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Calculations are presented for electron capture associated with pair production in collisions of

heavy ions at relativistic energies.

We employ the recently introduced technique of evaluating

Feynman perturbation integrals exactly by Monte Carlo methods. The results agree well with
virtual-photon approximations if they are carefully formulated, but appear to disagree with some
published results. The cross sections for symmetric collisions of uranium, gold, iodine, copper,
and silicon are presented as a function of the beam energy. These results are discussed within the
context of beam storage times of a relativistic heavy-ion collider.

The use of relativistic heavy ions to study strongly cou-
pled electromagnetic phenomena is a field of growing in-
terest.' 3 At the present time, one experiment at the
Brookhaven alternating gradient synchrotron (AGS) is
undertaking the study of extreme peripheral heavy-ion
collisions with 2Si beams up to laboratory energies per
nucleon of 14.5 GeV. This experiment, among other ob-
jectives, will measure Coulomb and diffractive dissocia-
tion processes at large impact parameters.* In the near
future, the promise of a relativistic heavy-ion collider
(RHIC) will allow the study of electromagnetic phenome-
na with heavy-ion reactions such as ""Au+'’Au at
equivalent laboratory energies per nucleon of 23 TeV.>

At increasing relativistic energies, the electromagnetic
field associated with the fully stripped heavy ions becomes
sharply peaked in a direction transverse to the heavy-ion
motion. In the laboratory frame, at impact parameters of
a few nuclear radii, transverse electric fields in excess of a
few GeV/fm may be expected for heavy ions at the highest
energies available to RHIC. Under these conditions, we
may expect copious production of electron-position pairs,
as well as heavy lepton production.® ™%

In this paper, we focus on one important aspect of peri-
pheral collisions of heavy ions at relativistic energies by
calculating the cross section for electron capture in the
two-photon limit using Monte Carlo integration over in-
termediate and final momenta. Our calculation is an ex-
tension of earlier published work on pair production via
two-photon diagrams.® The present study spans an energy
range that includes the present AGS experiments and the
future RHIC program. In particular, we focus on the reli-
ability of the equivalent photon or Weizsiacker-Williams
method. '~ '3 We introduce a more rigorous version of
this method, which we call the single-peak approxima-
tion. This relatively simple expression approximates the
full Monte Carlo calculations over a wide energy range.

The new physics associated with strong and pulsed elec-
tromagnetic fields from relativistic heavy ions has impor-
tant practical implications for detector design and
machine performance at RHIC. The largest nuclear de-
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pletion mechanism of the RHIC beam is estimated to be
the electron-capture process following pair production
during beam crossing. A previous study'® has obtained a
value of 80 b per beam for Au+Au using the
Weizsicker-Williams method. However, a range of
values has been advocated by other authors.'> The
present study seeks to resolve this uncertainty. We stress
that the Feynman-Monte Carlo method evaluates the ap-
propriate Feynman diagrams exactly, for practical pur-
poses. The various virtual-photon expressions represent
attempts to approximate the Feynman diagrams.

The electron-capture mechanism is shown schematical-
ly in the two-photon diagrams of Fig. 1. We use time-
dependent perturbation theory to expand the S matrix in
orders of the electromagnetic interactions of the two col-
liding ions a and b. The leading contributions to pair pro-
duction arise from the two Feynman diagrams, in which
each ion interacts exactly once.” When the direct and
crossed diagrams are correctly included, the resulting am-
plitude is Lorentz covariant and gauge invariant.'® Cap-
ture is then described in a sudden (or impulse) approxi-
mation by convoluting the electron line in Fig. 1 into the
momentum wave function of the final bound state. This
ansatz can also be derived by summing the ladder dia-
grams for repeated interactions of the electron and the
capturing nucleus.

We work in natural units (A =c=m =e=1), and as-
sume a geometry in the c.m. or collider frame that has the
target [Fig. 1(b)] moving from right to left, parallel to the
z axis with velocity B; its energy in mass units is
y=(1—pB2) "2, The projectile [Fig. 1(a)] moves from
left to right with velocity — 8. All results will be present-
ed in terms of the collider energy v; the equivalent fixed
target energy is given by yrr=2y?—1. The pair produc-
tion cross section is given by

|B(k,g;pi) |2,
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FIG. 1. (a) Direct and (b) crossed Feynman diagrams for
pair production with electron capture into a target state 7 in a
heavy-ion collision.

where
B(k,q;p ) =A P (k,q;p )+ A4 T (k,g;ki+q—pL).

(2)

The superscripts (£ ) refer to the direct and cross dia-
grams, respectively. Closely following Ref. 9, the notation
of (1) is as follows: q,k are the momenta of the positron
and electron in the final state, p is the intermediate fer-
mion momentum, and 64,0 run over the spins of the pos-
itron and electron. The label k is short for the quantum
numbers k, ok, and sx, where s, = * 1 for positive- and
negative-energy states. The frequencies of the virtual
photons determine the components po and p, so that only
an integration over p, remains in (1).

ot =S e | B ks

Ocap =

(2 )3

(2/3)2

where s,=—1, sy ==%1, oq—'+l and ox =or. The
bound-state wave function ®7(ss,k) is expressed here in
the collider frame by the transformation

D7 (s, ko, k,) =cosh(w/2)®7 (s, k1, k. )

+sinh(w/2)®7(—si ko, k), (7)

k:=ylk.+p(1+k») ',

where coshw =1y. It remains to cast (6) in a form which
can be evaluated by Monte Carlo methods.’®

As it stands, (6) is not suitable for Monte Carlo evalua-
tion: The amplitude B in the inner integration is complex
with a rapidly varying phase. However, we can use the
fact that @ is sharply and symmetrically peaked around

<I>T(sk,k)B(k q;pL)
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The amplitude 4 ") (k,g;p.) is expressed as a product,

A(+)(k,Q§PL)
=F(k, —pr:w)F(qL—pr:ws)Tiepsp), (3)

where F is the scalar part of the field associated with each
heavy ion,

4nZ
ul+ (w/By)?’

and w,,w;, are the frequencies associated with the fields
a,b, respectively. For electron pair production, as op-
posed to heavy-lepton pair production, the nuclei may be
treated as point charges. The amplitude T, relates the
intermediate photon lines to the outgoing fermion lines.
To be precise, T, is a function of the fermion momenta
k,p,q and the photon frequencies w,,@p, but in no way
depends on the distribution of charge within the sources; it
is not the physical yy amplitude since the arguments
place the photon lines off shell, in general. An expression
for A7)(k,q,p.) is obtained by reversing the sign of S
and thereby interchanging w, and w,.

The cross section for electron capture is obtained from
(1)-(4) by convoluting the amplitude B into the momen-
tum representation of the bound-state wave function
®7r(sk,k). In the target frame, we can expand the
bound-state wave function in Dirac plane waves,

- 31
| T) é‘,fd kG

The bound state | T) is defined by the usual Dirac hydro-
genic quantum numbers (nr,x7,mr,067). Most of the
capture is into the K shell (1s,/; state), for which ®7 is in-
dependent of o7 and mr. Expressions for ®7(si,k) are
given elsewhere.!” In this way, our expression for the cap-
ture cross section derived from (1) becomes

Flu:w) = 4)

CI)T(sk,k)lsk,O'k(-O'T),k). (s)

2

(6)

k.=0 or k,=By(1+k3})"2. Under these circumstances
(6) can be replaced by

Ceap= (2/3)2 a§qC(sq)fd3kd 9d°p. (2;11)8
x [ &7 (s, k) |7 | Bk, g5p) |7,
(8)
where the renormalization factor is given by
_ 2
o= Ifd>1(sl<,k)d3k7 ©
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The integral (8) can be evaluated as it stands, the integrand being positive definite. The error is O(1/y*) and hence
negligible in the range we consider (y= 3).

Although it is not obvious, the formulation (6) can be related to effective photon methods. To this end, we recall the

first-order perturbation ansatz for capture,

Scap(sg,q:p) -fdtexp(icoqt)(sq,ql V.| T).

(10)

We are now workmg in the target frame, in which ¥, is the interaction supplied by the projectile at an impact parameter

p, and o, -Eq

)—Er. In contrast to (6) Eq. (10) is not gauge invariant. However, if we express ¥, in the radiation

gauge, the two methods should be equivalent to the leading orders in ¥, and V. Thus, (6) becomes

Scap(sq,q:P) =fd 2XL4_21‘— exp( -

Py

where A, =q, —k, and A, =gq,
impact parameters,

1
acap=fd3q e Z‘.fa'zplSca.o(sq,q:p)|2

-f q(2 )3Zf

The single-peak approximation is based on the observa-
tion that the form factor F is sharply peaked around
A1 =0, especially for y>> 1. Then we can separate

Fo =22 [d%. A0 [FOiio) 2, (13)
and evaluate the rest of the integrand at A, =0, or
k=q— &Cz ) (14)

B

Within a constant factor, F, is the equivalent photon flux
tensor associated with the projectile.’ The integral over
A, in (13) must be cut off at A, =m ,, where

m,=(1+q})'"2.

If (12) is evaluated exactly, this cutoff arises naturally.
Then (12) becomes

omps{ ] Zfd3 prid

X./n(k,q)I(DT(Sk,k)lz. (15)

For most purposes P (x) ~Inx; M comes from the spinors,
and is of order unity or less.®

In Fig. 2, the capture cross section is plotted for
Au+ Au collision as a function of the collider energy. The
scale of the cross section is given by co=0Z,Zpa?)?,
where A is the Compton wavelength of the electron, and a
is the fine-structure constant. The value of oo for Au+ Au
is 164.7 b. Figure 2 shows three calculations: the full
Monte Carlo from (6), the single-peak approximation
from (12), and a Weizsicker-Williams calculation from
Baur and Bertulani.!®> The error bars reflect the remain-
ing statistical errors in the Monte Carlo evaluation of the
integral. The single-peak approximation agrees well with
the Monte Carlo one over the entire energy range, and is
algebraically simpler. The Weizsacker-Williams curve is

Bym, ]

Wgq

7iA L PIF (A0 ) DT (sk, k) s4,q |21 @] sk, k),

———5 [ FA 1:0)®7 (s, k)sg,q AL a|sx,K) |2

an

—k.=w,/B. Finally, the capture cross section follows from integrating | S| 2 over all

(12)

consistently lower than the Monte Carlo method by a fac-
tor of 3. We do not have an explanation for this
discrepancy. However, we note: (i) Our numerical calcu-
lations for total pair production have been checked out
against all other calculations available to us,'>!® to an ap-
propriate level of accuracy. (ii) An independent calcula-
tion by Lee and Weneser, based on the standard assump-
tions of the Weizsicker-Williams method, agrees well
with our results.'*

From the perspective of RHIC accelerator perfor-
mance, the top RHIC energy per nucleon for Au is 100
GeV. At this energy the capture cross section is 72 b per
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FIG. 2. Scaled capture cross sections for Au+ Au. The scal-
ing factor co=164.7 b. The three curves are as follows: solid
line, Feynman-Monte Carlo calculations, with statistical uncer-
tainties indicated by error bars; dashed line, the single-peak ap-
proximation (15); dot-dashed line, Weizsiacker-Williams calcu-
lations from Ref. 15.
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beam. This result is about 10% smaller than the value ob-
tained by Lee and Weneser using a variant of the
Weizsicker-Williams method.'* For comparison, the to-
tal pair production is about 32 kb, or 440 times larger.

In Fig. 3, the capture cross sections are shown for a
sample of symmetric heavy-ion collisions used in the
design of RHIC. These are full Monte Carlo calculations.
To convey the variation with Z, all the results are scaled
according to A2=1.49 kb. It appears that the cross sec-
tions are very small for ions lighter than ®*Cu, and indeed
very few heavy ions would be lost to this mechanism for
AS100 The result for '*’Au is in harmony with a 10-h
beam lifetime at RHIC. An equally encouraging aspect
of Fig. 3 is the saturation at large values of Z: The
electron-capture cross section for U+ U is only twice that
for Au+Au. It has recently been determined that 23%U
may be injected into RHIC. "

We have addressed the problem of electron capture in
relativistic heavy-ion collisions, and attempted to resolve
apparent discrepancies among published Weizsicker-
Williams estimates for this mechanism. We evaluated the
leading Feynman diagrams numerically by Monte Carlo
methods. The results were compared with simpler single-
peak approximation, and found to be in reasonable agree-
ment. [t is important to realize that the exact second-
order perturbation amplitudes for pair production by
point charges are free of any singularities. This was made
clear in the work of Brodsky, Kinoshita, and Terazawa.'®
Equivalent photon methods do indeed reduce the complex-
ity of the two-photon diagrams by using on-shell expres-
sions for the amplitude T, in (3). In addition, the form
factors are separately integrated over all transverse mo-
menta. For point charges, these approximations introduce
divergences which are removed by cutoffs in the trans-
verse mass. The nonuniqueness of this procedure explains
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FIG. 3. Capture cross sections for symmetric z4+2z4 col-
lisions, scaled with respect to A2=1.49 kb. The curves corre-
spond, as labeled, to the ions A(Z)=Si(14), Cu(29), 1(53),
Au(79), and U(92).

why a wide variety of estimates for the same cross section
can all be labeled “Weizsdcker-Williams.”
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