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A simplified classical trajectory Monte Carlo (CTMC) method is proposed for ion-atom col-
lisions. With the introduction of the prescribed classical trajectories for the internuclear motion,
the electronic motion in the time-dependent interaction is solved classically. It gives almost identi-

cal integrated cross sections with the "exact" CTMC calculations. Dift'erential cross sections are
also calculated for p +H~H+p. The results are in excellent agreement with the experiments.

INTRODUCTION THEORY

The classical trajectory Monte Carlo method (CTMC)
has been successfully applied to ion-atom collisions. '

It solves classical equations of motion of a few-body sys-
tem rigorously by numerical calculations under randomly
selected initial conditions that simulate the quantum-
mechanical distribution of the initial atomic state.
Though CTMC has been proven to give reliable cross sec-
tions in various processes, its application is limited to
three- or four-body collisions at intermediate velocities.
Computational time becomes enormous for a larger sys-
tem or for higher velocities.

On the other hand, approximate calculations are inev-
itable in quantum-mechanical treatments. The perturba-
tion theory neglects higher-order couplings completely.
Distorted-wave theories take account of only a part of in-
teractions to infinite order. The close-coup1ing calcula-
tions cannot get rid of the inaccuracy caused by the trun-
cation of the expansion, though full interactions are in-
cluded in this subspace. The inaccuracy involved in these
approximations is sometimes dificult to assess.

Most of these quantal treatments rely on the impact-
parameter picture in the intermediate- to high-energy re-
gion. The motion of heavy nuclei is treated classically
and the Schrodinger equation that describes the motion
of electrons is solved as a time-dependent problem.
Heavy nuclei are assumed in most cases to move along a
straight-line trajectory with a constant velocity, irrespec-
tively of the motion of electrons. In contrast with the
aforementioned approximations for the electronic
motion, the validity of the impact-parameter method has
been well established.

In this Brief Report we apply the concept of the
impact-parameter method to CTMC calculations. Since
the CTMC is a classical theory, the only modification is
the separation of nuclear motion from electronic motion.

Parentheses denote a bound state of two particles. Owing
to the large mass ratios, it is a good approximation to as-
sume that the motion of heavy particles A and 8 is in-
sensitive to the detai1s of the kinematic evolution of the
light particle C. Therefore, we describe the relative
motion between 3 and 8 by a given function of time for
each impact parameter b. This assumption reduces the
present three-body problem to a much simpler one-body
problem in which a particle C is moving under a time-
dependent two-center potential. The Hamilton- Jacobi
equations of motion are written as

aII
Bp

dp BH
dt 3I

(4a)

(4b)

where r is the coordinate of the particle C measured from
the center of mass of the particles 3 and 8, and p is its
conjugate momentum. The classical one-body Hamil-
tonian is given by

l Zazc ZwzcH= p+ +2~c Ir+«I
with

Consider the following processes of a three-body sys-
tem with Coulomb interactions in which the masses M~
and Mz of particles 3 and 8 are much larger than the
mass Mc of the third particle C:

A+(B+C)~A +(B+C),
~(A+C)+B,
~A +8+C .
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a =M~ /(M„+M~ ),
b=M~/(M„+M~) .

where R is the internuclear distance vector and Z„, Zz,
and Zc are the charges of particles A, B, and C, respec-
tively. Equations (4a) and (4b) are solved numerically un-
der randomly selected initial conditions generated by a
microcanonical distribution of classical orbits. ' Since we
give R as an explicit function of time, we need not choose
the impact parameter b randomly. Thus the number of
randomly generated parameters is 5 the eccentricity
of the Kepler motion, its time-angle variable 0„, and
three Euler angles that determine the plane and the major
axis of the Kepler motion. The final state of the particle
C is classified into the three channels (1)—(3) in the same
way as in usual CTMC calculations. '

The evolution of R and the scattering angle y are
determined by the motion of A and B interacting through
a two-body potential V(R) in the present treatment. The
differential cross section is calculated by
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do b(y)P(b) db
d Q sing dy

(6)
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where P(b) is the transition probability of one of the pro-
cesses (1)-(3).

RESULTS AND DISCUSSIONS

We have applied the present CTMC method to charge
transfer and ionization processes of a hydrogen atom col-
liding with a proton and other multicharged ions at ener-
gies above a few tens of keV/amu. The transition proba-
bilities P (b) so obtained, and, consequently, the integrat-
ed cross sections, agree to within 0.01% with the results
of the usual CTMC calculations' where the full three-
body equations are solved. This fact demonstrates the
usefulness of the present method. Furthermore, we have
found that P(b) depends very little on the choice of the
two-body potential V(R). In fact, we have seen almost
no difference in the resultant P(b) calculated by using a
straight-line trajectory and that using curved trajectories
determined by a realistic potential V(R). This is reason-
able because, at these energies, the collision is confined
within the scattering angle of the order of 10 rad.

In Figs. 1 and 2, the differential cross sections calculat-
ed by the formula (6) are compared with experiments for
p+H~H+p at 60- and 12S-KeV proton energies, re-
spectively. For the two-body potential V(R) that is in-
dispensable for the relation between scattering angles and
impact parameters, we have used the static potential

Z„(Za+Zc )
V(R)=

R
+ (Z „Z~+Z„ /R )exp( —2Z~ R ),

(7)
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FIG. 1. Differential cross sections for p+H(ls)~H+p in
center-of-mass coordinates and a proton energy of 60 keV.
CTMC cross sections: C), present results; X, "exact" CTMC
(Ref. 4). Quantal cross sections: ———,OBK;
eikonal;, B1B. CTMC cross sections are the sum over all
final bound states and quantal cross sections are the sum up to
n =3. Quantal cross sections are calculated by the present au-
thors and they are consistent with previous calculations (Refs.
10 and 12). Experimental cross sections are denoted by circles
with error bars (Ref. 8).

which is obtained by averaging the potential
Z„Za/R+Z„Zc/Ir —RI over the quantum-mechanical
1s orbital of the target atom. Also shown in these figures
are quantal calculations, namely, the Oppenheimer-
Brinkmann-Kramers approximation (OBK), the eikonal
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FIG. 2. Same as Fig. 1 but for 125 keV. The "exact" CTMC
cross sections are not available.
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approximation, ' and the boundary-corrected first-order
Born approximation"' (B1B). The present results are in
excellent agreement with experiments. It is as good as
the best of the quantal calculations. We have also com-
pared our results with the "exact" CTMC cross sections
reported by Olson at 60 keV. They agree well within the
accuracy of statistical errors which are not shown in
these figures. The behavior of our cross sections near the
forward direction seems to be a little different from the
experimental data. The static potential V(R) becomes
zero rapidly outside the region of the bound-electron dis-
tribution of the target, and this makes the scattering an-
gles too small at large impact parameters. As a result,
~dy/db~ becomes small and hence increases differential
cross sections at forward direction. Better agreement
may be obtained by using a more realistic internuclear
potential V(R ).

SUMMARY

We have shown that the impact-parameter treatment
of CTMC calculations serves to reduce computing time
without significant loss of accuracy. In the present calcu-
lations the elastic deAection function uniquely deter-
mined the relation between the scattering angle and the
impact parameter. This is in contrast to the usual CTMC
method in which the scattering angle cannot be predicted
before solving equations of motion for a three-body sys-
tem. The transition probability P(b) is insensitive to the
trajectory assumed. Satisfactory agreement of our results
with the "exact" CTMC calculations and with experi-
ments implies that the physics that determines the angu-
lar distribution of projectiles may be much simpler than
usually anticipated.
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