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Some of the unsolved problems concerning the form factors of hydrogenic atoms for discrete-
discrete, discrete-continuum, and continuum-continuum transitions are solved by a new group-
theoretical method. We give exact analytic formulas for these form factors and their summation
over angular momenta and indicate analytic continuation procedures among the three cases.

I. INTRODUCTION

Inelastic transition form factors of atoms play an im-
portant role in collision theory. They are related to gen-
eralized oscillator strengths and are important in all phe-
nomena involving excited states, and more recently in
above-threshold ionization problems. Many of their
properties have been reviewed.! Recently, Inokuti,
Shimamura, and Itikawa® have drawn attention to “‘our
surprisingly incomplete knowledge about form factors”
of H-like atoms from the ground state to higher discrete
and continuous states. They list a number of unsolved
problems and state that “the knowledge concerning tran-
sitions from an excited state, either discrete or continu-
um, is even less satisfactory.” These authors have
corrected some of the mistakes in the literature and list
among unsolved problems specifically the derivation of
the Bethe’s sum formula® for 37-4|6,,(K)|?, where
6,,(K) is the transition form factor from the ground
state to a discrete state (n/) given by

6u(K)= [uk, (De®Tuy(ridr ,

and state that “we have been unable to derive” Bethe’s
sum formula from the general expression for &,,(K).
Bethe® derived the form factors, using the results of
Wentzel,* in parabolic quantum numbers ny,n,, and car-
ried out a summation over n; —n, at fixed n.

We show in this work by an entirely independent
group-theoretical calculation of the form factors that
Bethe’s final results are correct. We obtain the summa-
tion formula directly in spherical quantum numbers,
which we believe to be new. This work is a continuation
of our previous results on hydrogenic inelastic form fac-
tors,” which in turn were the limiting cases of the more
general relativistic form factors and structure functions.®
We shall also give a method of analytic continuation to
obtain summation formulas for discrete-continuum and
continuum-continuum transitions, this is another of the
unsolved problems listed by Inokuti et al:* “It is
difficult to extend the method of Massey and Mohr’ to
the continuum, and attempts with other methods of eval-
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uation have been so far unsuccessful. The desired expres-
sion for the continuum must be related to the discrete
case through the analytic continuation over the E plane.”
This is indeed the case.

Our methodology is based on the group-theoretical
properties of the form factors derived from the, by now
much used, dynamical group SO(4,2). All the calcula-
tions can be made directly in the group space where the
wave functions and the scalar product are much simpler
and where the principal quantum number is the eigenval-
ue of a group generator instead being related, in a com-
plicated way, to energy, E, ~—1/n 2. Furthermore, ana-
lytic continuation to continuum states can be done very
naturally, so that one general formula encompasses all
cases. This shows the power of the group-theoretical ap-
proach.

The calculation of the form factors can be reduced sim-
ply to an evaluation of the matrix elements of a
symmetry-group operator element. In Sec. II we ela-
borate on how this comes about.

II. PHYSICAL BASIS OF THE
GROUP-THEORETICAL METHOD

It is well known that for H-like atoms the subspace of
bound states for a fixed energy E, spans a representation
space of dimension n? of the symmetry group SO(4). For
scattering states the group is SO(3,1), an analytic con-
tinuation of SO(4). When the atom interacts with an
external electromagnetic field, an energy-momentum is
transferred to the atom, which then can make transitions
to other energy subspaces. Thus we have to connect one
representation space of SO(4) with another. It turns out
that the totality of all states of the atom span again a rep-
resentation space of a group—this time the dynamical
group SO(4,2) containing all the SO(4) subspaces—with
correct multiplicities. Moreover, the current operator is
expressible in terms of the Lie algebra of SO(4,2), so that
one can say that the dynamical-group representation con-
tains all the information about the system and its cou-
pling to the electromagnetic field. Let us explain first in
physical terms how these symmetry and dynamical
groups arise. The dynamical variables of the electron in
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the Coulomb field r and p (spinless case), and their en-
veloping algebra, r,r><p,r2,p 2 ..., contain not only the
algebra of angular momentum, i.e., Lie algebra of the ro-
tation group SO(3) and the bigger Lie algebra of SO(4),
which commute with the Hamiltonian, but also a larger
algebra which we shall give in the text whose irreducible
representation contains all the states of the atom. Thus
we have dynamical variables connecting different energy
and angular-momentum values.

When the atom is at rest the group representation gives
us the states |n/m ). But when the atom is moving we
have also to label the states by the momentum p of the
state |nlm;p) as well. The moving states form a repre-
sentation of the Galilei group (or, in the relativistic case,
of the Poincaré group). In group-theoretical language we
induce a representation of the Galilei (or Poincaré) group
by going from the rest-frame states to the moving states.
This can be done by a so-called ““boost” operator M

[nlm;p)=e ®M|nim;p,) .
The boost operator M is also contained in the Lie algebra
of the dynamical group. Therefore the transition form
factors are essentially the scalar products between initial
and final states:

(nim|e®M|nim) ,

where K=p,—p, is the momentum transfer. For the
nonrelativistic case, the boost operator M is simply pro-
portional to x, the position operator, and we get, for
p; =0, the form factor §,,(K) given above, or more gen-
erally, the F, (K) given further in Sec. IV, Eq. (4.1).

The expression for &,,(K) admits three different inter-
pretations: (i) Fourier transform of the charge and
current distributions, (ii) the transition matrix element of
an external electromagnetic plane wave e'X%, and (iii) the
transition between the atom in the rest frame and the
moving atom with a momentum transfer K. Accordingly
one may express the physics in different ways, but their
equivalence gives us some more insight into the meaning
and calculation of form factors.

Although we deal here with the simplest form factors,
more general form factors involving spin and inelastic
electric and magnetic transitions can also be calculated
by our method.>® We begin with the group properties of
states, then express the form factors as matrix elements of
group generators in appropriate bases, evaluate these ma-
trix elements and the summation formulas for all three
kinds of transitions, and give the prescription for analytic
continuation.

(nlm;p,|nlm;p;) =

III. CANONICAL DISCRETE AND
CONTINUOUS BASES OF SO4,2)

The most degenerate unitary irreducible representa-
tions of SO(4,2) have been discussed in detail in several

exp

t— zv—l)]

Vi(0)=
" V2Visin[m(iv)] [

X, Fi(k —iv,k

—1+n
—k +n

k—1+iv
—k +iv

—n;2k;—[sinh(6/2)]7?) .

1341

papers.>® These representations can be obtained by alge-
braically restricting the Lie algebra of SO(4,2) to the rep-
resentation relation

(Lo L}=2015—1g}, a,B,y=12,...,6 (3.1

where the parameter /,=0,%1,*1, ..., fixes the spin of
the representation, and L,z= —Lg, are the Lie genera-

tors of SO(4,2) satisfying the Lie product

[LogLys]1=i(8asLp, +8p,Las —8ayLps

8aa=(—1,—1,—1,

_gB5La‘y ) ’

—1;+1,+1). (3.2)

. . . !
The canonical discrete basis {@,},,] of the most degen-
erate unitary irreducible representations of SO(4,2) is ob-
tained from the reduction

SO(4,2) DS0(4,1)DS0(4)DS0O(3)DS0(2) ,

and the basis functions satisfy

leqyi‘}m“—'m(pi,‘}m, m=—I,...,+1,

L, LS, =1+ 1@l »
I=|ll,...,n—1i,j=1,2,3, (3.3)

L56¢:(}m=n¢iﬁm, n=14+ll,..., o .

Under the restriction (3.1), the invariant products of
SO(4,2) and SO(4,1) are expressed in terms of /, and those
of SO(4) in terms of /; and n.

. . . ] .
A canonical continuous basis {@,}, ] can be obtained
from the reduction

SO(4,2)D>50(4,1)D80(3,1)DS0(3)DS0O(2)

and the corresponding continuous basis functions satisfy,

1 1
L12¢v?m=m¢v3m’ m=—1,...,l
AL LY 00 =11+ D@, [=Ilyl,..., o, ij=1,2,3
Ly6@ o =Py VE(—0,00) . (3.4)

Again the condition (3.1) implies that the invariant prod-
ucts of SO(3,1) can be expressed in terms of v and /,. In
the discussions that follow for the hydrogen atom we use
the spin-zero representations of SO(4,2) for which /,=0.
The continuous basis states can be expanded in terms of
discrete states as

(3.5)

Pyim = 2 VI+] ”T/z)wnlm ’

n=1

where the V functions are SO(2,1) representation func-
tions™ !° given by

172
[tanh(6/2)]*" "[sinh(6/2)] 2¥
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IV. DISCRETE-DISCRETE TRANSITIONS

In an earlier publication® we computed the charge
n'l'm

form factor function I,/™'(q)=F (q) from

= [Vmmexp |i | £ qx |1 dhmd

(4.1)

where pu is the reduced mass, m, is the mass of the elec-
tron, q is the momentum transfer, and the current opera-
tor J is given by

J=11,-1
A l " 2m, ]
1 1 q; 1
;(L56_L46)§m_eLi6+ﬁ;(L56_L46) )
i=1,2,3. (4.2)

Here a is an arbitrary scale parameter, ¢,,.,,- and ¥,
are final and initial physical states, respectively. The
physical states are defined in terms of discrete basis states
as

|

n'l'm' —
Inlm Nr

{n{n'l'm'|G|nim ) —

—3(n+D(n — 1= n'I'm’|Gl(n —1)Im )} .

lljnlm (x)

where 6, =In(aN); N =n/Z is obtained by fixing the
charge of the physical state to be Z (initial) and Z’ (final).
The physical state is boosted from rest to acquire a
momentum q by the Lie operator (—m,/a)(L;s—L,,);
m, being the mass of proton. By boosting the final state
in the z direction we obtain from (4.1) the charge form
factor function in spinor notation® as

=%exp(—i0nL45 i (X) (4.3)

1:;,;,”"”=#(ml'm'\c(Lsé—L%)\nzm) ,

G =exp(—i0,,L,s)exp[ —iKN(L;s—L,,)], (4.4)
- , o n _n -

Opn=I(N/N"), N'=—7, N=—, K=qsm,

The action of L, and L46 on |nlm ) is given by
LsgInlm)=n|nim) ,
Lyslnlm)=1[(n —D(n +1+1]1"?|(n +1)im)
+i(n+D(n =1 =1D]"2|(n —)im ) .

Therefore (4.4) becomes

Hn=Dn +1+ D' l'm'|Gl(n +1)im )

(4.5)

The matrix elements of G in (4.5) can be computed”* explicitly by using Euler rotations in SO(2,1) and using SO(4) and

SO((2,1) representation functions.'®!! We obtain®

= ED,,,,, Ll (a)w,8, (BIDn 0y ) —

loml

—Hn+Dn—1—1) ]‘/Zlem,

. _1 1 , 2 2 A7 \2ar211/2 _
= —N)*+K“N')N , N=
sinh(/2) 5 \/NN’[(N ) (N')*N-]
1 1 2 AT\ 2 727172
h(B/2)=— N'+N)*+K“(N')N s
cosh(f3/2) > \/NN’[( )2 (N')N-]
sinhfBsina=—KN ,
1 = "2 __ 2+ 2 1\2A72
sinhf cosa 2NN,[(N) N*+K*N')*N-*],
sinhfBsiny =KN' ,
__sz NI 2+K2 NI 2N2 ,
sinhf3 cosy NN [ ) (N")°N-]
N S e A e E T N
Vi, (8)=(—1) —k +n’ —k+n

X,F {k —n',k —n;2k; —[sinh(6/2)] %},

n=1,0] (o Iy+1

N

n'zn

Iy+1

%[(n—l)(n+l+1)]1/22D,[':nf10]( % n"+l B)Dlan[],y)
[0

,,,,_1(/3D}"m—12°1(y) 1,=0,1,2,...,min{(n'—1),(n —1)} ,
(4.6)
=n
N'=
4.7)

[tanh(6/2)]" " "[sinh(6/2)]
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vk (0)=vEk.(—8),
V5, (B)=V'n [tanh(B/2)]" [cosh(B/2)]?

V9, (B = 7\/7'(n '— D[tanh(3/2)]" “*[cosh(B/2)] *—V2V n'[tanh(B/2)]" [cosh(B/2)] >

V2, (B3)= \/—[(n—l) (n'+1)]"?[tanh(8/2)]" " ?*[cosh(B/2)]*

(I, +1y) NI, —1y) 1
m |expl—i6(m, —m;)],

1
1] )

., _ Lo +1) My =1y I
Dy "(O)=vVRI+n2l+1) 3

o, m, m, m m, m,
s -
(D ’°]<6>1*=D,EL; ~0),
1
leml Dlm I (‘9):81’[”6m'm” ’
g [,
ZDImI )Dlml (62) Dlml (61+92)’
DOy =1, DLNy)=cosy, DI (y)=—isiny (4.8)
o [, +0I+1] (1, +1+1 vt (2] far | AL . |
D['/[ (6)= 14»711 1+_l 1'—1 !’ 1+_17 (—2i sinQ) CI+,,1'(C059),
(4.9)
T — (21 +3) 2 4 ol 0
mei (. +1+2)01,—1) de " :

If the initial state is the ground state [100), then Eq. (4.6) becomes the expressions derived by Massey and Mohr.” For
simplicity we take the charges Z =Z'=1; and after using the following identities of the Gegenbauer polynomial

(n +m)CM™cosa)=mC" " (cosa)—mC™ 5 (cosa), CP(cosa)=1

(n +2m)C™(cosa)=2mC" * (cosa)—2mC." " (cosa) , (4.9a)
dC,"(cosa)
— = —2m sinaC;" ! (cosa) ,
da
we obtain
1 — - — .
1,00=n Dla b a)y, /3)——20 oo @)V, B)cosy—\/—zD[[gl YN a)V i, (B)(—i siny)

1/

nl; (n'=1'—1)! [(n' =1+ K*n' )] "7

I 0 — '1'22/'*3 ' I'+1\/-—7ﬁ "4+ ! I - .
100 ( l) (n") (2 )(l 1) ('1,+1,)! K [ ’+1 —}—Kz(n’)z]‘" TN,
X{(n'+D)[(n'—1)?*+K*n")?]CLT L (cosa)—2n'[(n'—1)*+ P12 (n"+ 12+ KX n" )] 2CL T (cosa)
+(n'—D[(n"+1)?+K*n")?]CLTE _(cosa)} , (4.10)
cosa=[(n")—=1+K*n")?]/[(n'—1*+K2n' 1" [(n'+ 12+ K2n")?]"? .

The form factor I,/ is singular at cosh(3/2)=0. This implies that

nlm

2
' _ -
K== |20 =2VB, +VE, ", @1
where B, = —1/2n? is the binding energy of the state |nlm ). The expression for K? given by (4.11) is in exact agree-

ment with the results of the perturbation theory. We now square (4.6) and sum over /' and obtain
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.

1
> 1

I'=0
—(N) nE Vit (BIDY, Oy 2
—2{(n D0 S Y ZAA: 1} S ABRY:3)

0

X{D nle](,V [D[nO] )]*+[D1[0nm—]1,0](,y)]*D[n,O](y)}

lyml Iyml

~ U+ —1 =D} S [V, vierigvie e

ly

X {Dl[nm7l,0](y )[Dl[nm—IZ,O](,y )]# + [Dl[onmvll 0] ]#Dl[nmvlz O] 7/)}

+Hn =D +1+ DS V8 BBy )2

10
+4[(n —=D(n +1+1)n +D(n —1—1)]'"2

l+1 Ih+1

><2 whn+1 B (BND[TNy )DL 52U I + (D3N )1* DI 20y )

l+l

+i(n+Dn—1—1) ]zl w1 (BID[" 2N y)?

0

If the initial state is the ground state |100) we obtain the simpler result

n

» 1
InIO 2

2 ool (N')?

I'=0

{anl'l(B)i ‘/2[ nl anz B)]cosy + li }2([3)‘2005 y+ ll z(B )| SIHZY} .

We now use (4.8) and (4.7) with the charges Z =Z’=1 and obtain

n
[got n10|z—( > [tanh(B/2)]*" [sinh(B/2)cosh(8/2)] %%
16(1 e (L = 1P (KR PP n + D+ (Kn )P
n

+a4n'(n'—D[1—(n' P+ (Kn")2[(n' — 12+ (Kn" ][(n'+1)*+(Kn")?]
—2[1—(n')2+(Kn’)2][(n’—1)2+(Kn')2]2[(n'+1)2+(Kn')2]
+4(n" ) (n'— 1) [1—(n')+ VP —4n'(n'—D[1—(n' )2+ (Kn' )P [(n'—1)?
+[1—(n')2+(1<n'>2]2[(n'—1>2+<Kn')2]2}+.;.[(n')2—1](1<n')2

The term within the braces simplifies to be equal to 16(n’)*(Kn')* and using again (4.7), we obtain

o '_1)2+(Kn')2]n'—3
IO P=25K 2V [ (0" P 1]+ (Kn 2} L2 el
%l 100 l n {3[ n ] h }[(nl+1)2+(Knl)2]ﬂ +3

Equation (4.15) agrees exactly with the result obtained by Bethe® for K =g /a. If we define

@n EU"IO

then

2%(n")(n' —1)2" 3
3(nr+ 1 )2n'+5

@,(0)=

>

1&

(4.12)

(4.13)

+(Kn')*]

(4.14)

(4.15)

(4.16)

which is essentially the intensity formula for the Layman series. Bethe’s formula given by (4.15) can also be obtained

from (4.10) by using the Gegenbauer addition formula'?
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nn,\2m +n,+n,—1)! —4)k — 1172 —2) -
Cr. (cost)= 1°:113 IR : (=4 [(m +k —1)N]"2m +k —2){(2m +2k ”(sme)z’*
1 (ny+n )N (m —1)] i kK'2m +n,+k —1)2m +n,+k —1)
XC,;’:T,’\‘.'(COSG)C,:"L’\‘(COSG) k=0,1,...,min{n,,n,} . (4.17)
f
V. DISCRETE-CONTINUUM TRANSITIONS function in spinor notation is given by
In thi§ case the final state in (4..1) is given by the physi- Ir:llmm 1 ——(vI'm’|G(Lsg—L)\nlm ) ,
cal continuum states 1,,,,(x) which are defined in terms N,
of continuum basis states as G =exp(—i6,, L4 )expl —iKN(Lys— L), (5.2)

Yo (X)= exp(—i0,L,s)@, ., (X)), (5.1)

1
N,

where 0,=In(av). Consequently, the charge-form-factor

0., =In(N/v), N=n/Z, K=qym,

Using the action of Lsg and L, on |nlm ) and the expan-
sion (3.5), we obtain

1= NL;nw m’|Glnlm Y —L[(n —D(n +1+1)]"2('m"|G |(n + Dim )

—Hn+D(n =1 =1]"Y>vI'm’|Gl(n —1)Im )}

vi'm' —
In/m

Zl_

—3ln +Dn =1 =D F VI (—im/2)(nol'm’|Gl(n —1)im )

0]

(5.3)

EV’“ —im/2){nol'm’|Glnlm ) —1[(n —=Dn +1+ D] F VI (—im/2){nel’m’|G|(n + 1)im )

)

ne=12,..., . (5.4)

As in the discrete case, the matrix elements of G in (5.4) can be computed’ by using Euler rotations in SO(2,1) and using

SO(4) and SO(2,1) representation functions:'%!!

)V[0+l

"0”

vi'm__
In[m

zV’“ —im/2) ED,[':,?, b

1'

— =D +1+ D)2 VI (—im/2) S Dy
ngy I

—Hn+Dn—=1-1]"23 V! “

N|~

oy

where the Euler angles are given by (for Z =1)

sinh(B/2)=% ‘/1_’.1_ [(v—n)?+(Kvn)*]'?,

11 29172
cosh(/2) 2 Von [(v+n)P+(Kvn)?]V/?,
sinhBsina=—Kn ,

. (5.6)
sinhBcosa=——[v*—n?+(Kvn)’],
2vn

sinhBsiny =Kv ,
sinhf3 cosy = — L[nz—v2+(Kvn)2] .
2vn

The summation over n, can be performed using again
Euler rotation in SO(2,1) and the identity’

(B)D

Lol (—im/2) 3 Dy @)y,

[n—1,0]
fomt ¥

~1,0] Iy+1

@)V, 41 (BID[ M)

110

ly+1 -
1B 20y

1()

1,b=0,1,2,...,0 (5.5
[
. —1,0] Iy+1
b V1+‘(——17T/2)D, (a)V,,‘;n B
)
3 o e Bl
L=0,1,...,n—1 (5.7)
2 cosh(3,/2)=isinhBcosa+1,
Zsinhz(ﬁz/Z)Zi sinhBcosa—1 ,
sinhf3, sina, = —i sina ,
(5.8)

sinhf3, cosa, =i coshB cosa ,

sinhf3, sinhy,= —i sinhfsina ,

sinhf3, coshy,=1i coshf .

The SO(2,1) representation functions V2 *!(83,) are given
by (3.6). The special values we will need are the follow-
ing:
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V1, (By)=uliv)Viv[tanh(B,/2)]" Ycosh(B,/2)] ?

Vi (By)=uliv) %x/ﬁ(iv—n[tanh(ﬁz/z)]”2[cosh(/32/z)]*4—x/’zx/i_v[tanh(ﬁz/z)]"V[cosh(/a’z/z)]2], (5.9

V2.(By)= —u(iv)*lf[(iv— D) (iv+1)]V2[tanh(B,/2)]* [ cosh(B,/2)]

exp[ —i(m/2)iv—1)]

V2Visin[7(iv)]
Also in (5.7) the SO(3,1) representation functions are given by'?
Hiv—1) Liv—1) L

uliv)=

Hiv—1) Liv=1 I

D Oy )=vR2L+D2I'+1) 3 m |exXpl—ivalm;—my)],

S m, m, m m m,
iv—1,0] | Gv—1"—1) 1/2_ . ol 41
Dy Oy, =20 V2l + 11" m (i sinhy,)"C/. 71 _ | (coshy,) .
3 1/2
D[l'v’*l,O] =i D[i\"‘].O]
or " (v2) = (iv+1)iv—1) dy, ™ (r2)

1/2
= —3(v—1"—1)
=20)"V20 -+ 11"
(20 A DGy — DGy 1) J
X [1I'(i sinhy,)!" “Tecoshy,C/.F L | (coshy,)—2(1'+ 1)(i sinhy,) T1CL*3 _,(coshy,)] . (5.10)

Equation (5.5) becomes after the summation over n,

I\'[‘m_

nlm

"3 Z 0l eV Bl il )

—Hn=Dn+1+D]'*3 ED,‘”,,,OL @)V S (BIDE 50D Ty )
L

4D —1=D]2 3T D[ 2 Nay) Vit L(B)D Ly o)DMy | (5.11)

n—1v ml
L 0

Now, the summation over /, is immediate in view of the addition theorem of SO(4) representation functions given in
(4.9). Hence we obtain a simple form for charge factors as

Ipm=—- n 3 D M=y VT BIDE )
— (=D +1+1) ]‘/ZED,I;;LOI a,=yYIWVESLBIDY 0 yy)
—n+Dn —1—1) ]1/22D1mL 2%, =)V EL(B)D Y MO0 (g, )} , (5.12)

where L =0,1,2,...,n —1 or n or n —2, as the case may be. If the initial state is the ground state |100), then equa-
tion (5.12) becomes

Iv1'0:

v RN iv— L.
W(B)DE YOy ) — VszszD&) MO (yy)cos(a,—y)— VA4 3 (B)DYG Oy )i sin(a,—y)]

L
NV

(5.13)
We now use (5.6), (5.8), (5.9), and (5.10) and rewrite (5.13) as

1
b 1 . VU | Gv=1"—1) . : iv . a
I\IO___ I : ! iv 3
00 = N wiv)(2i) (8iv) (v T (i sinhy,)" [tanh(S3,/2)]""[cosh(/3,/2)sinh(3,/2)]

X g4<m(fv+1)[sinh(/s,/z)]Zc”,,+ ., (coshy,)+8v2[sinh(3,/2)cosh(B,/2)]C/. 3., (coshy,)

4(iv)(iv—1)[cosh(B,/2)1*C/. 7% _i(coshy,)} , (5.14)

iv—1"
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where we have used, as in the discrete case, the identities of the Gegenbauer polynomials (4.9a) in terms of the hyper-
bolic cosine. Furthermore, we have for arbitrary n

sinh(/2)=— an(l (iv—n)?+[K (iv)n]}1/?

COSh(Bz/z):%Wl(—i;[(iv-i-n)z-i-[lf(iv)n]z}'/2 ,

i sinhy,=[2(iv)n)(Kn){(iv—n)*+[K (iv)n]*} V2 ((iv+n)*+[K (ivIn])*} "2 |
coshy,={(iv)*—n?+[K (iv)nP}{(iv—nP+[K (iv)n]*} " V2 (iv+n)? +[K (ivin]?}~ 172 (5.15)

We now substitute (5.15) into (5.14) and using N, =iv and the definition of u(iv) given in (5.9) we obtain with
coshy, = [(iv)?—1+[K (iv) P} {(iv—12+[K (iv)]*} " V2{v+ 1) +[K (iv)]?) 172, (5.16)
the final expression for the charge-form-factor function as

IR0 =122 3 ' WA (1 + 1) exp[ —i(m/2)(iv—1)]

(v—1'—1)! ]l/zK,.j(iv—1)2+[K(iv)]2]“"_"”3)/2

\/2\/sm[7r iv)] (iv+1') {(iv+ 12K (iv) P+ +372
(iv+D[Gv—1)2+(K (iv)*1C/ T3 (coshy,) —2(iv){ (iv—1)*+[K (iv)]*} !/
X {(iv+ 1)+ [K (iv)]P}12CL T3, (coshy,) + (iv—D{(iv+ 1)+ [K (iv)]*}CL 13 _y(coshy,) | . (5.17)

Comparing (4.10) and (5.17) we see that the analytic continuation is given by

_exp[—i(w/2)(iv— 1)]In’l'0|' _
\/2\/—_——5111[# (iv ] 100 'n'—iv *

We now square the general charge form factor (5.12) and sum over /’. The summation over !’ can be trivially done us-
ing the orthonormality properties of SO(3,1) representation functions. Consequently, we obtain a result similar to the
discrete case (4.12):

I (5.18)

o , 1 -~
2 |I’:/[lm 2:F nZE 1D[[,:L l,()]( VL+1 /32 |
I'=0 v L

=Sl =Din +1+ D172 3 (Dl 7108,V (B 8)1 [V, (By)]*
L

+[DL NS VA (B DI S,) VE L (B,))

—%[(n+l)(n——l—l)]l/ZE{D}m";"O]( WET BIIDL 20U )1 [VEL (B
L

+[DLn MOV (B DL 2 OUS) VEL(By)]
+1[(n —D(n +1+1) zu)l"‘” 8V (By)I?

+i[(n =D(n +1+1)n +l)(n —1—1)]'?

X3 DLV L B)ID L O8I [V (By)]*

D08, [VE L (BT DL 7208, VESL(B,)}

+1n +D(n —1 = D] 3 [DI 208, VEHL (B, ] =a,—y . (5.19)
L
However, if the initial state is the ground state [100 ), we obtain a simple expression as in the discrete case (4.13):

3 11 1P= 5 (VLB P = = (VL BV L BT + VLB VLB cosb,
I'=0 v

+ 1|V, (By)|*cos?8,+ L V3, (B,)|%sin%, | , (5.20)

where, for arbitrary n, the Euler angle 8,=a,—y is given by [from (5.8) and (5.15)]
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sinhfB,c0s8,= L {(iv)?=n2+[K (iv)n]*} ,
2(iv)n
(5.21)
sinhf3,sind, =K (iv) .
Now, substituting (5.9) into (5.20) and simplifying exactly as in the discrete case, we obtain
S i _ [(v)?—1] {(iv—12+[K (iv)]}} 3
IV = ——————28(iv)K 2 | 2 (K (i e (5.22)
[go‘ 100 2 sinh(7v) 3 [ ] {(iV+1)2+[K(iV)]2}'V+3
[
This equation (5.22) is essentially obtained from the Ix \22—1‘ lim le.(g)]
discrete case (4.15) by using the analytic continuation Ox g q—0 ° E
(5.18). In order to obtain Bethe’s result,” we take
K :q/q gnd 'V:Cl/K. Since (5.22) is integrable in v, thze exp | —4 % tan ™! L
integrability in « requires a measure dv/dk= —a/k". 2 abk a
Using Bethes’ variables we see T T 2, s (5.25)
3 (a®+k?) a
1—exp |—27m—
. a a K
2sinh(mv)=exp |7— | [l—exp | —27— ,
K K
since
5.2
(iv)K2=—i%4 , 2ak
K tan 5 3 =2tan"! | =
a‘k
(iv) 1 | (a®+k?) 2
3 +IK(iv)] ) 3 BCAE Equations (5.24) and (5.25) are in exact agreement with
. - the results of Bethe.> Equation (5.24) may also be ob-
{Uyv—=1D) "+ [KGv)]}" tained from (5.20) by using the Gegenbauer addition for-
{Uv+12+[K (v} mula (4.17) in terms of hyperbolic cosines with the sum-
5 mation over kK in (4.17) ranging from O to oo.
=exp 2~ tan” ! 2—(12'(‘7 ,
atq —«k VI. CONTINUUM-CONTINUUM TRANSITIONS
Since In this case the initial and final states in (4.1) are given
14i by the physical continuum states v, (x), as defined in
In ——ﬁ =i2tan '(x), (5.1). The charge-form-factor function in spinor notation
1—ix is therefore given by
: 2 V1213 2 1213
— +1)2+[K (iv o
(= DR+ RG] v DT KT I :Nl (VI'm'|G|Lsg—Lyglvim ) ,
=k"[(g +k)+a’] [(g —k)P+a?] . (5.23)
We finally obtain G =exp[ —iO, Lyslexp[ —iKv(Lys—Ly,)], (6.1)
2%kg’a [ (a®+k?) +q2] O, . =In(v/v') .
2 iIa/KIO\ZZ 5 ;
= (g +x)P+a’ (g —k)+a?] The action of Lsg and L, on the continuum basis state
oo | =2 %an ek [vim ) is given by
K a’+gq’ =« Ly lvim)=vivim) ,
X
1—exp | —27% ] Lsglvim)=1(—iv—D(—iv+I+ 1] v+1Im)
K
r(— i ] — 1112, —
=lelq)? . (5.24) +I(—iv+D(—iv—=1—1)]"*v—1Im ) .
The square of the coordinate matrix element is given by* Therefore the charge form factor becomes
1
I:','/,;,'"':NL{ —v(vI'm'|GvIm ) +(—iv—D(—iv+I+ D]V I'm'|G v+ 1im)

(6.3)

+(—iv+ D —iv—=1=D]"*vI'm'|Glv—1Im )} .

The matrix elements of G can be computed as before using Euler rotations in SO(2,1) and using SO(3,1) representation
functions.!* We obtain
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Iv'l'm_ VED[W—IO] )V] +1(

vim

BID[ MOy )

'
V

—(—iv=D(—iv+I+1)]"2 3 DLV "1 (a)
I, 0

ly+1

Ve (BIDy)

In+1

—(—iv+D(—iv—1—1) ]”22D1'”:1_1°(a)V‘,‘?V,l(,B)D,[’:n?ZO](y) , 1,=0,1,..., (6.4)
: :_1_ 1 s b __ (s 2 .y . 211/2
sinh(f3/2) 3 \/(iv')(—iv){[w (—iv)PH[KGV)(—iv)])F} 72,
cosh(B/Z)—%#[[zv +(—iv)P+H[K (v)(—iv)]2}2,
sinhBsinha=—K(—iv) ,
(6.5)
. _ SN2 (a2 SN 12
sinhf3 cosha 2(iv')(—iv)¥(W) (—iv)*+[KUv)(—iv)]*],
sinhBsinhy =K (iv') ,
SinhBCOSh‘yz—W%‘ﬂ{(—lv)z 2+ [K (iv)(—iv') ]2}
The SO(2,1) representation function is given by?
Vit = ! = | [ || h(B/2)]1"~ “[cosh(B/2)]
v (B)= 2sin[7(iv—iv')] [ [—iv' | |1 +iv [i tanh(5/2)] [cosh(B/2)]
X,F [ —1+iv,—1—iv;iv'—iv+1;tanh®(8/2)]
12
1 [+iv I=iv . h 2) —iv+iv' h 2 21
sl —ivaiv)] | |[1+iv | |[1—iv [ —itanh(B/2)] [cosh(B/2)]
X,F\[—1—iv,—1+iv;—iv'+iv+1;tanh®B8/2)], VIELB=VIEYBIi iver - (6.6)

By comparing (6.4) with the discrete case (4.6) and also the SO(2,1) representation functions given in (4.9) and (6.6), we

establish the analytic continuation

1
2sin[7(iv—iv')]

Iv'l'm': l

/ Inlm
vim 2

nlm n—>iv
n'-iv'

+c.c.

(6.7)

Furthermore, as in the previous two cases, we can square (6.4) and sum over /' using the orthonormality properties of

SO(3,1) representation functions.!?

When K —0, the Euler angles @ and ¥ go to zero and hence the SO(3,1) representa-

tion functions give 6,,,0 and 6,,0, and consequently the charge form factor (6.4) becomes

IYmK =0)=—

vim
Vv

VII. CONCLUSIONS

We have obtained exact analytic results by a group-
theoretical method for the unsolved problems concerning
the form factors mentioned in the Introduction. The final
results are (4.6) and sum formula (4.12) for discrete-
discrete transitions, the special case (4.15) being the
Bethe’s result; Egs. (5.11) and (5.19), the corresponding
formulas for discrete-continuum transitions with the spe-
cial case (5.22) again being the Bethe’s result; and, finally,
Eq. (6.4), the result for the continuum-continuum transi-
tions. Now that analytic formulas for the form factors

— (v B = L —iv—D(—iv+I+D]2VIEL (B

)= L(—iv+D(—iv—=1 =DV (B} .

Viv—1

(6.8)

from the ground state are obtained, arbitrary form fac-
tors can be evaluated by computer if need be. The above
form factors in these cases are the analytic continuation
of each other.

Besides the classic Massey-Mohr paper,’ there are a
number of other results dealing with the same or related
topics.!*

ACKNOWLEDGMENTS

We thank Dr. Mitio Inokuti for his helpful suggestions
for the improvement of this paper.



1350 A. O. BARUT AND RAJ WILSON 40

*Permanent address: Department of Mathematics, University
of Texas, San Antonio, Texas 78285.

IM. Inokuti, Rev. Mod. Phys. 43, 297 (1971); M. Inokuti, Y. Iti-
kawa, and J. E. Turner, ibid. 50, 23 (1978).

2M. Inokuti, I. Shimamura, and Y. Itakawa, Comments At.
Mol. Phys. (to be published).

3H. Bethe, Ann. Phys. (Leipzig) 5, 325 (1930).

4G. Wentzel, Z. Phys. 58, 349 (1929).

5A. O. Barut and R. Wilson, Phys. Rev. A 13,918 (1976).

%A. O. Barut and R. Wilson, Phys. Rev. D 13, 2647 (1976); 13,
2629 (1976).

7H. S. W. Massey and C. B. O. Mohr, Proc. R. Soc. London,
Ser. A 152, 605 (1931).

8A. O. Barut and R. Raczka, Theory of Group Representations
and Applications, 3rd ed. (World Scientific, Singapore, 1986).

9A. O. Barut, A. Inomata, and R. Wilson, Fortschr. Phys. (to be
published).

10A. O. Barut and E. C. Phillips, Commun. Math Phys. 8, 52

(1968); G. Lindblad and B. Nagel, Ann. Inst. Henri Poincaré
A13, 27 (1970); N. Mukunda, J. Math. Phys. 10, 2086 (1969);
10, 2092 (1969); 14, 2005 (1973); C. P. Boyer and K. B. Wolf,
Rev. Mex. Fis. 25, 31 (1976).

L. C. Biedenharn, J. Math. Phys. 2, 433 (1961); S. Strém, Ark.
Fys. 40, 1 (1968); A. O. Barut and R. Wilson, J. Math. Phys.
17, 900 (1976).

12N. Ja. Vilenkin, Special Functions and the Theory of Group
Representations (American Mathematical Society, Provi-
dence, 1968).

3A. Sciarrino and M. Toller, J. Math. Phys. 8, 1252 (1967); W.
Riihl, The Lorentz Group and Harmonic Analysis (Benjamin,
New York, 1970).

M. Matsuzawa, Phys. Rev. A 9, 241 (1974); A. R. Holt, J.
Phys. B 2, 1209 (1969); I. L. Beigman and A. M. Urnov, J.
Quant. Spectrosc. Radiat. Transfer 14, 1009 (1974); Dz.
Belki¢, J. Phys. B 14, 1907 (1981); 16, 2773 (1983).



