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The multiconfiguration time-dependent Hartree-Fock method is applied to compute the hyperpo-
larizabiltiy of the neon atom and its frequency dependence. For the static limit y=y(0;0, 0,0) we
obtain y =86.5 a.u. This value agrees very well with a recent experimental value of 75 a.u. & y & 93
a.u. obtained by Shelton and Lu [Phys. Rev. A 37, 3813 (1988)]. The results for the Kerr hyperpo-
larizability y(~;0, 0, co) =y"""provide an estimate of the dispersion effects. Approximating our re-
sults with the formula y

'""=y(1+ A co&), where for the Kerr effect co& =2', we find
3 =0.50X10 ' cm .

The hyperpolarizability of the Ne atom has been re-
cently studied theoretically' and experimentally. ' Un-
fortunately, the results of these studies cannot be directly
compared, as the experimental data were obtained from
an electric-field-induced second-harmonic generation
(ESHG) experiment, whereas the calculations have been
performed for the static hyperpolarizability. In this Brief
Report, we attempt to complement these results and pro-
vide new ab initio results for y( co;0,0, c—o), the dc Kerr
hyperpolarizability of Ne, including y( ;0,000)—the stat-
ic limit.

For the calculations of the polarizability we perform,
we utilize the multiconfiguration time-dependent
Hartree-Fock (MCTDHF) method. The MCTDHF
method yields the correct linear-response equations for
the

multiconfig�ur

atio self-consistent-field (MCSCF)
wave function. Other techniques using alternative
multiconfigurational wave functions, such as many-body
perturbation theory (MBPT), coupled-cluster, and limited
(not full) configuration-interaction (CI) methods, only ap-
proximate the correct linear response. The MCTDHF
method has been shown in numerous cases to provide a
good approximation to the full CI limit, ' although
sometimes large active spaces have to be used. '

In contrast to standard finite-field methods, the
MCTDHF method is, in addition, capable of yielding the
frequency-dependent polarizabilities a(co). This is an im-
portant advantage of both TDHF and MCTDHF ap-
proaches, since it enables direct comparison of the com-
puted polarizabilities with spectroscopic data from exper-
iment (available for to&0).

A simple technique to compute the nonlinear polariza-
bilities is obtained combining the finite-field perturbation

and

a„,(co)=a (co)+ —,'y „( to;0, 0, co)F, — (2)

a„(co)=a (to)+ —,'y„„( co;0,0, co)F, . — (3)

To obtain the Kerr hyperpolarizability, we thus per-
formed two MCTDHF calculations. The first to deter-
mine a (co) was a standard linear-response calculation.
In the second, instead of the original MCSCF function, a
finite-field perturbed MCSCF wave function described
the reference state. The following linear-response calcu-
lation provided a (co), and the hyperpolarizability com-
ponents were determined from Eqs. (2) and (3) using nu-
merical differentiation. These calculations are the first (to
our knowledge) MCTDHF calculations for hyperpolari-
zabilities.

method and the linear-response equations. " This
method is extremely simple to program and use once a
TDHF or MCTDHF program is available. It is based on
the expansion'

a (co)=a (to)+Kg( co;0,0, to) F—+
where a (co) is the frequency-dependent dipole polariza-
bility in the presence of an additional static field F, K is a
constant determined by the symmetry relations (a and y
are tensors, F is a vector), and the terms vanishing for an
atom due to spherical symmetry have been omitted. In
this work, in contrast to Ref. 11, higher numerical accu-
racy was used throughout the calculations and the
higher-order terms in Eq. (l) were found to be negligible.
Therefore, the equations practically solved were (for z
direction of the field F)
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The MBPT study of Cernusak et al. ' is the most accu-
rate analysis of Ne polarizabilities previously published.
We have used their carefully optimized (14.9.7.6/9. 6.5.3)
basis set consisting of 87 contracted Gaussian-type-
orbital (CGTO) functions. At the self-consistent-field
(SCF) level, we reproduce their results (obtained applying
the finite-field perturbation technique), both for the di-
pole polarizability and for the static hyperpolarizability.
We have used, as discussed above, a different and, in
principle, highly accurate method [i.e. , MCTDHF and
Eqs. (1)—(3) above] to compute the correlation effects and
to obtain the linear- and nonlinear-response properties.

The finite-field strength was chosen to be F=0.01 a.u.
A test of the relative accuracy of our calculations is pro-
vided by a comparison of three values of y =y„„(0;0,0,0)
obtained from (a) standard finite-field energy calculation;
(b) a„„(0)calculation, Eq. (2); and (c) a„(0) calculation,
Eq. (3) [for the static hyperpolarizability of an atom
y„„(0;0,0,0)=3y„„„(0;0,0,0)]. For example, in the SCF
(TDHF) approximation, we obtain 63.74, 63.55, and
63.61 a.u. (to be compared with 63.9 in Ref. 1). These
differences are practically negligible, and presumably re-
sult from both numerical errors (10 ' a.u. error in ener-

gy results in changes of this magnitude in y ) and neglect
of higher-order terms in F.

Our configuration expansion for the MCSF ground
state included all the single, double, triple, and quadruple
excitations from the 2s and 2p orbitals to 3s and 3p orbit-
als. Such an MCSCF wave function has been used recent-
ly' and gives for the linear-response (MCTDHF) static
polarizability +=2.6185 a.u. Our calculation, which em-
ploys a larger basis set, with the above choice of
configurations gives a =2.6231 a.u. for the linear-
response static polarizability. This result is in very good
agreement with both experiment —e.g. 2.669 a.u. in Ref.
14—and other theoretical values (see Ref. 1 for a discus-
sion of previous results). The frequency dependence of
the polarizability in our MCTDHF approximation is in
good agreement with experimental values. ' Similarly,
the C6 dispersion coefficient computed using the oscilla-
tor strengths, 6.277, compares well with the value based
on experimental data, 6.352. '

For the static hyperpolarizability, our MCTDHF value
is y =86.5 a.u. This agrees very well with experimental
result of Shelton and Lu, 75 a.u. & y &93 a.u. However,
according to more recent measurements by Shelton
(which suggest a different extrapolation to zero frequen-
cy), y is estimated to be —113 a.u. Our value of ) is
below the MBPT(4) result of Cernusak et al. ' Unfor-
tunately, their calculations, as they noted, have not
reached convergence with perturbation order in
MBPT—the results were 95.8 a.u. at MBPT(2) 80.5 a.u.
at MBPT(3), and 104.6 a.u. at MBPT(4). Similar results
have been obtained most recently by Maroulis and Thak-
kar. ' Their SCF value of y(0) is —10% larger, but their
MBPT and coupled-cluster calculations yield results in
the range 94.7 —115.7 a.u. We note that both the MBPT
and coupled-cluster calculations are based on a single
principal configuration.

The frequency dependence of our results is convenient-
ly discussed using the approximation proposed by

Shelton

COL
—Q)o+ CO] +CO~+ C03,

2 2 2 2 2 (5)

and A and 8 are constant for a given atom or molecule.
This approximation, which allows for an easy estimate of
the frequency dependence of numerous hyperpolarizabili-
ties once any one of them is known, has more recently
been analyzed and explained from a theoretical viewpoint
by Bishop. ' In our case, we shall compare the ESHG
experimental results for y( —2', co, co, 0)=y (when
coL =6' ) with dc Kerr hyperpolarizabilities,
y( —co;0,0, co) (in this case coL = 2' ).

The initial value obtained by Shelton for A was
(1.78+0.34) X 10 ' cm, that is, —8. 57 a.u. . We
found that whatever approximation we use, our results
are much smaller. We have tried fitting to Eq. (4) the
MCTDHF results we have for ) „„(—co;0,0, co)
and y „„(—co;0,0, co), as well as the proper combin-
ation for the Kerr experiment, —,

' [y„„(—co;co,0,0)—y„„„(—co;co, 0,0)]. In addition, we tried to include or
neglect the cuL term, and we find all our results to be very
much the same. The constant A is approximately 2.3
a.u. , which is —

—,
' of the first experimental estimate,

when the coL term is included, and 8 is —5 a.u. " (if B —=0,
we find A -2.4 a.u. ). The new experimental data in-
dicate that the frequency dependence of the ratio
y (Ne)/y (He), and hence presumably also
y (Ne), differs significantly from the initial estimates.
Our results are in good agreement with previous, much
more approximate calculations, ' ' which have been
done also for various other optical processes. Both
coefficients, A and 8, are only slightly larger (ca.
10—15 %) in the MCTDHF approximation than the cor-
responding TDHF results.

Further, very-large-scale ab initio studies of neon hy-
perpolarizabilities are certainly desirable. According to
the results of Maroulis and Thakkar, ' modification of
the basis set may lead to an increase of y

"of the order
of —10%. This is in agreement with the numerical re-
sults of Voegel et al. , available for y ". However, ac-
cording to Ref. 1, this result "has a rather low numerical
accuracy. " Within the MCTDHF approximation, it
might be useful to extend the number of active (partially
occupied) orbitals. Our choice of the active space is satis-
factory for the polarizability, but a larger active space
may be needed for hyperpolarizability.

On the other hand, the calculated frequency depen-
dence of the Kerr hyperpolarizability appears to be prac-
tically independent of correlation effects. It is also simi-
lar to the frequency dependence of y(He). This suggests
that the ratio of y(Ne)/y(He) may be a nonlinear func-
tion of co&, in agreement with the new ESHG data. A
series of dc Kerr measurements at low frequency would
undoubtedly be useful to definitively establish the neon-
atom hyperpolarizability and its frequency dependence.

y(~p', coi, co~, co3)=y(0;0, 0,0)(l+ AcoL+Bu4L ), (4)

where we ignore the higher-order terms in col . For any
optical process characterized by y(coo;co, , co&, co3) the fre-
quency coL is defined as



BRIEF REPORTS 1653

We would like to thank Dr. D. P. Shelton for informa-
tion concerning his new experimental results, Dr. A. J.
Thakkar for sending us a copy of his paper prior to publi-
cation, and Dr. A. Rizzo for help in modifying the
MCSCF and MCTDHF programs used in these calcula-
tions and for numerous helpful discussions. We acknowl-

edge research support from the National Science Founda-
tion (Grant No. CHE-8413442) and the Robert A. Welch
Foundations (Grant No. A-770). For M.J. this work also
constitutes a part of Research Project No. CPBP OI. 12.
of the Polish Academy of Sciences.

'Permanent address: Institute of Organic Chemistry, Polish
Academy of Sciences, Warsaw, Poland.

'I. Cernusak, G. H. F. Diercksen, and A. J. Sadlej, Phys. Rev. A
33, 814 (1986).

2D. P. Shelton and Z. Lu, Phys. Rev. A 37, 3813 (1988).
D. P. Shelton (private communication).

4D. L. Yeager and P. J&rgensen, Chem. Phys. Lett. 65, 77
(1979).

sR. McWeeny, Int. J. Quantum Chem. 23, 405 (1983).
J. Oddershede, P. J&rgensen, and D. L. Yeager, Comput. Phys.

Rep. 2, 33 (1984).
7P. Je(rgensen and J. Simons, Second Quantization Based-

Methods in Quantum Chemistry (Academic, New York,
1981).

sR. L. Graham and D. L. Yeager, Int. J. Quantum Chem. 31, 99
(1987).

R. L. Graham, D. L. Yeager, J. Olsen, P. Jgfrgensen, R. Har-
rison, S. Zarrabian, and R. Bartlett, J. Chem. Phys. 85, 6544

(1986).
' J. Olsen, A. M. Sanchez de Meras, H. J. Aa. Jensen, and P.

Jgrgensen, Chem. Phys. Lett. 154, 380 (1989).
' M. Jaszunski, Chem. Phys. Lett. 140, 130 (1987).

A. D. Buckingham, Adv. Chem. Phys. 12, 107 (1967).
' J. Olsen, H. R. Aa. Jensen and P. Jdrgensen, J. Comput. Phys.

74, 265 (1988).
~4R. P. Saxon, J. Chem. Phys. 59, 1539 (1973).
~5G. Maroulis and A. J. Thakkar, Chem. Phys. Lett. 156, 87

(1988).
' D. P. Shelton, J. Chem. Phys. 86, 404 (1985).
7D. M. Bishop, Phys. Rev. Lett. 61, 322 (1988).
R. Klingbeil, Phys. Rev. A 7, 376 (1973).
E. Leuliette-Devin and R. Locqueneux, Chem. Phys. Lett. 18,
497 (1973).

z T. Voegel, J. Hinze, and F. Tobin, J. Chem. Phys. 70, 1107
(1979).


