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Using relativistic many-body perturbation theory, we have investigated the valence, exchange
core polarization, and correlation contributions to the magnetic hyperfine constants in the ground
states of the lithiumlike ions Be+, B +, C +, N +, O'+, F +, Ne +, and Bi' +. Radiative correc-
tions have also been investigated. Both the exchange core polarization and the correlation contribu-
tions as fractions of the valence-electron contribution decrease rapidly as one goes to more highly
charged ions, the decrease being more drastic for the correlation effect. The radiative effect, on the
other hand, increases very rapidly with increasing charge, becoming of the same order of magnitude
as the correlation effect in O'+, F +, and Ne'+. For Bi' + the radiative effect is larger than the
correlation contribution, being about 0.3% of the hyperfine field from the valence 2s electron. The
significance of these results and trends will be discussed, and comparisons will be made between the
net hyperfine fields obtained in the present work and available experimental results as well as with
the results of earlier calculations.

I. INTRODUCTION

The linked-cluster many-body perturbation theory,
in its nonrelativistic' (LCMBPT) and relativistic
(RLCMBPT) forms, has been applied extensively to study
hyperfine properties of atomic systems. A particular ad-
vantage of this procedure is that one can use it to obtain
the contributions from individual mechanisms, ' such as
valence, exchange core polarization (ECP), correlation,
and related mechanisms, to the hyperfine constant, there-
by providing useful physical insights into the importance
of these effects. In this context, it is helpful to study the
trends in these contributions over a series of closely relat-
ed atoms, such as the alkali-metal atoms ' and the
alkaline-earth ions, ' ' and the various series of ions with
increasing charges which are isoelectronic with particular
neutral atoms.

The lithiumlike ions are particularly important to
study in this respect because they are relatively small sys-
tems allowing one to study the contributions from
different mechanisms accurately. In particular, since
some of the ions even in the second period, such as Ne
involve sizeable effective nuclear charges, one has to ex-
amine the importance of radiative effects relative to the
other contributions to the hyperfine constant. Such an
examination is also necessary because of planned experi-
ments at the Gesellschaft fiir Schwerionenforschung
Darmstadt (Federal Republic of Germany) in highly
stripped lithiumlike ions such as Bi +. Two other addi-
tional incentives for studying the lithiumlike ions at the
present time are the following. The first is the availability
of accurate experimental data " on the hyperfine con-
stants in a number of such systems, allowing for a
verification of the theory. A second reason for studying

these systems by the RLCMBPT procedure is that nonre-
lativistic calculations have been carried out earlier for the
lithiumlike series by a differential-equation (DE) ap-
proach. ' ' One thus has an opportunity to make a de-
tailed comparison between the results from two rather
different theoretical procedures.

Section II presents a few details of the RLCMBPT pro-
cedure, which has been discussed extensively in the litera-
ture. ' The important many-body diagrams corre-
sponding to the various physical effects are discussed in
Sec. II. The role of radiative effects in inAuencing the
hyperfine interaction constants is discussed and the
expression ' ' used to obtain the radiative corrections
presented in Sec. III is given. Section III presents our re-
sults for the lithiumlike ions from the second-period
atoms and the highly ionized system Bi +. The trends in
different physical effects and the nature of agreement
with available experimental data are discussed in Sec. III.
Further, a comparison is made in Sec. III between our re-
sults and the results from earlier investigations. ' '

II. ' PROCEDURE

There are two main aspects of the procedure we have
utilized to obtain the hyperfine constants for the lithium-
like systems that have been studied in the present work.
The first aspect deals with the various one-electron and
many-body contributions to the hyperfine constant within
the framework of RLCMBPT '" and the second is con-
cerned with the influence of radiative eff'ects. The reason
for using RLCMBPT rather than the nonrelativistic ver-
sion LCMBPT is that we shall be considering some
strongly ionized systems; for instance, Ne + and Bi
for which relativistic effects could be rather pronounced.
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Since the RLCMBPT procedure has been described ex-
tensively in the literature, ' ' we do not need to discuss
it in detail here. However, a few relevant points about
this procedure will be presented for the sake of complete-
ness.

The relativistic many-electron Hamiltonian for an
atomic system "" excluding radiative effects is given by
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In Eq. (2),
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V' ", as explained in earlier literature, ' ' is given by
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where a; and p; are the Dirac matrices for the ith elec-
tron, p, is its momentum operator, r, is its radius vector
measured from the nucleus with charge ge, and r, is the"
distance between electrons i and j.

The exact many-particle eigenfunction for this Hamil-
tonian is difficult to calculate; therefore, in
RLCMBPT ' one separates & into two parts as in

m n

eA'

The various terms in Eq. (8) corresponding to different
values of m and n are referred to as belonging to orders
(m, n). These various order terms are expressed in terms
of diagrams, ' ' the evaluation of these diagrams involv-
ing the use of the identity operator given by

QC„C„=I,
k

the summation being carried out over the ground state
(k =0) and all excited many-electron states correspond-
ing to &0. These many-electron states (I)„are represent-
ed by determinantal wave functions built out of the corn-
plete set of bound and continuum one-electron states (t);

which are eigenfunctions of ho in Eq. (3).
The diagrams which have been found' to make the

major contributions to the hyperfine constant in lithium
and other alkali-metal atoms and which are also found to
be the leading contributors for the lithiumlike ions are
shown in Fig. 1. These are, respectively, the valence [Fig.
1(a)], ECP [Fig. 1(b)], and correlation [Figs. 1(c) and 1(d)]
diagrams. ' ' The algebraic expressions associated with
their contributions to the hyperfine constant in MHz are
given, respectively, by

where pl is the magnetic moment of the nucleus. The
theoretical expression for the experimentally measured
hyperfine constant is' '

1~I ( +I J MI = I, MJ =J ~I~e JV~I +I J MI = I, MJ =J )IJ

and the perturbation Hamiltonian is given by
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In the summation over n in Eq. (4), usually the outermost
valence orbital is the one that is omitted. The major ad-
vantage of using V' '' over V, the usual Hartree-Fock
potential, as has been discussed in earlier literature, " is
that the former is more physical for excited states. We
would also like to remark that in the present work, in
keeping with the procedure used in recent work' by our
group in other systems, we have obtained the one-
electron ground and excited states for the V ' potential
using a nucleus with a distributed charge.

In RLCMBPT, the exact eigenfunction 4 of the
many-particle Hamiltonian & is derived from the eigen-
function (I&0 (energy eigenvalue Eo) of &o by the linked-
cluster expansion

(L)
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For the magnetic hyperfine interaction, the electron-
nuclear hyperfine interaction Hamiltonian is given in rel-
ativistic theory' by

(c)

FIG. 1. Diagrams representing (a) valence and (b) leading ex-
change core polarization and correlation contributions, both (c)
direct and (d) exchange, to the hyperfine constants in lithium-
like systems.
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FIG. 2. Typical EPV diagrams contributing to the hyperfine
constant in lithiumlike systems.
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with the c referring to the energy eigenvalues of the
one-electron states. In the expression for KJ, p~ and pi
refer to the Bohr magneton and the nuclear magnetic mo-
ment of the nucleus of interest, with I and J the nuclear
spin and total electronic angular momentum, respective-
ly, and as is the Bohr radius. In Eq. (15), the P„, and

Q„, refer to the radial parts of the large and small com-
ponents' of the relativistic wave function P„,. The states

and pk in Eq. (16) have the same orbital angular
momentum (in the relativistic sense)' which depends on
the multipole component of 1/r, 2 used in the matrix ele-
ment. In the present work, as in most earlier investiga-
tions, ' we have considered multipole moments up to
l =2. As will be discussed in Sec. III, dealing with re-
sults, the contributions from higher multipole moments
to the hyperfine interaction in the present systems are
quite small ~

In addition to the major diagrams in Figs. 1(a)—1(d),
we have also studied additional classes of diagrams
representing other physical effects, such as exclusion-
principle violating (EPV), phase space, and consistency
diagrams that have been discussed in an earlier detailed
investigation' of the lithium atom. Typical diagrams in
these classes are presented in Figs. 2 —4. The EPV dia-
grams arise out of the choice of the V' "potential used
to generate the excited states. The phase-space diagrams
result from the fact that the 2s state with down spin (

—
)

is empty in these systems and is therefore available as an
excited state, while the up-spin ( + ) valence-electron
state is occupied. The consistency diagrams represent the
influence of the change produced by the excitation of one
orbital on the potential seen by another. For instance, in
Fig. 4(a), the effect described is the influence of the per-
turbation produced in the 1s+ state by the ECP effect on
the 2s valence-electron density at the nucleus.
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FIG. 4. Typical consistency diagrams contributing to the
hyperfine constant in lithiumlike systems.

FIG. 3. Phase-space diagram contributing to the hyperfine
constant in lithiumlike systems.



1768 PANIGRAHY, DOUGHERTY, DAS, AND ANDRIESSEN

Finally, we would like to discuss the role of radiative
effects on the hyperfine interaction of the lithiumlike
ions considered here. For light and neutral atoms these
effects are expected to be quite small and within the error
range of many-body investigations. However, in some of
the highly charged ionic systems discussed here, this
effect could be significant and should be estimated, espe-
cially for an ion like Bi +. In addition, for these three-
electron atoms the accuracy of the many-body contribu-
tions is expected to be very good' (about l%%uo), so that the
accuracy in the net hyperfine effect would be even better
(on the order of 0.1% or better). These considerations
make the analysis of radiative effects desirable. It is not

our purpose here to make a very accurate analysis of the
role of various types of radiative effects that can contrib-
ute to the hyperfine interaction. We mainly want to
make an estimate of radiative corrections within an accu-
racy of about 20%%uo. The major effect is expected to arise
out of the radiative correction to the valence-electron
contribution to the spin density at the nucleus. For a hy-
drogenic atom, this effect can be described as the
influence of photon emission and reabsorption' processes
on the wave function of the electron, which will influence
the strength of its hyperfine interaction with the magnetic
moment of the nucleus. The expression for the radiative
correction in a hydrogenic atoms is given by ' '

b, A„d = AJ"(1+m/M) (a(ga)[ln(2) —
—,']

+(a/~)(ga) {
—

—,'ln [(ga) ]+[——", ln(2)+ —,'+ —'„'+ —,', ]In[(ga) ]+12.788I ) . (17)

In the corresponding expression (1.7) in Ref. 7(b), there
were several additional terms with constants appropriate
for the 2s valence state in the bold parentheses which
have already been included in our work and do not need
to be considered again. Two of these terms refer to the
radiative anomaly in the electronic magnetic moment
which has been incorporated in the hyperfine interaction
contributions through the use of the corrected Bohr mag-
neton p~, in the multiplying constant KJ [Eq. (14)] for
AJ" in Eq. (10). Next, there was a term taking account
of the distributed nuclear charge which has been included
in our work through the use of basis states corresponding
to a distributed nucleus. Thirdly, there was a term

[ —,'(ga) ] in Ref. 7(b) which has to be considered when

one uses a nonrelativistic value for A~"', but which is not
necessary here since we have used a relativistic result for

AJ". The factor (1+m/M) refers to the influence of
the conventional mass effect on the spin density. It is
quite small but comparable in magnitude to the small ra-
diative contributions for Li and Be+ (Table I). It gets
progressively weaker as one goes to heavier nuclei, being
virtually negligible for Bi

In an atom with more than one electron, for a rigorous
incorporation of radiative effects for the valence-electron
contribution, one has to include these effects within the
framework of Hartree-Fock theory, ' which is a dificult
task. Since in the present work we were mainly interest-
ed in an estimate of the radiative correction to the
hyperfine interaction, we have made use of Eq. (17) em-

ploying an effective nuclear charge g for the 2s electrons
of the various lithiumlike systems considered. The value
of g is given by (Z —b,Z), where Z is the nuclear charge

TABLE I. Contributions (10 T) from different mechanisms to the hyperfine Geld at the nucleus in systems isoelectronic with
lithium. The numbers in square brackets denote 10".

Total
System

Li'
Be'+
B2+
C'+
N4+
o'+
F6+

Ne +

B'80+

Valence

86.23
417.00

1113.0
2301.7
4109.7
6667. 1

10 105
14 556
2.7931[7]

ECP

30.21
90.13

163.83
279.00
447.61
583.02
780.23

1090.10
5.3740[5]

Correlation

5.19
12.73
17.02
23.02
28.50
34.30
40.12
45.51

3.304[4]

Radiative

—0.01
—0.10
—0.39
—1.04
—2.29
—4.38
—7.61

—12.34
7. 184[4]

This work

121.62
519.76

1293.5
2602, 7
4583.5
7280.0

10918
15 679
2.8573[7]

DE result'

121.4
523.4

1317.0
2625.0
4572.0
7281.0

10 889

Expt. '

121.398 46
522.205(2)

11 100(230)

'The results quoted in 10 ' T in this table can all be converted to MHz using Eq. (20) which leads to H»~=6. 559355 (A/gi)X10
T. Values of gi for atomic nuclei can be found in Fuller and Cohen (Ref. 24). A more recent compilation by Raghavan is scheduled
to appear (Ref. 25).
Refers to the sum of all one-electron perturbation contributions ECP, EPV, phase-space, and consistency effects as discussed in the

text.
'Reference 21.
The values in 10 T listed here are obtained using ( A /gi ) listed in Table 2 of Ref. 10 and applying the conversion factor in Eq. (20).
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This choice is preferred because it represents an average
fit over all regions of space, rather than a specific point or
region of r. In Sec. III, we shall see how this choice com-
pares with the standard choice in earlier literature. To
study the dependence of the radiative correction on the
choice of shielding parameter, we have also made use of a
third choice, involving complete screening by the two 1s
electrons, leading to AZ =2. This choice is justified only
at very large distances from the nucleus and thus
represents a somewhat extreme approximation.

Before proceeding to a discussion of our results, we
would like to point out that instead of analyzing the
hyperfine constants and various contributions to them, it
is often more convenient to consider the hyperfine fields
at the nucleus, especially when discussing trends over re-
lated systems. The hyperfine field is related to the
hyperfine constant by the expression

Hh
2 7T

AJ
YI

(19)

where J is the net electronic angular momentum and
yI =pl/IA is the magnetogyric ratio of the nucleus, pi
being the nuclear moment. For the lithiumlike systems
of interest here, J is equal to the electronic spin S, which
has the value —,

' for the present systems. Since the experi-
mental results for the hyperfine constants are often quot-
ed' in terms of A/gi where gi =CIA/pz=(1/l)(pi/
p~~, p~ being the nuclear magneton, it is convenient to
express Hhyp in the form

nfl
hyp

=(6.559355) X10 T .
gr gr

(20)

The numerical factor in Eq. (20) has been obtained using
p&=5.050951 X 10 J/T, Pi=1.054591 9X 10 J sec
and A in units of MHz.

The hyperfine field, unlike the hyperfine constant A, is
independent of the nuclear magnetic moment and spin,
involving only the unpaired electron-spin density in the
vicinity of the nucleus, and is therefore the pertinent
quantity to study in analyzing the variations in the elec-
tron distributions over related systems. The relation (19)
also applies to individual contributions to the hyperfine
field, the quantity A on the right-hand side now referring

and hZ is a shielding parameter which represents the
inAuence of the screening of the nuclear charge by the ls
electrons. The value of hZ could be chosen in several
different ways. One is to use the standard prescription
for the shielding parameter in earlier literature. ' Alter-
natively, one could attempt to fit the relativistic Hartree-
Fock energy for the 2s state or different features of the 2s
wave function to the corresponding properties for a
shielded hydrogenic atom in relativistic theory. We have
chosen to fit the relativistic 2s state energies, which for a
Qydrogenic atom, are given by

2 —1/2

to the corresponding contributions [as in Eqs. (10)—(13)]
to the hyperfine constant.

III. RESULTS AND DISCUSSION

TABLE II. Breakdown of various contributions (10 ' T) to
net one-electron perturbation effect.

Li Be+ Ne'+

ECP
Phase space
EPV
Consistency
Total

20.85
1.02
7.92
0.42

30.21

71.41
7.42
9.95
1.35

90.13

850.82
162.31
60.05
16.91

1090.10

The various contributions to the hyperfine field at the
nucleus discussed in Sec. II are listed in Table I for the
difFerent lithiumlike systems we have investigated. Also
listed for ready reference are the experimental results for
the hyperfine constants in the systems where they are
available, ' ' " and the results of earlier theoretical
work' ' ' by the differential-equation approach. For the
radiative contribution, only the results for the choice of
shielding parameters from a consideration of the relativ-
istic Hartree-Fock 2s state energies are included in Table
I. A comparison of results from this choice with other
choices is presented in Table IV and will be discussed
later in this section. Before discussing the nature of the
agreement between the theoretical and experimental re-
sults for the hyperfine fields, we would like to describe a
few features of the individual contributions.

The ECP, EPV, consistency, and phase-space contribu-
tions are grouped together (and referred to as ECP in
Table I) because they all represent one-electron effects
beyond the zeroth-order valence contribution. To show
the relative importance of these various effects, we have
listed their individual contributions for a few selected sys-
tems in Table II. It can be seen from Table II that the
combined effect of the other three contributions besides
ECP is quite significant, ranging from about 30% of the
net one-electron perturbation contribution in Li, to
about 20% at the end of the second period at Ne +. The
results in Table II show some interesting trends. Thus,
while EPV is the leading contributor outside of ECP and
valence effects in Li, it is superseded by the phase-space
contribution in the case of Ne +, this trend being con-
tinuous as one moves to the right in the second period.
The consistency effect is seen to be the least important
from a quantitative point of view. In the rest of the paper
we shall refer to the net one-electron perturbation contri-
butions as the ECP effect, as listed in Table I.

The correlation contributions arise primarily from the
diagrams in Figs. 1(c) and 1(d). The exchange contribu-
tion from diagram 1(d) is consistently smaller in magni-
tude (and opposite in sign) than the direct contribution
from diagram 1(c), as can be seen from Table III where
we have listed the direct- and exchange-correlation con-
tributions in B + and Ne from various multipole com-
ponents l of the electron-electron interaction. The
feature of larger contribution from the direct terms is in
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TABLE III. Contributions (10 ' T) to the correlation effect
from various multipole components of the electron-electron in-
teraction.

B2+
System

Ne'

Monopole

Dipole

Quadrupole

Octupole

Direct
Exchange
Total

Direct
Exchange
Total

Direct
Exchange
Total

Direct
Exchange
Total

14.10
—6.78

7.32

13.06
—4.52

8.54

1.95
—0.79

1.16

0.54
—0.23

0.31

37.28
—17.87

19.41

35.80
—12.71

23.09

5 ~ 11
—2.10

3.01

1.52
—0.67

0.85

keeping with the results found for the alkali-metal
atoms ' and alkaline-earth ions, ' ' all of which have
valence s electrons in their ground states. Another in-
teresting feature is the relative importance of various
multipole contributions to correlation effects arising from
the corresponding multipole components of the electron-
electron interaction vertices in Figs. 1(c) and 1(d). As can
be seen from Table III, for the two systems shown, name-
ly, B + and Ne +, the dipole (I = 1) and monopole (l =0)
contributions have comparable importance, with the di-
pole contribution somewhat stronger. The quadrupole
component (I =2) is significantly smaller than both
monopole and dipole contributions and the octu pole
component (I =3) is substantially weaker than the quad-
rupole component. These features were also observed in
earlier investigations on the lithium atom' and apply for
all the systems we have studied here. We have, therefore,
included contributions only as far as the quadrupole com-
ponent for the correlation results in Table I. The higher I
components are expected to make contributions well
within the confidence limits of our calculated hyperfine

fields discussed at the end of this section.
It can be seen from Table I that the ECP contribution

is always more important than the correlation contribu-
tion. The correlation contribution is in turn larger than
the radiative effect up to and including the Ne + ion, al-
though from 0 + onwards to Ne + it is comparable in
order of magnitude to the correlation effect. For Bi
the radiative effect is about two times larger in magnitude
than the correlation effect and of the same order of mag-
nitude as the ECP effect, being smaller by a factor of
about 7. It is about 0.26% of the valence contribution as
compared to the ECP effect, which is about 1.90% of the
valence effect. The rapid increase in the radiative contri-
bution as one goes to the more highly charged systems is
a consequence of the occurrence of powers of (ga) in Eq.
(17). An interesting feature is the reversal in sign of the
radiative effect in Bi + as compared to the systems of the
second period, due to the change in sign of the coe%cient
of the (ga) term in Eq. (17) for larger g.

Table IV presents the three sets of shielding parame-
ters AZ we have worked with and the corresponding ra-
diative corrections for the lithiumlike series of systems
studied here. The trends just described for the variation
of the radiative effect over the series and its relative im-
portance with respect to other contributions can be seen
from Table IV to apply to the results with all three
choices of shielding constants. It is interesting that the
shielding parameters obtained by the more sophisticated
choice of fitting our calculated relativistic Hartree-Fock
2s energies to relativistic hydrogenic atom energies are
not too different from the constant value obtained from
earlier literature. ' There is, however, a significant de-
crease in AZ with the former choice as one goes to
heavier ions, especially to Bi +, perhaps due to the
greater importance of relativistic effects. As expected,
the contributions AA„d from the radiative effect are
much closer for the first two choices of AZ in Table IV
corresponding to those obtained from relativistic energy
fitting and the convention in earlier literature' than
those from the more extreme choice of complete shield-
ing by core electrons.

A somewhat better insight into the trends in the ECP,
correlation, and radiative contributions can be obtained,

TABLE IV. Radiative corrections (10 ' T) to the hyperfine fields for various choices of shielding
parameter.

System AZ

Relativistic
energy

fit
Conventional

shielding
AZ AA„„

Complete
shielding

AZ AA„d

Li'
Be+
B2+
C+
N4+
O5+
F6+

Ne +

B so+

1.75
1.69
1.67
1.65
1.64
1.63
1.63
1.62
1.50

—0.01
—0.10
—0.39
—1.04
—2.29
—4.38
—7.61

—12.34
71 839

1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7
1.7

—0.01
—0.10
—0.38
—1.03
—2.26
—4.33
—7.55

—12.33
70 861

—0.01
—0.09
—0.35
—0.96
—2.14
—4.14
—7.25

—11.83
69 381
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as in earlier work on the alkali-metal series, by consider-
ing the ratios of these contributions to the valence effect
in the various lithiumlike ions we have considered. This
allows one to eliminate the effects of the varying spin
densities at the nucleus due to the valence and core elec-
trons and concentrate on the relative importance of vari-
ous types of electron-electron interaction effects involved
in the different contributions to the hyperfine field. These

ratios are listed in Table V, including those for Bi +. In
Figs. 5 —7, these ratios are presented graphically for the
lithiumlike systems of the second period together with
the corresponding available ratios for the ECP and corre-
lation effects up to F + from the earlier investigation' in-
volving the differential equation based perturbation ap-
proach.

From Table V and Fig. 5, the fractional ECP contribu-

IOO

0
0

LLI

C3

io

O

Q
O
hJ

Be t' B2 N4
I

F6

FIG. 5. Variation in the fractional contribution to the hyperfine field from the ECP effect (relative to the valence effect) over the
lithiumlike systems of the second period. The solid curve refers to results from present work and the dashed curve to results from
Ref. 13.
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tion is seen to decrease quite rapidly with increasing
charge on the ions. This is to be expected, since the frac-
tional contribution for each of these ions is a reAection of
the different perturbations in the wave functions of the
up- and down-spin core electrons as a consequence of
their different exchange interactions with the valence
electrons [Fig. 1(b)]. This is a polarization-type effect
which is expected to diminish in importance as the core
electrons get more tightly bound. The fractional correla-

tion contribution is seen from Table V and Fig. 6 to di-
minish even more rapidly than the fractional ECP effect.
This behavior can be understood by referring to Figs. 1(b)
and 1(c), the latter involving a second-order polarization
effect due to correlation between the core and valence
electrons, while the ECP effect in Fig. 1(b) represents a
first-order polarization effect. In contrast, the fractional
contribution from the radiative effect (Table V and Fig.
7, where only the results for the energy choice of shield-

0~O

4Jo
Z
LLJ

lK
!X
O

ee t+ 82 o'

FIG. 6. Variation in the fractional contributions to the hyperfine field from the correlation effect (relative to the valence effect)
over the lithiumlike systems of the second period. The solid curve refers to results from the present work and the dashed curve to re-
sults from Ref. 13.
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TABLE V. Fractional importance (percentage) of various contributions to the hyperfine field relative to the valence.

System
ECP/Valence

This work DE result'
Corr. /Valence

This work DE result'
Radiative/Valence

This work
Total/Valence

This work DE result

Li'
Be+
B2+
C3+
N4+
O5+
F6+

Ne +

B;80+

35.03
21.61
14.72
12.12
10.89
8.74
7.72
7.49
1.92

37.14
23.79
17.50
13.18
11.40
9.72
8.47

6.02
3.02
1.53
1.00
0.69
0.53
0.40
0.31
0.12

4.15
2.35
1.30
0.85
0.58
0.44
0.33

—0.01
—0.02
—0.03
—0.05
—0.06
—0.07
—0.08
—0.08

0.26

141.04
124.64
116.22
113.08
111.53
109.19
108.04
108.28
102.31

141.22
126.14
118.80
114.65
112.00
110.15
108.74

'These results are obtained using the entries in Table 1 of Ref. 13.
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FIG. 7. Variation in the fractional contribution to the
hyperfine field from the radiative effect (relative to the valence
effect) over the lithiumlike ions of the second period.

ing parameter are given, in keeping with Table I) in-
creases as one goes to heavier atoms, because powers of
(ga) are involved in the expression (17) for the radiative
correction, as discussed before. In view of this opposing
trend of variation with respect to change of the fractional
contribution from the radiative effect as compared to
both correlation and ECP, the radiative effect becomes of
the same order of magnitude as the correlation effect for
0 + and becomes a larger fraction of the correlation con-
tribution as one goes to F + and Ne +. In the highly
charged Bi + ion system, on the other hand, the frac-
tional radiative contribution is seen from Table V to be of
comparable order as the ECP effect, although smaller in
magnitude, as mentioned before. The fractional correla-
tion contribution in this case is seen to be the weakest as
compared to the other two effects.

In Fig. 5, the fractional contributions from the ECP
effect obtained by our RLCMBPT investigation are com-
pared with those from the DE approach' for Li to F +,
the lithiumlike ions for which DE calculations have been
carried out. There is another set of results' for the frac-
tional ECP effect from DE investigations, but we have
compared our results only with those from Ref. 13 in Fig.
5 since this latter calculation also dealt with correlation

effects. The fractional ECP contributions from our inves-
tigation are seen to compare quite well with the DE re-
sults. However, there are some small but finite quantita-
tive differences, nearly 5% for Li to F +, the DE results
being larger than ours. For the correlation effect, on the
other hand, the DE results' are seen from Fig. 6 to be
somewhat smaller than ours, the difference ranging from
about 30% for Li to 15% for F +. The relatively small
percentage difference between the RLCMBPT and the
DE results for the ECP effect suggests that phase-space,
consistency, and EPV effects are in principle included in
the ECP result obtained by the DE procedure. ' As re-
gards the correlation contributions obtained by the DE
procedure, an inspection of Table III indicates that the
differences with the RLCMBPT results (Fig. 6) cannot be
explained by the possibility that quadrupole terms may
not have been included in the DE procedure. The
difference between the correlation results by the two pro-
cedures probably arises from differences in the monopo-
lar and dipolar contributions. Unfortunately, no break-
down in the correlation contributions from various mul-
tipole components is available for the DE results' as in
Table III to decide this point. It is hoped that in future
work in other systems a more detailed comparison will
be possible between the correlation results by the
RLCMBPT and DE procedures.

In making comparisons with experiment, it should be
pointed out that the results for the correlation contribu-
tion in Table I involve effects up to second order in
electron-electron interactions. An examination of typical
third- and higher-order diagrams' suggests that they
would make no larger than 10% of the calculated contri-
butions to the correlation and consistency effects in Table
I. It is more difficult to make a quantitative assessment
of the confidence limit for the radiative contribution.
Equation (17), which is used for the evaluation of the
latter contribution, is based on a hydrogenic approxima-
tion. A proper treatment of electron-electron interac-
tions at both the one-electron (Hartree-Fock) (Ref. 22)
and many-electron levels, which would be rather difficult,
could in principle affect the radiative contributions
significantly. However, from Tables I and V, the radia-
tive effect is found to have the same order of magnitude
as the correlation effect only for O and more highly
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ionized ions. Since in these ions, with only three elec-
trons and substantial nuclear charges, the electron-
electron interaction effects in general are expected to be
weak compared to the inhuence of the nuclear Coulomb
potential, one could conservatively assume a confidence
limit of 20% for the radiative effect. The confidence limit
for our net result would thus be expected from Tables I
and V to be less than 1% for Li and somewhat better for
the heavier ions of the second period like Ne +, since the
combined effect of the correlation and radiative correc-
tions becomes progressively smaller for heavier ions.
With these considerations, it can be seen from Table I
that there is very good agreement between theory and
experiment within the confidence limit of the former and
the range of error in the latter.

In concluding, it can be seen from Table V that for

Bi + the radiative effect makes a significant contribution
to the hyperfine interaction, being about 0.3% of the
latter, as compared to 2% for the ECP and 0.1% for
correlation. It is clear, then, that a measurement of the

Bi hyperfine constant to an accuracy better than 0.1%
will provide an opportunity to make a quantitative test of
the estimation of the radiative contribution used in the
present work. An accurate evaluation of the radiative
correction to the hyperfine field will require the incor-
poration of electron-electron interaction effects at the
one-electron and many-electron levels in the diagrams in
quantum electrodynamics contributing to the radiative
effect. Equivalently, one could incorporate the inhuence
of electron-photon field interactions and Breit interac-
tions in the diagrams in Figs. 1 —4 representing the
valence, ECP, and correlation effects.
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