In the CO2 model of Fig. 1(a) a simplification was in-

troduced to incorporate the 01'0 manifold with the 0 to-
gether with the ground state 00 0, owing to the fast relax-
ation rate between those levels. A better description is
obtained by separating those two vibrational manifolds.
For the typical values of pressure used in the CO2
amplifier media, an adiabatic elimination of the rotational
variables can be applied, so that the simple model of Fig.
1(b) with vibrational population only may be applied to
describe the amplifier. For that level diagram we can
write the following set of equations:

For the operating conditions of our discharge an adia-
batic elimination of the M3 and M4 variables may be ap-
plied so that only the M, and M2 variables will be used.
By adopting the model of Fig. 1(a) with the amplifier's
populations normalized to Nco, the number of mole-

cules per unit volume of the amplifier, the equations rul-
ing D=(Mz —M])/Nco and S=(M2+M, )/Nco be-

come

R zo+R &o +R2i+48gI D

R2o —R io +R~]+Q S+Q, (BSa)

S=—R2o R ]o D—
2

R2o+R io +$ S+Q,
2

(Bsb)

where the sum 8 has been defined,

', =&,y.'/yR, (B5c)

'„=&„N«,yR/y. . (85d)

APPENDIX C: RELAXATION DYNAMICS
IN THE ABSORBER

The derivation of the rate equations associated to the
absorption mechanism follows that introduced in a previ-
ous paper. By referring to Fig. 2 we will denote with M3

as a result of the adiabatic elimination and of the small-
ness of the transition rate induced by the radiation com-
pared to the one due to relaxation toward the vibrational
manifold. To take into account the effect of the popula-
tion normalization as well of the above approximation we
have also defined
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and M4 the population of the resonant lower and upper
level and with M& and M2 the population in the ground-
and excited-state vibrational band excluding the resonant
levels. By considering that a vibrational relaxation takes
place out of both upper level 2 and lower level 1, measur-
ing times in units of 1/(2k), normalizing the relaxation
rates to 2k, and making use of Eq. (6c), we can write

differences between the resonant levels and the vibration-
al bands of the absorber, with X, the number of absorber
rnolecules per unit volume and in the velocity range in-
teracting with the field, this set of equations can be
transformed into the following:

(C2a)

M = —yttM4+ ('tt M2 —2%,I (M —M3),

M3 $+M3 + 7 ttM, +22il, I (Mq ™3)

M2 =—r.M2+XgM4 —rzM2

M) = —y~M)+y~M3 —y~

(Cl)

(C2b)

In Eqs. (C2a) and (C2b) 5tt and b, ~ represent the
thermal equilibrium values for the rotational and vibra-
tional population difference. In order to conform to the
notation used in Eq. (9) for the amplifier medium we have
defined the symbols

If we introduce the variables 5~ =(M3 —M, )/&. and
b,„=(M, —Mz ) /N, , respectively, for the population &so =&sa&a

(C2c)

(C2d)
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