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Director waves in nematic liquid crystals
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A two-dimensional field model was proposed to interpret the director waves in nernatic liquid
crystals on the basis of the Ericksen-Leslie theory. It is different from previous models and pan ex-
plain most of the experimental phenomena. The theoretical results are compared in connection
with the experimental data. An experimental method was suggested to test the theory.

I. INTRODUCTION

Although some liquid-crystal deformations such as
domain walls and disclinations have been well known in
both experiment and theory for many years, director
waves, which were considered to be the propagation of
the orientation of the molecules in liquid crystals, were
not verified until this decade. Exciting a liquid-crystal
film by manipulating mechanical device, Zhu et al. have
observed director waves in the nematic liquid-crystal
(NLC) material p, p-methoxybenzylidene n-butylaniline
(MBBA). Through two crossed polarizers, they viewed
some dark lines moving forward while a film in NLC was
driven manually. ' This discovery has attracted great
interest, because it could promote developments for prac-
tical applications, and some similar phenomena in other
systems were reported afterward. '

To understand the phenomena, Lin Lei et al.
developed a interesting theory using a soliton model,
and Wang supposed the existence of solitary waves.
Both of them reached their conclusions by employing a
one-dimensional approximation and explained some as-
pects of the experimental results. However, the investi-
gation of the problem is not yet complete.

In this work, we pay special attention to the fact that
the emergence of the dark lines relies on the anchoring
condition presupposed. In the linear approximation of
phenomenological equations proposed by Ericksen and
Leslie, ' ' the dark lines can be interpreted simply as
director waves. Our results show for the first time that
the dependence of the observational phenomena on an-

choring conditions is subject to the intrinsic properties,
such as the anisotropy of viscosity, of NLC. The move-
ment solution of the dark lines is obtained analytically
and is in good agreement with the experimental data.

II. THE EQUATION
OF DIRECTOR'S DISTRIBUTION

Based on the Ericksen-Leslie theory, the equations for
the director in NLC is (using a convention where repeat-
ed indices are to be summed over)

—(In), + (In, v )+ 11, +f, +f,'+An, =0,
8t Bx ~ Bx

n=n' '+n'"+n' '+ (2)

where n' ' is proportional to the jth power of v, and n' '

is a fixed vector determined by the anchoring conditions.
Substituting Eq. (2) and the details of f, ,f,', II,, (Ref. 14)
into Eq. (1), one can find the first-order equation of n to
be [see Eq. (4.17) in Ref. 15]

where I is the moment of inertia of the director, A. is the
Lagrangian multiplier determined by the relation n n=1,
v is the velocity of the fiuid, II, the strain tensor, f, the
body force density, f the part of the body force associat-
ed with the presence of velocity gradients, and n; the ith
component of the director. According to the equation, n
must be v dependent and may be expanded as a power
series in the Quid velocity v,

g2 (]) (1)

I +(a3 —a2) —k»[V;(V n''') —n' ~ V(V n''')n, '] —kz2[n~ XV(n' 'VXn"')], —k33n' ~n& 'n, ''z~

at2

—(a2+a3)(n Vv n' ')n, ' +a~n' Vv, +a,V, v n' '=0, (3)

where the parameter A, has been replaced by the quantity gained from n n=1. The zeroth-order equation is meaning-
1ess, and the higher-order ones may be ignored in linear approximation.

Assuming the Fourier expansions of n'''(t, r) and v(t, r) are
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n'"(t, r) = f n'"(co, q)e'q' "dc@dq,

v(t, r)= f v(co, q)e'' ' "de dq,

respectively, one finds that

[Ice +iso(a 3
—az) —k33(n' 'q) ]n'"(co, q) —k„(q n'"(co, q)q —[q n'"(co, q)](q n' ')n' 'J

—kzz(n' 'Xq)[qXn'"(co, q) n' ']=iaz(n' '.q}v(co,q}+ia3[v(co,q) n' ']q i(—az+a3)[n' 'v(co, q)](q n' ')n' ' . (6)

Assuming k» =kzz =k33 =k as being accepted generally, one can obtain the solution for n' "(co,q):

n'"(co, q)=i [az(n' ' q)v(co, q)+a3[n' ' v(co, q)]q —(az+a3)[n' ' v(co, q)](n' 'q)n' '}/[IaP+ico(a3 —az) —kq ] . (7)

This result is independent of the choice of frame and re-
quires only that the directors in NLC are well aligned ini-
tially, or n' ' is a fixed vector in the region being con-
sidered.

It is worthwhile to point out that this outcome is ob-
tained with the linear approximation in the fluid velocity
v. According to the experimental data, the velocity of
the fluid is very small (about 2 mm/sec) and may be fairly
considered as a perturbation; thus the linear perturbation
method can be employed effectively in the calculation.

III. RELATIONSHIP WITH EXPERIMENT

While driving the exciter manually in the early experi-
ment, ' Zhu had observed that there were some dark lines
moving when the directors n' ' were forced to be initially
perpendicular to the surface of the cell, and that no dark
lines emerged when the directors n' ' were forced to be
initially parallel to the surface of the cell. In a word, the
dark lines can be generated only if the directors were ini-

tially well aligned to the orientation that was perpendicu-
lar to the axis on which the Mylar film, as an exciter, can
move and cause a perturbation. Zhu et a1. had also ob-
served that the directors where the dark lines emerged
were perpendicular to the surface of the cell. This was
verified soon after. ' ' All of these facts show that one
can foresee the dark lines by determining the distribution
n( t, r ) of the directors.

q&v&+qzv2=0 .

Moreover, one can rewrite the Eq. (7) in components as

n (1) —0n&

nz =i ( aqz, uz+aq 3z,u)/H,(1) —.

n'"=0n3

H =Ico +ice(a3 az) —kq— (12)

for the parallel case in which the directors n' ' are well
aligned to be parallel to the X, -axis initially, and

n
&

=i (azqzu, +a3lgf uz)/H(1)—

n'"=0n2

(13)

n"'=0n3

for the perpendicular case, n' '~~Xz (see Fig. 1). These

In our theory, the distribution of the directors is deter-
mined by Eq. (7). To discuss it in detail, one may employ
a two-dimensional velocity field as one does in consider-
ing shear Bow, or one may suppose that the directors are
motionless along the X3 axis. Then v3=0 and q3 van-
ishes. In addition, the conservation law must be main-
tained because of the incompressibility of fluid. That is
V.v=O, or

(()
n,

FIG. l. Orientation of the director for sheared NLC is formed into waves. The sketch shows an intersection of the cell with thick-

ness d and length L. 0 is the angle between the director and X2 axis. The coordinate system used here is the same as that in Ref. 3.
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According to the experimental data, one can estimate the
values of the wave vectors (Fig. 1) to be

q 1
=27T/L 10 cm q2 =2w/d 10 cm

and acquire the values of the viscosity coefficient'
(MBBA),

a2= —77. 5 centipoise, a3= —1 centipoise .

Therefore, the ratio is roughly

n '" /n '" =a /a =77.52ii 1l 3 2

This implies that the influence of the perturbation is
unusually smaller in the parallel case than that in the per-
pendicular case. In other words, while one attempts to
view such a pattern in the parallel case as viewed in the
perpendicular case, he must use an exciter which is 77.5
times as powerful as that used in the perpendicular case.
This concerns the intrinsic properties of NLC: The mole-
cule in NLC is elongated and has a fairly rigid backbone
so that one may consider it as a rigid string. The pertur-
bation due to the velocity field produces a torque which is
imposed on the molecule and rotates it to a certain de-
gree. The greater the torque, the larger the rotation de-
grees. The torque is proportional to the body force and
thus depends on the velocity field applied and the viscosi-
ty coefficients of the materials used. Though the velocity
is the same in the parallel case as that in the perpendicu-
lar case, the consequences are different because of the an-
isotropy of NLC, which is why no dark lines were ob-
served in the parallel case. This idea may be tested in fu-
ture by using some NLC materials whose viscosity
coefficient values, a2 and a3, are closer. On the other
hand, it would be impossible to test it by employing a
more powerful exciter. In doing so, the Quid would be so
turbulent that the directors could no longer be regular,
and the observable phenomena would be completely
different and beyond the scope of this paper.

To compare these results with the experimental data in
the perpendicular case, one may solve Eq. (13) in a coor-
dinate system. The transformation yields

r

k 0'+ a'+ 0' (1)
BX2 BX2 BX2

a' aI +(a3—az)
at2 0t

V2 BU1

'aX, 'aX, (18)

Although the rigorous solutions of this equation need to
involve the momentum balance law and convenient

equations show that the director field is two dimensional
also, as expected.

it is obvious that the variation of directors in parallel
case is different from that in perpendicular case when one
applies identical velocity field to the system. The
diff'erence can be determined from Eqs. (8), (10), and (13)
by the ratio

(1) 2 2a2q1U2+a3q2V1 3q2 2q1

n1 I a2q2U1+ a3q1U2 a2q 2
—a3q1

(1) 2 2

n =sin0=0 —9 +(1) i 3
1

In the linear approximation in 0, one can obtain the solu-
tion

C0=vo exp
4~a t

X +X
1 2

4a t
(20)

where Uo is the component of the fluid velocity in X,
direction at the origin and is supposed to be the same as
the velocity of the exciter, a =k/(a3 —a~)10 cm /sec,
and C is a parameter which represents the strength of the
coupling between director and the fluid velocity and
needs a better fit with the experimental observation.

It is obvious that the variable x2 in the Eq. (20) can be
neglected since its changeable region ( —25 —25 pm) is ex-
tremely small in comparison with that of the variable x,
(
—25 —25 cm) (Ref. 3) and can cause nothing meaningful

QV

I

0.5 t(sec)

FICs. 2. Comparison of experimental data of dark lines (cir-
cles, adopted from Ref. 3) with the theoretical results (lines).
See text for details.

boundary condition as shown in Ref. 17, it may be
simplified at the moment. First, the boundary effect may
be neglected because the anchoring force is weak and the
disturbance is relatively strong, or the volume of the cell
is so large in comparison with the dimension of the mole-
cules in NLC that one can take it as infinite and ignore
the influence of the boundary on the central region of the
cell which primarily determines the observable phenome-
na. Second, one may substitute a suitable 6 function for
the right-hand side of the Eq. (18) because the perturba-
tion is applied instantaneously at the origin' and the
experimental data show that the velocity is high at the
origin and nearly zero otherwise. ' Furthermore, the in-
ertia term can be omitted according to the point of view
generally accepted in current literature, and the term
kB n 1"/BX3 is zero because the field is two dimensional.
From Fig. 1 one becomes aware that n', " is just equal to
sinO, where 0 is the tilted angle caused by the perturba-
tion. Therefore
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to observe. That is, one can focus his attention primarily
on the center line of the cell used in the experiment. In
this way, one can now see that there must be some posi-
tions at which 0 is a multiple of m, so that the directors at
these positions are perpendicular to the X, axis and cer-
tain waves are formed with their peaks placed at these
positions. These waves are called director waves and
were observed through experiment as dark lines. More-
over, one can certainly see that 0 is proportional to the
velocity of the exciter; the greater the disturbing velocity,
the larger the 0, or the larger the number of the dark
lines. This expected consequence is in accordance with
that reported earlier by Zhu in his experiment. '

Considering a certain dark line, one may be able to
conclude the movement of the dark lines because 0 is a
constant at this moment. With the experimental data,
the variations of x &, which describes the positions of the
dark lines at present, may be calculated from Eq. (20) and
are sketched in Fig. 2. Here, the parameter C was suit-
ably chosen to fit the experimental data. Figure 2 shows
that the theoretical results are in good agreement with
the experimental data for all of the three dark lines.
Noting that there is only one adjustable parameter in the

theory and that the experimental accuracy is rather low,
such an agreement should be considered satisfactory. The
discrepancy may be explained by the roughness of the
model, not taking into account the details of the velocity
field.

To summarize, it has been shown that the dark lines
observed are director waves and can be explained by the
Ericksen-Leslie theory. Because of the anisotropy of
NLC, the dark lines can be generated only when the mov-
ing direction of the exciter is vertical to the orientation in
which the NLC molecules are initially well aligned. In
this sense, the present model is quite different from the
previous theoretical consideration " on the same prob-
lem and is in good agreement with the most of the experi-
mental results. The opinion presented here may be tried
by testing some NLC materials whose viscosity
coe%cients, a2 and o,3, are closer.
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