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The electrostatic field generated by a charged dielectric sphere on a conducting half plane has
been investigated both experimentally and theoretically by means of electron holography in a
transmission electron microscope. By this technique it is possible to obtain, on the reconstructed
image, two-dimensional representations of the in-plane projected potential distribution around the
charged sphere. We wi11 show how this example, dealt with in the linear system theory, gives the
key to the interpretation of more general plane distributions of potential, for instance, that generat-
ed by the reverse-biased p-n junctions.

I. INTRODUCTION

Electron holography was first proposed in 1948 by Ga-
bor' as a new technique able to increase the resolving
power of the electron-microscope images by recording in
amplitude and phase the object wave function and then
recovering and processing this information by optical
means. However, owing to the many experimental
difTiculties at that time, mainly due to the insufhcient lev-
el of the instrumentation and the associated technology,
electron holography has attained its concrete develop-
ment in the last decade, thanks to the introduction in
electron microscopy of high-brightness electron sources,
such as the field emission gun (FEG). With this novel
technique, electron phase objects can be investigated.
However, until now, only a few applications have been
explored (see Refs. 3 and 4 for general reviews), with par-
ticular emphasis given so far to the observation of mi-
cromagnetic fields, for their fundamental significance
(Aharonov-Bohm eAect ) and practical interest in techno-
logical devices. '

Recently, also the electrostatic field associated with
thin reverse-biased p-n junctions has been successfully ob-
served. In this case the p and n regions in the specimen
plane give rise to an external field which is not negligible
but is, on the contrary, the predominant effect for experi-
ments carried out at standard accelerating voltages (100
kV). '

In order to lay the basis for a systematic study by elec-
tron holography of microelectrostatic fields (including
those generated by a given plane distribution of potential)
and to check the sensitivity of the technique we have
started by considering the simple field distribution pro-
duced by a point charge near a conducting plane. ' Ex-
perimentally, the field is one generated by a specimen

made by dielectric microspheres, deposited on a thin car-
bon conducting film, which become electrically charged
under the action of the electron beam. " The aim of this
paper is to show how electron holography can give a
quantitative map of the potential distribution in this ele-
mentary case; moreover, how the features of this ap-
proach have more general validity as they give the key to
solving different but intimately related electrostatic prob-
lems, as for instance, the problem referred to above of the
field distribution associated with a given plane potential.

The paper is organized in this order: in the following
section the basic theoretical and experimental considera-
tions underlying the observation of electric fields by
means of electron holography are briefly summarized and
the results concerning the mapping of the field distribu-
tion generated by charged dielectric spheres on a carbon
film are presented. Their theoretical interpretation is
treated in Sec. III on the basis of the simple model of a
point charge in front of a conducting plane: both the
case of infinite and half plane are taken into account.
The general problem of the relationship between a given
plane distribution of electrostatic potential and the asso-
ciated phase shift detectable in holographic experiments
is then dealt with in Sec. IV and its solution is given
within the realm of the linear-system theory. Taking the
potential distribution as the input signal and the associat-
ed phase shift as the output signal, the kernel of the
linear transformation is analytically calculated for the
two cases of infinite and half plane. This kernel, corre-
sponding to the phase shift of a pulse potential distribu-
tion (Dirac 6 function) is shown in Sec. V to be very
close, and in the limit of vanishing radius identical, to the
experimental phase shift of charged spheres, which there-
fore can be considered as a nearly ideal probe of the
transfer function of the holographic method.
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II. ELECTRON HOLOGRAPHY
OF ELECTROSTATIC FIELDS

A. General considerations

As is well known, a hologram consists of an interfer-
ence pattern, normally recorded on a photographic plate,
between a wave S scattered by the object under investiga-
tion and a reference wave R. The holographic method is
able to revive, after suitable processing of the photo-
graphic plate, the whole wave S (both in amplitude and in
phase) by illuminating the interference pattern with
coherent light.

If electrons are used, as shown in Fig. 1, the phase of
the wave S is modulated by the object Ob (a thin film per-
pendicular to the direction of the electron beam) in which
electric and or magnetic fields E and 8 are present. The
reference wave R is taken as that part of the unperturbed
electron wave front passing through a hole of the object,
possibly in a field-free region. The coherent superposi-
tion in the observation plane (OP) of the object and refer-
ence waves is provided in the oA'-axis scheme by the inter-
ferometry device (ID), sketched as a prism.

If the object (specimen) contains only weak electric
fields so that the potential V can be considered as a small
perturbation (at least for experiments carried out at con-
ventional accelerating voltages, i.e., at about 100 kV), the
Schrodinger equation can be solved in the high-energy or
eikonal approximation' and the field can be considered
as a pure phase object, characterized by a transmission
function given by

celerating potential (nonrelativistic approximation), re-
spectively, while the integral is performed along an elec-
tron optical ray path antiparallel to the optic axis z (we
consider the electron beam propagating from + ~ to
—~; see Fig. 1 for the coordinate system used in this
work). The phase y being proportional to the potential
averaged along the electron path, henceforth referred to
as projected potential, its knowledge leads to the obtain-
ing of information about the field distribution.

In our particular case the specimen consists of a ran-
dom distribution of dielectric spheres of radius a deposit-
ed on a conducting carbon film. Under the action of the
electron beam the latex spheres acquire a stationary posi-
tive charge Q as the result of a dynamical equilibrium of
charging up by secondary emission, and neutralizing by
field emission. " The magnitude and the distribution of
the stationary charge depend on the material, on the
geometry of the scattering object, and on the energy and
current density of the electron beam. As regards the field
outside the sphere, it can be fairly well approximated by
the field of a point charge Q located in the sphere center
at a distance a from the conducting grounded plane. "

B. Recording and processing of electron holograms

The specimen was prepared by depositing on a carbon
film, of about 30 nm in thickness, a little drop of an aque-
ous suspension of spherical polystyrene latex particles
0.31 pm in diameter. The electron holograms were
recorded by the setup schematically shown in Fig. 2. A
coherent electron beam, originated by a field emission

g(xo, yo ) =e

where xo and yo are the coordinates of a point P in the
specimen plane and the phase y(xo, yo ) is given by

ELECTRON
BEAM

y(xo~yo) J I (xo yo, z)dz,

where A, and U are the electron wavelength and the ac-

ELECT RON
BEAM

xg y
"B~(Ob

S

FIG. 1. Basic principle of off-axis hologram formation.
FIG. 2. Schematic experimental setup for off-axis image

holography.
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source, illuminates the specimen plane in which the ob-
ject Ob is placed off axis and the reference beam R travels
outside the object.

The overall wave front below the specimen plane im-
pinges on the interferometry device, ' which in our case
is a Mollenstedt-Duker electrostatic biprism, ' inserted at
the selected area level. The electron biprism is realized
by placing a thin conducting wire 8 between two earthed
plates TT. The wire splits the two waves S and R and, if
it is held at a suitable potential, its electrostatic field pro-
duces their deflection so that S and R are brought to in-
terfere in the plane OP below the wire.

The microscope, a Philips EM 400 T equipped with a
FEG, operated in the diffraction mode with the objective
lens switched off; the diffraction lens DL was used to
focus the specimen on the photographic plate with a
magnification of about 2500X.

The off-axis image holograms recorded in these elec-
tron optical conditions have an interference field of about
120 fringes of 85 pm spacing which allow for a resolution
referred to the specimen of about 0.1 pm. The retrieval
of the information stored in these holograms is performed
by processing them in an optical bench with laser light.
In this step, after the optical reconstruction of the object
wave, a variety of methods can be adopted for recovering
and processing the information among which contour
mapping and phase amplification will be those used in
this work.

The conventional reconstruction of the electron holo-
gram has been carried out in an in-line optical bench
equipped with a 10-mW He-Ne laser source. The separa-
tion between the reconstructed wave, its twin image and
the straight-through beam is accomplished by the filter-
ing aperture placed in the back focal plane of the recon-
struction lens. The image is recorded in the screen,
whose position along the optical axis can be freely varied
and chosen in such a way as to correct the defocus aber-
ration present in the electron hologram. ' ' ' Figure 3(a)
shows the focused reconstruction of an electron holo-
gram; only the amplitude information is present in this
image, showing a set of six opaque dielectric spheres de-
posited on the thin carbon film F and the edge of the hole
H. Note the presence of two single spheres: 2 near and
B far from the edge of the carbon film F.

Contour maps were performed by two different experi-
mental methods: the first made use of an optical plane-
parallel wave which was brought to interfere with the
reconstructed object wave; ' the second by recording by
the electron microscope, on the same photographic plate,
two holograms, one of the object and one with the object
withdrawn from the field of view (double exposure holog-
raphy). ' In both the cases the final image is crossed by
black and white fringes which represent the loci of equal
phase, that is, according to Eq. (2), the loci of equal pro-
jected potential of the electric field. The phase difference
between two neighboring black (or white) fringes is 2~.
When an external fringing field is present in the region
where the reference wave R propagates (see Fig. 2) dou-
ble exposure holography allows us to obtain the most reli-
able contour map as it is free from artifacts introduced in
the optical processing, that is the adjustment of the orien-

FIG. 3. (a) In-focus optical reconstruction of an electron

hologram; (b) optical contour map of the same region.

tation between the reconstructed object wave and the in-
terferometric one. ' In Fig. 3(b) the contour map of the
same region of Fig. 3(a), obtained by the optical recon-
struction of the double exposure electron hologram, is
shown. Note that the contour-map fringes suffer an
abrupt discontinuity when crossing the edge of the film.

Phase difference amplification maps, which give more
detailed information about the trend of equipotential
lines, can be performed either (i) by causing the interfer-
ence of diffracted conjugated beams after the holographic
plate has undergone a suitable nonlinear photographic
process' (bleaching) or (ii) according to the iterative
method suggested by Bryngdahl, ' both applied in elec-
tron holography by Tonomura and co-workers. ' This
last method has been used in the present work to obtain
the phase amplified contour maps.

Figure 4 shows the optical setup of the Mach-Zehnder
interferometer necessary in order to achieve a two-time
phase difference amplification. The mirrors are adjusted
in such a way as to illuminate the hologram with two
beams of different inclinations, so that in the image plane
the object wave (+ I ) and its twin image (

—I ) are over-
lapped, thus giving the desired amplification. More gen-
erally, 2n-time amplification can be obtained by overlap-
ping the beams (+n) and (

—n). It should be noted that
single exposure holograms have been processed since it is
impossible to obtain phase difference amplification maps
from double exposure electron holograrns. Nevertheless,
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FIG. 4. Optical setup of a Mach-Zehnder interferometer
used to perform two-time amplification contour maps. M&, M3,
reflecting mirrors; M&, M4, beam splitters; H, hologram; L, opti-
cal reconstructing lens; F, filtering aperture; Sc, final screen.
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these latter play an important role as "guide holograms"
with which the trend of the contour fringes can be tested.
Figure 5(a) shows a two-time amplification contour map
of the same region reported in Fig. 3(b) whereas Fig. 5(b)
shows a four-time amplification contour map, in which
two neighboring equipotential fringes differ in phase of
w/2.

Figures 6(a) and 6(b) show a magnified image of the
phase distribution around two single dielectric spheres 3
and B, respectively, amplified by a factor of 4. It can be
seen that whereas the trend of the fringes has a circular
symmetry around the particle B which is far from the
edge of the carbon film, this symmetry is no longer
present for the sphere 3 located near the edge, i.e., the
presence of the edge has a detectable effect on the phase
distribution.

III. INTERPRETATION OF THE EXPERIMENTAL
RESULTS

In order to interpret the results of the foregoing para-
graph, the electric field around the spherical particles has

FIG. 5. (a) Two-time and (b) four-time phase difference
amplification in contour maps obtained from the same holo-
gram of Fig. 3.

been modeled by that of a point charge Q localized in the
sphere center and placed in front of a conducting plane.
For a particle far from the edge, whose center is posi-
tioned at the point (xo,yo, a), the potential in the half
space z )0 can be calculated by means of the image
charge method, ' and is given by the expression

1
V(x,y, z) =

4~~O [(x —xo) +(y —yo) +(z —a ) ]
2 2 2 1/2

1

[(x —xo)+(y —yo) +(z+a) ]'~ (3)

[while in the half space z (0 V(x,y, z) =0] from which the phase shift &p according to Eq. (2) can be calculated analyti-
cally. It follows that

y(x, y) = arcsinh
2eoA. U

a

[(x —xo) +(y —yo) ]'~

where eo is the dielectric constant of vacuum.
Simulations of the contour map images produced by the phase distribution (4), in which the edge effects of the carbon

film have been momentarily neglected, have been carried out using an IBM PC/AT equipped with a video board able to
display 512 X 512 pixels at 256 grey levels.

Figure 7 shows the results for our point-charge distribution of Fig. 3(a) assuming Q=400e=6. 4X10 ' G and
a =0.155 pm. This value of the charge is in agreement with the findings of Komrska, " who measured a charge of
1100e on spheres of radius 0.28 pm by studying their electron diffraction patterns.

The overall similarity between calculated and experimental images is satisfying far from the edge, thus confirming the
main hypotheses made and allowing, within this framework, the determination of the charge Q with an accuracy of
20%. Of course, near the edge, differences are detectable due to the fact that the simple model does not take into ac-
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count the discontinuity of the conducting film.
If the actual shape of the edge is replaced by a straight line, the electrostatic problem still has an analytical solution. '

Referring to Fig. 8 for the definition of a and 8, the solution reads

V(x,y, z) = (h —h+ ),
277 Ep

where

1h+= arctan
[r 2 + (z +g )

2 ]1 /2

[(p+ro) +(x —xo) ]' +y+[2(pro+yyo+za )]'

[r 2 + ( z +g )
2 ]

1 / 2

and

( 2+y2 )1/2

r=[(x —xo) +(y —yo) ]'/
—

( 2+ 2)1/2

1, 6E [0,~ —a[
~+ —1, 8E- [m —a, 2m[,

1, BE[0,~+a[,—1, 6E [~+a,2vr[ .

Since no analytical expression for the phase shift was
found, it has been calculated by numerical integration of
Eq. (2) with the potential distribution (5).

Figure 9 shows the results of the contour-map simula-
tion for the charged sphere on the whole or on the half
plane. Here again it can be ascertained that the effect of
the edge is to break the circular symmetry of the contour
lines around the particle and that their distortion in-
creases as the particle approaches the edge. However, it
is not responsible for the step observed experimentally,
which is entirely due to, and can be properly accounted
for, by the introduction of a constant phase shift in the
half plane due to the mean inner potential of the carbon
film.

IV. IMPULSE RESPONSE FUNCTION
FOR A GIVEN PLANE POTENTIAL DISTRIBUTION

A. General considerations

In order to recognize the deep physical implications of
the above experiments and calculations, let us turn now
to the case of the three-dimensional electrostatic field
generated by a given plane potential distribution. The
basic idea is that of characterizing the connection be-
tween the potential distribution on the plane (assumed to
be perpendicular to the direction of the electron beam,

FIG. 6. Four-time phase difference amplification in contour
map of the single charged spheres labeled A and 8 in Fig. 3.

FIG. 7. Simulated contour map for the same distribution of
charged spheres as shown in Fig. 3.
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X,Y, Z

FIG. 8.. Coordinate system for the potential and phase calcu-
lation in the conducting half-plane problem. (xo,yo, a ), position
of the point charge; (x,y, z ) observation point; (O,yo, a ), projec-
tion of the position of the point charge on plane Oyz; (O,y, z),
projection of the observation point on plane Oyz.

X dxpdPp (10)

where Vo(xo, yo) is the known voltage distribution on the
plane surface X, whose area infinitesimal element is
dxodyo and cr+(xo, yo;x, y, z) is the charge density which
would be induced at the point (xo,yo) of X, if it were a
grounded conducting surface, by a unit charge q =1 C lo-
cated in (x,y, z).

This gives the following expression for the phase shift
g(x, y) due to the external field:

y(x, y) = f f Vo(x„yo)f~(x,y;xo, yo)dxodyo, (11)

axis z) and the electron-beam phase shift by means of an
impulse response function, as suggested by the linear-
system theory.

Let us recall that the external field associated with a
thin plane specimen containing reverse-biased p-n junc-
tions is a very interesting example of such a case. In the
actual experiment, the potential distribution in the whole
space is of course univocally defined by the transmission
electron microscope (TEM) column geometry together
with the values of the potential on the upper and lower
surfaces of the specimen, and therefore in general its
three-dimensional form is not easy to describe, so Eq. (2)
is of very little practical aid.

The problem becomes more manageable if the assump-
tion is made that the TEM column walls are so far from
the beam and the specimen region that this latter can be
considered as the only structure present in the space.
Moreover, the same bidimensional potential distribution
Vo(xo yo ) is assumed to exist both inside and on the
upper and lower specimen surfaces. Finally, the effect of
the specimen thickness on the field is neglected.

With these assumptions, a classical theorem in electro-
statics, known as the Green reciprocity theorem, states
that the potential distribution V(x,y, z) in the empty
space outside the plane is given by

1
V x y z = f crx(xo~yo~x, y, z) Vo(xo~yo)

q X

C (

9~&

with

fr x y xo yo)= f crx(xo yo'x y z)d
qA, U +

q
[cr+(xo yo'x, y, z)

+ oo

+cr (xo,yo,'x,y, z)]dz,
(12)

where u+ and o. are the surface charge densities which
would appear on the upper and lower side of the surface
X, respectively, if it were a grounded conductor faced to

FIG. 9. Comparison of simulated contour maps of a single
charged sphere located on the whole conducting plane WP
(upper part of each picture) and near the edge (lower part) of a
half conducting plane HF. The vertical white line F. marks the
edge position. Distance between the sphere and the edge: (a) 5

pm; (b) 2 pm; (c) 0.155 pm.
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a point charge in (x,y, z). The value of the charge density
is, of course, zero outside X, i.e., the physical extension of
the specimen (e.g. , into its holes).

The above situation corresponds to a specimen of
negligible thickness, supporting the given potential distri-
bution; the correction to the phase due to the finiteness of
the thickness t of an actual specimen can be taken into
account by adding the phase shift

Aq2(x, y)= — [V + Vo(x,y)],
A, U

(13)

However, it should be stressed once more that each eval-
uation offz holds for any voltage distribution on the sur-

face of specimens of the same shape, the physical mean-
ing of fz being that of the mean surface charge density
induced on a grounded film of the same shape as the
specimen by means of a point charge traveling along a
straight line parallel to z. Therefore the theoretical ap-
proach has been limited to the two most significant cases:
the whole-plane and the half-plane problems. The
mathematical effort for the solution of the latter will give
an idea of the difficulties of this approach in the general
case.

where, we recall, it has been assumed that the same bidi-
mensional distribution Vo(xo, yo) is present on both the
faces of the specimen and inside, and V is the mean
inner potential. As this correction is small and can be
neglected in a first approximation, we refer henceforth to
the external field only.

The relevance of Eq. (11) is due to its resemblance to
the general equation describing a bidimensional linear
transmission system, having Vp as the input, y as the out-
put, and fz as the impulse response function, indepen-
dent of the actual input or output, and summarizing all
the features and performances of the system. Its careful
evaluation should give the key to model the system, sirnu-

lating its response.
There are two ways to obtain the impulse response

function of a linear system: either calculating or rneasur-
ing it. The first approach often requires skillful theoreti-
cal work, while the second needs the availability of a
"pulse" input function, as similar as possible to an ideal
pulse. Such a pulse, mathematically described by a Dirac
6 distribution, inserted in Eq. (11), produces a response

gs equal to the transmission function fz.
cps(x, y) =fz(x,y;xo yo )

B. The whole-plane problem

o+(xo,yo, x,y, z)= ' &2r (r +z )

0, z(0 (15)

0, z~0
cr (xo yo'x, y, z) = q z z(0

2~ (r2+z2)'/2 '

(16)

where, as stated in Eq. (7), r is given by

r=[(x —xo) +(y —yo) ]' (17)

so that

q
+ &~(r +z )

2 Z 3/2 (18)

which gives, by integration of Eq. (12), the impulse
response function, already reported in Ref. 21:

1
fwp(x y;xo yo)=

qUA. Ur

where WP means "whole plane. "

C. The half-plane problem

In complete analogy with the above case, we start from
Eq. (5) giving the expression for the potential distribution
associated with the unit point charge q =1 C at (x,y, z)
and the grounded half plane z =0, y ~ 0.

The charge densities on the upper and lower face of the
half plane can now be calculated and it follows that

A unit point charge q
= 1 C located at (x,y, z) above a

grounded conducting plane, whose equation is z =0, gives
rise to a potential distribution which can be simply evalu-
ated by means of the image charge method. The use of
the laws of electrostatics allows the calculation of the ex-
pressions for the charge densities o. + and o. which ap-
pear at the point (xo,yo) on the upper and lower face of
the conducting plane, respectively, once the potential dis-
tribution, Eq. (3), is known. Simple calculations give

qz q 2o.+(xp, yp', x,y, z) = +
3

l

4' R 4~ nR

(y2+z2)1 /2y
2yp

1/2
2 z z 23'p+— arctan
~ R R ( 2+ 2)1/2

1/2

(20)

where

R =(r2+z2)'/2

It follows that

q z R (y'+z )' —y~++~— z
vr R z 2+p

1/2
z 21o+arctan

( 2+ 2)1/2

' 1/2

(21)

(22)

An integration by parts, followed by the relevant substitution



MAPPING OF MICROELECTROSTATIC FIELDS BY MEANS OF. . . 3143

+( 2q 2)1/2

1/2

(23)

enables the calculation offHp (HP means "half plane" ), according to integral (12):

1

A, Ur

1/2r —y+y
y &0

yp

1

2A. Ur

]/2
y+yp
yp

2+ arctan
~XUr

V yyo

fHp(xo yo x y) = '

1

~A. Ur

]/2r —y+yp
yp

r 2yarctan
2[y(r —

y+yo )]'"
(24)

]/2r+y —y
arctanh

yp

2[y(r+y —y. )]'"
r +2y

y)0 .

For large values of both y and yp in the half plane, the impulse response function fHp recovers the behavior of the func-
tion fw p found for the whole plane, as one can directly verify.

V. CHARGED SPHERES AND IMPULSE RESPONSE FUNCTION

The two parallel items which have been dealt with up to now, namely, the phase shift associated with charged parti-
cles on a conducting film and the impulse response function relating a phase shift to the given plane potential distribu-
tion, will emerge and show a deep connection as the size of the spheres becomes smaller.

Both for the whole and the half plane, indeed, the potential distribution induced at the generical point (x,y, z) by a
point charge g (representing the charged sphere) located at (xo,yo, a ) is expressed as a difference between two values of
a function g calculated in two different points [see Eqs. (3) and (5)]:

V(x,y, z) =g(x,y, z;xp, yo, a )
—g(x,y, z;xp, yo, —a ) .

Since the following relation holds (both for the whole- and the half-plane case):

lim [g(x,y, z;xo, yp, a )
—g(x,y, z;xp, yp, —a )]= lim [g(x,y, z+ a;xp, yp, O) —g(x, y, z —a;xo, yp, 0)],

Cl ~0 a~0

we find that, as the radius a of the sphere decreases, the difference (25) approaches an actual differential ratio:

(25)

(26)

V(x,y, z) =2a (x,y, z;xo, yp, 0)+0(a) (a ~0),Bg
Bz

(27)

where 0(a) /a approaches zero as a becomes vanishingly small.
On the other hand, the total charge density o. ++o. induced on the conducting surface by an exploring charge q =1

C located in (xo,yp, a ) is proportional to the electric field E„normal to that surface:

cr+(x,y)+cr (x,y)= ——limeo (x,y, z)q . aV
Q z-o c)z

q . Bg Bg= ——eplim (x,y, z;xp, yo, a )
— (x,y, z;xp, yo, —a )

and it is easy to see that

o+(x,y)+cr (x,y) = —2ep (x y 0'xp, yo, a ) .
clg

Q c)z
(29)

The important consequence of the above results is that, when the charged sphere is so small as to be considered part
of the conducting surface, the voltage distribution Vp(x, y ) of the surface itself is given by

lim Vp(x, y) = lim V(x,y, O) = lim 2a (x,y, O;xp, yp, O) = ——lim —(cr++cr ),Bg
a 0 a 0 a 0 BZ q a 06'0

(30)

Vp(x, y) = ———lim(o ++o )+o(a) (a ~0) .
a

q Cpa 0
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Referring to the expression of rr + + o [Eqs. (18) and
(22)] we find

a
y(x, y ) = arcsinh

2@okU T
(36)

lim
a~o

0 if (x,y)W(xo, yo)
if (x,y)=(xo, yo)

(32) and an ideal pulse of the same amplitude

and also, after lengthy calculations for the half-plane
solution:

o+ x,y +0. x,y dx dy = —1 Va,1
(33)

Vo(x, y ) =—g6(x —xo,y —yo)+o(a) (a ~0) .
co

(34)

The phase shift associated with such an infinitesimal
charged sphere on the conducting planar surface X is
consequently

where X indicates the whole or the half plane according-
ly. The last two expressions only state that (o ++a )/q
becomes a negative Dirac 6 function when a vanishes;
therefore for the small charged sphere, we have

cp(x, y ) = = fr(x, y'xo yo)
2&o ~&& 2&o

and a comparison of the two results shows that the
difference falls below l%%uo at r &2.5a, which can be ac-
cepted as the limit for the validity of the approximation.

Figure 10 compares the expected contour maps for a
sphere of radius a =0.155 pm with a point charge of the
same value. The quick convergence of the two patterns is
clear when the distance from the centers increases.

For the half plane, an analytical expression of the
phase shift associated with the finite-size particle was not

XX'

XX

a
cp(x, y ) = fz(x,y;xo, yo)

2&o
(35)

(the factor —,
' appears since the 6 function is present only

in one of the two faces of the specimen, the other being
completely grounded). Apart from a constant factor, the
foregoing formula is the impulse response function of the
bidimensional linear transmission system with X as the
specimen surface, where a planar voltage distribution is
given.

In practice, of course, the size of the particles is not
negligible, and this should be taken into account. For the
whole plane it is possible to have an analytical expression
for the phase shift due to both a finite-size particle of
charge Q:

'.66

I X I

6. 'Xa'' '

...6
'X

.'6

FIG. 10. Comparison between simulated contour maps of a
point charge PC (upper part of the picture) and a sphere CS
(lower part) of 0.31 pm in diameter having the same charge for
the whole-plane case.

FIG. 11. Comparison between simulated contour maps of a
point charge PC and a charged sphere CS. Distance of the
charge center from the edge E for the half plane: (a) 5 pm; (b) 2
pm; (c) 0.155 pm.
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found, making it impossible to give a direct evaluation of
the approximation.

A simulation analogous to Fig. 10 was performed with
the same conditions and for different distances of the par-
ticles from the edge, by numerically integrating the ex-
pression for the potential, as reported in Fig. 11. Here
not only the absolute distance of the particle from the
edge is important, but also the ratio between the particle
size and its distance from the edge. When this ratio is
small, the solution of the whole plane is valid near the
particle. On the other hand, when this ratio increases, a
strong distortion of the phase pattern takes place. In any
case, the trend of the equiphase lines is well comparable
with the pattern produced by the point charge.

VI. CONCLUSIONS

In this work we have tried to explain the deep connec-
tions between two apparently different problems which
are encountered in the investigation of electrostatic fields
by means of the electron holography technique in a
transmission electron microscope, namely, that of
charged dielectric spheres on a conducting film and that
of plane potential distributions (for example, those gen-
erated in a thin reverse-biased p njuncti-on), both electron
optical phase objects. Apart from the many practical im-
plications, some not trivial physical considerations result
from our investigation: the main conclusion is that in
this case the holographic electron microscope can be con-
sidered as a two-dimensional linear transmission system,
encoding a bidimensional plane voltage input information
in an output phase distribution, measurable by means of
contour-mapping methods. The function characterizing
all the features of the system (impulse response) has been
calculated theoretically for the two cases of the whole
and the half plane, and has been shown to be very similar
to the phase shift caused by small charged dielectric

spheres. This conclusion is likely to hold for any planar
shape of the specimen. Therefore the impulse response
function for an arbitrary plane distribution of electrostat-
ic voltage, even if it cannot be calculated by analytical
methods, can be experimentally investigated by the obser-
vation of the phase shift caused by a small charged
sphere deposited on the specimen surface, held at ground
potential. The knowledge of the impulse response func-
tion for any given specimen shape can answer some im-
portant questions concerning electron holography of elec-
trostatic fields such as "How much does the shape of the
edge affect the phase distribution inside the specimen?
or "How far from the specimen edge is a region of negli-
gible field available, through which the holographic refer-
ence wave can travel without being perturbed by the leak-
age fields?" These questions will be the subject of future
investigations.

Finally it should be remarked that the unsuspected re-
lation between the two problems can be justified by the a
posteriori recognition that the field of the point charge
near a conducting plane plays the same basic role in the
electron holography of given plane distribution of poten-
tial as the field of a point charge in electrostatics.
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