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The continuous-variable representation of the dynamic group is discussed in general terms, based
on the differential of the group manifold. The unified formalism of various continuous-variable rep-
resentations of the dynamic group is presented, and the essential common features of different
continuous-variable representation theories are exploited from the general mathematical-physical
point of view. The right-hand isomorphic representation and the left-hand anti-isomorphic repre-
sentation of the dynamic group, and their relationship and physical implication are discussed in de-
tail. Specialization of the general formalism to the function spaces of the group, based on both the
Hilbert space of quantum-mechanical states and the von Neumann space of the quantum-statistical
states (density matrices), leads to the results of both the generator coordinate approach to the
dynamic-group representation and the generalized quantum characteristic function method. Tech-
niques for calculating the continuous-variable representation of the group algebra are proposed and
illustrated with the Lipkin SU(2), the Elliott SU(3), and its extension Sp(6) symmetries as examples.
The results obtained for these dynamic groups are instructive for both physicists and mathemati-
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cians.

I. INTRODUCTION

The dynamic-group approach to the investigation of
collective behavior of quantum many-body systems (espe-
cially nuclear many-body systems) is becoming more and
more attractive and significant in quantum physics. In
nuclear physics, we have the seniority theory of the
quasispin model' and the Lipkin two-level model® [SU(2)
dynamic symmetry], the Elliott SU(3) model® and its ex-
tension, the Sp(6) model,* the interacting-boson model®
(IBM) [SU(6) dynamic symmetry], the SO(8) model of
Ginocchio® and the fermion dynamical-symmetry model
(FDSM) of Wu and Feng et al.” There are two basic
problems in the dynamic-group approach to quantum
many-body problems. Firstly, one has to identify the
relevant dynamic symmetry dominating a specific quan-
tum system. This is a dynamical problem. Secondly,
given a quantum system with its dynamic symmetry
identified, one should work out a proper representation of
the dynamic group, solve the problem and gain physical
information from this representation. This is a problem
of representation and solution.

In the past decade, extensive studies of nuclear collec-
tive phenomena have shown that nuclear many-body sys-
tems have certain kinds of dynamic symmetries which
dominate nuclear collective motion.® These nuclear col-
lective modes can be described in terms of interacting bo-
sons (algebraic model), or in terms of variable mean field
(geometric model). Suppose the dynamic group of a nu-
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clear system is identified on the microscopic (fermion)
level, we still need the boson (algebraic) representation
and the continuous-variable (geometric) representation of
the group, because only in these representations the col-
lective variables (the order parameters of the collective
modes) are manifested explicitly. The continuous-
variable representation of the dynamic group has recently
become a powerful tool which has been used to explore
the connection between macroscopic and microscopic nu-
clear collective models,*® to establish the relationship
among different phenomenological nuclear collective
models.!® Recently, it has also been used to study nuclear
phase transitions.!! In brief, to achieve a better under-
standing of nuclear collective phenomena, one has to
study dynamic groups and their continuous-variable rep-
resentations; extensive efforts have been made in this
respect.

The theories of continuous-variable representations of
dynamic groups can be classified into three main
categories: (i) The coherent-state theory and boson repre-
sentations (CS-BR).!>"!° (ii) The generator coordinate
approach to the dynamic-group representation (DGR-
GCM).2>2! (iii) The generalized quantum characteristic
function method (GQCF).>? From a comparative investi-
gation of the above three approaches, one has found out
that the DGR-GCM is the generalization of the CS-BR.2!
Both the DGR-GCM and the CS-BR works in the Hil-
bert space of quantum-mechanical states, while the
GQCF, different from the above two, works in the von
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Neumann space of quantum-statistical states (density ma-
trices). However, there exist common foundations and
close links among the above three approaches. It is one
of the purposes of this paper to explore the common
features and to present a unified formalism for the
continuous-variable representation of dynamic groups,
which contains the above three approaches as special
cases.

This paper and the previous paper®' (on DGR-GCM)
are sister papers. However, the present paper emphasizes
the general aspects of the topic, and is different from and
new in comparing with the DGR-GCM regarding the fol-
lowing points.

(1) Based on differential operation on the group mani-
fold, the continuous-variable representations of the group
generators are calculated. The right isomorphic repre-
sentation and the left anti-isomorphic representation of
the group are given. While the DGR-GCM only involves
the right representation, the left representation is precise-
ly the isomorphic representation of the corresponding in-
trinsic group G.?} The interesting relationship between
these two representations is established.

(2) The detailed results are presented and discussed for
the representations in the function spaces of the group
(coset) based on both the Hilbert space and the von Neu-
mann space which are the only two base spaces of physi-
cal importance and meaning. When the function space of
the group is constructed from the Hilbert space, the re-
sults of the DGR-GCM are obtained and extended. If
the function space of the group is constructed from the
von Neumann space, the results of the GQCF are repro-
duced and generalized. In all the above cases, the right
and left representations of the group and their relation-
ship are presented in detail.

(3) The techniques for calculating the differential repre-
sentation of the group algebra are illustrated with special
emphasis on the case where the group element is written
in noncanonical form. Most results are new compared to
the previous paper.?!

The paper is organized as follows: In Sec. II, after in-
troducing the definition of differential operations on the
group manifold, the right and the left representations are
calculated and discussed, respectively. The differential
representations of the group algebra on the coset sub-
manifold are given in Sec. III in a version parallel to Sec.
II. In Sec. IV, continuous-variable representations in
function spaces of the group (coset) based on both the
Hilbert space and the von Neumann space are presented.
The results of both the DGR-GCM and the GQCF are
reproduced and generalized from a more general point of
view so that the common features of the two approaches
are exploited. Techniques for calculating the differential

|

expli(g +dglox]= expligox)+ fol exp[i(1—p)gox](idgox)expliugox)du

or

operators of the group algebra are illustrated in Sec. V by
taking the Lipkin SU(2), the Elliott SU(3) and its exten-
sion Sp(6) as examples.

II. DIFFERENTIAL AND DIFFERENTIAL
REPRESENTATION OF THE GROUP
GENERATORS ON THE GROUP MANIFOLD

Let G be a Lie group, the collection of the group ele-
ments U(g) spans a topological space (called group
space) x; which is a differentiable manifold. Any group
element U(g’) can also be considered to be an operator
acting on the group manifold x;. It is evident that the
group space X is closed under the action of U(g’'). In
this manifold, one can define differential operation and
thus calculate differential representations of the group
generators—the Dyson representation? of the group.

A. Differential operation on the group manifold

Let g be the group parameters of r dimensions,
g=(g',g% ...,g"). We are now defining the differential
dU(g) and the partial derivative 0U(g)/dg™. For clari-
ty, we take the canonical form of the group element

U(g)= expligox), gox=>g"x,, , (2.1)

and x,, are generators of the group.*’
Construct an operator U(A) such as

ﬁ(l)zexp(—ikgox)exp[i}\(g +dglox] (2.2)
so that
d(é(}?\) = exp(—iAgox)[i(—gox +gox +dgox)]

X exp[iA(g +dglox]
= exp( —iAgox)(idgox )exp[iA(g +dg)ox]
(2.3)

and

0o)=r. (2.4)

In view of Eq. (2.4), we have the integral solution of Eq.
2.3),

N

On=1+ fokexp(—ipgox)(idgox)

X explip(g +dglox]du . (2.5)

Keeping terms to first order in dg, making use of Eq. (2.2)
and multiplying both sides by exp(iAgox) and then set-
ting A=1, we obtain

dU(g)=U(g +dg)—U(g)=expli(g +dg)ox]— expligox)

=fo‘ expli (1—p)gox J(idgo x) expliugox)du="

aU(g)

m 08"

dg™ ,



40 CONTINUOUS-VARIABLE REPRESENTATION OF DYNAMIC. .. 1227

where

aU(g)
ag"”

EfleXp[i(l—u)gox]i“a(g—inx—)
0 ag

= fo] expli(1—p)gox Jix,, explipgox)dp .

Equations (2.7) and (2.8) are the definitions of the differential dU(g) and the partial derivatives oU(g)/dg™

group manifold.

explipugox)du

B. Right and left differential representation of the generators in the group space

Define the right differential representation of the generator x,, as

U(g)

il

d
g, — lim ——[U(g)U(8g™
3 s ag [U(g)U(sg

To calculate Dy, we form

U(g)U(8g™)—Ul(g)=Ul(gpl(g,g™)—Ulg)
EU(g+ng)—U(g)=Ea &
;7 g’
with
!
Ol (g)= 28180 | @.11)
ab b=0

¢@(a,b) describes the composition law of the group G in
parameter space. Combining (2.9) and (2.10) leads to

Dy, g,—aag =500 aag,U(g), (2.12)
i.e.,
d , a
Din 62 |=S6k (52 2.13)
S ; B8 ag!

is the right representation of ix,,. It is easy to prove that
Dg ,(g,0/9g) is isomorphic to ix,,,

9 d . )
D, m g’gg“ g,?g U(g)=Ul(g)ix, Nix,) .
(2.14)
Therefore —iDpy ,, is the continuous-variable representa-

tion of the Lie algebra x,, in the group space.
The left differential representation of the generators in
the group space is defined through

—U(g)]

3
,— |U(g)= hm —[U(8g™)U (g
g 3 g)= 8 —[U(8g

—~0bg™

=(ix,, ) U(g) . (2.15)

Repeating the steps used for calculating Dy, ,,, we find
9
b=0 dg'

9

@bg)
g,ag =3

D
m,L > b™m

zzeﬁn,L(g)ga—, : (2.16)
1 4

(2.8)
on the
g)]=U(g)lix,,) . (2.9)
dR1 S 6k, -—6 " (2.10)
I
T
D, (g,0/9g) is anti-isomorphic to ix,,,
3 1p 9 lu(g)=(ix, Nix, \U(g)
g’ag n, L g, ag 4 n m g) .
(2.17)

It is known that the intrinsic group G is anti-isomorphic

3 G. Therefore the left representation D,, , of ix,, is
precisely the isomorphic representation of the intrinsic
group G, with generators X,,,,

D,, 1 D,  <(iX,, )(iX,) . (2.18)

It is easy to show that the right representation Dy ,, com-
mutes with the left representation D,, ;. In fact, from

Dp U@ =U(g)lix,,), D, Ulg)=(ix,)U(g), (2.19)

we obtain after multiplying with (ix,, ) from the right and

with (ix, ) from the left, respectively,

DR,mDn,L:Dn,LDR,m . (220)

Equation (2.20) just reflects the fact that group G and its
intrinsic group G commute

[G,G]=0, [x,,%,]=0. (2.21)

C. Differential representation of the generators
with the group element in noncanonical form

The preceding discussions are confined to the canonical
form of the group element and the differential representa-
tion of the generators is usually rather complicated. For
practical use, the noncanonical (Eulerian) form is more
convenient. For SO(3), the Euler form of the group ele-
ment is

U(g)= explial,) exp(if3J,)expliyJ,) . (2.22)

For the Eulerian form, every exponent contains only one
generator and the partial derivative of the group element
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0U(g)/0g™ can be taken as usual functions except that
the order of operators cannot be changed. For instance,
from Eq. (2.22) we have

A ) g
da
”a*g/(g—g) = exp(iaJ,)(iJ,) exp( —iaJ,)U(g) , (2.23)
oUlg) _ .
oy Ulg)iJ,) .

All the formulas of Dy ,, and D, ; are still valid, noting
that the functions ¢(a,b), Gﬂgym, and eﬁn,L should be cal-
culated according to the noncanonical form. For the
SO(3), it follows that

U(g +dg)=U(g)U(8g)

= exp(i(p"Jz)exp(i(pﬁJy)exp(i(pVJz) , (2.24)
¢%(g,0g)=a+tda ,
¢P(g,8¢)=p+dp , (2.25)

@7(g,8g)=v+dy .
|

In practical cases, one usually avoids calculating ¢(a,b).
A trick is used to obtain Dy, and D, ;; examples will be
found in Sec. V.

III. DIFFERENTIAL AND DIFFERENTIAL
REPRESENTATION OF THE GROUP
GENERATORS ON THE COSET SUBMANIFOLD

Any group element can be factorized according to a
certain subgroup S,

U(g)=S(gs)Qglgr), Ulg)=0Q,(g,)S(gs) , (3.1)

where Qz(gr) and Q;(g,) are right and left coset ele-
ments with respect to the subgroup S respectively. gg,
gr,> and g; are parameters of the subgroup manifold
S (gs) and of coset submanifolds Q,(gg) and Q, (g, ). It
should be pointed out that Q(gz) and Q,(g,) are
different submanifolds in the group space and they are
not closed under the action of the group element U(g).
In order to define the differential operation and calculate
the corresponding differential representation of the group
generators in the coset subspace, we first evaluate for,
e.g., the right differential representation

Qrlgg)explidg™x, )=Ul(g +d"g)=S(dRgs)Qr(gr +dRg)

=S(dRgs) |Qglgr)+ 20k m(gr)
1

where

Ak (g,b)
1 .
Ok m(gr)= ~obm |s=0sms, (3.3)

In the limit 6g " —0, we have

lim S(d®gg)=TI . (3.4)
5g" -0

The differential and derivative operations on the coset
submanifold are defined in the following. If the coset ele-
ments are written in canonical forms, the differential and
partial derivatives are defined according to Sec. I A, Egs.
(2.7) and (2.8), while for the Eulerian forms, they are
defined according to Sec. II C, Eq. (2.24). Therefore we
have

dQpr(gr)=Qg(gg +ng)—QR(gR )
00g(gr)

(3.5)
ogk

=88" 3 0% m(gr)
1
The right differential representation of x,, is defined as

Dg Qr(gr)

PR
R’agR

. 1
= lim ——
5g™—0 ng

=QR(gR )(l‘xm) 5 (3.6)

[Qr(gr)exp(idgx,, ) —Qr(gr)]

K10 )
L,g"agm (3.2)
9gr
f
which according to (3.2) and (3.4) gives
d I d
Dg . v | T YOk m(8rR)— (3.7)
Rm |8R 3 ; R,m'8R gk

Equation (3.7) has the same structure as (2.13) but is
defined in coset space, with the number of parameters re-
duced. Similarly, for the left representation, we have

9

Dm,L 8L agL

d
=30 (g )—. (3.8)
2Om (8L 501

It is easy to show that Dy, are the continuous-variable
representation of the group generators in the right coset
subspace and are isomorphic to x,,, while D,, ; are the
continuous-variable representation of the intrinsic alge-
bra x,, and anti-isomorphic to x,,,

Dg Dy, Qr(gr)=Qg(gpix, Mix,, ),
(3.9)

D, D, Q. (g )=(ix, Nix,)Q; (g, ) .

Since Qz(gg) acted upon by Dy ., and Q, (g, ) acted
upon by D, , are different subspaces of the group mani-
fold, Dg, and D,,; are defined in different spaces.
However, if the connection between Qp and Q; is
known, the relationship between Dy ,, and D,, ; can be
established accordingly. In Sec. V, we shall give exam-
ples concerning this point.
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IV. DIFFERENTIAL AND DIFFERENTIAL
REPRESENTATION OF THE GENERATORS
IN THE FUNCTION SPACE OF THE GROUP

As the object on which the group element U(g) and
the coset element €(g) act is the Hilbert space of
quantum-mechanical states [¢), or the von Neumann
space of quantum-statistical states (the density matrices)
p, we can construct the function space of the group
(coset) by means of the inner-product operation in the
Hilbert space or the trace operation in the von Neumann
space. In the former case, we obtain the continuous-
variable representation of quantum states in the parame-
ter space of the dynamical group, which can be used to
describe the collective motions induced by the dynamical
group. In the latter case, we obtain the generalized quan-
tum characteristic function which can be used to calcu-
late the ensemble averages of physical quantities.

A. Function space of the group (coset)
based on the Hilbert space

The results of Secs. II and III can be transplanted to
the function space of the group (coset) based on the Hil-
bert space, if the starting-state vector |@,) in the inner
product is properly chosen.

1. Functions of the group in the Hilbert space

In order to contain all the information of the group
representations in the function space, the starting-state
vector |@,) should be chosen such that it has not any
symmetry with respect to the group G, i.e., it should con-
tain components of all irreducible representations of G.
Let |¢) be an arbitrary state vector of the Hilbert space;
the functions of the group can be written as

FRg)=(¢y|U(@|¥), FHg)=(s|U(gld,) , 4.1)

for the right and left representation, respectively. The
representations of the generators are, in obvious notation,

Din |85 [FH&I=C60 UlRIx, |¥)
=30 (g)iF’%g) 4.2)
> R,m agl
D, g,aig Flg)=(ylix,, U(g)|dy)
9
=Seo! (g =—FXg) . (4.3)
2[ (& 2, g

2. Functions of the coset in the Hilbert space

Sometimes the physical problem is confined to a sub-
space of the whole Hilbert space, which contains a state
vector |¢,) invariant with respect to a subgroup S(gg) of
Gy

S(gs)dg)=1dy) - (4.4)

The functions of the coset G /S are then defined as

FR(gR )=(|S(g5) Qg (gr)¥)

= (ol Qr(gr)|¥) , (4.52)
FL(gL)E<¢|QL(gL )S(gs)[¢0>
=Y, (g)]dg) , (4.5b)

where |¢) is an arbitrary state in the subspace. Only
those irreducible representations which contain states in-
variant with respect to the subgroup S are considered in
this case, i.e., some information has been lost.

The continuous-variable representations of ix,, are

Dg FR(gr)= (ol Qr(ggr)lix,, 10> , (4.6)

9
8k agr

D, . Flg ) =(lix,,Q, (g )|do) » 4.7

g, -2
L’agL

with Dg . and D, ; from Egs. (3.7) and (3.8). Since
Qr(gr)and Q; (g, ) are different, Dy ,, and D,, ; act on
different function spaces. However, the relationship be-
tween FR and F%, Dg ,, and D, ; can be established as
will be shown in Sec. V.

3. Equations of motion and expectation values
of physical variables

Suppose the Hamiltonian of a nuclear system be
H(ix,,) and the Schrodinger equation is

H(ix,)|Y)=El[¢) , (4.8a)
(Y|H(ix,,)=E{¢| . (4.8b)

Multiplying Eq. (4.8a) from the left with (¢, U(g) and
Eq. (4.8b) from the right with U(g)|#,), we obtain

HR(Dg ,,)FR(g)=EF®(g) , (4.92)
HYD,,  )FHg)=EFX(g) . (4.9b)
It should be noted that HR(DR‘m, coisDpoys o) s
isomorphic to H(ix,,,...,ix,,...) and HXD, [,
D, ,...) is anti-isomorphic to H(ix,,...,

ix ).

For the function space of the coset, Eqs. (4.9a) and
(4.9b) are still valid, but the parameters should be re-
stricted to the coset space g —gr (or g —g; ).

If U(g) is unitary, we have the closure relation and the
orthogonality relation as follows:?!

J U @)do) (ol U@)dpg)=1 , (4.10)

(ol U U (g =0A(g —g"), 4.11)
where the A function is subject to

[ Alg —ghdulgh=1, (4.12a)

[ righag —gdug)=£(g) . (4.12b)

It is easy to obtain
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)= [ U (@)l60) (ol Ulg) ¥ dpulg) x_,lde) =0, (4.15b)
= [ U"(g)ldo) FR(g)dplg) . (4.13) S(gs)ldy) = exp (i3 gsx, ]]¢o)
[
In the above equation, |¢) is a state vector in fermion - iSolA ) 4.15¢)
space, while F®(g) is the corresponding state in the xp ;gs ! ]|¢° e
continuous-variable function space. Therefore Eq. (4.13)
is the transformation from the continuous-variable func- Let
tion space FR(g) to the fermion space |1). The expecta- UR(g)= ex < 7
tion value of a physical variable O (ix,,) is evaluated as P zgsxl €xp lzr"g +x,,}
follows: B
X exp iZ‘,g “Ex_ s (4.16a)
(Ylo(ix,,)|v) =(FR(g)|0R(Dg,, )| FR(g))
L(g ~ -1
= [[FR@1*0RDy ,, )FR(g)du(g) . U™(g)= exp Eg+x exp [i3g " x~r]
“.14) X exp izgsx,} : (4.16b)
Here OR(Dy ,,) is isomorphic to O (ix,,). For the left !
representation we have similar results, but OX(D,, ;) is  and define
anti-isomorphic to O (ix,, ).
FHg )= (o UR@IY) |, o= (o0 (g 1Y) ,
4. Representation in the coherent-state space (4.17a)
. Qplg_)=exp [idg_Fx_ s
The coherent-state space is a special coset space in R'8 P % “]
which the subgroup S is the maximal stability subgroup L . L _
of G and |¢,) is the stability state of S (the extreme state Fiig ) ={ylUg)lo) Igs=0_<¢|QL(g+ o)
of an irreducible representation). Let x; be generators of <ou (4.17b)
S, x,, be raising operators, x__, the lowering operators, Q (g, )=exp [iDghx,
and |¢0) be the lowest-weight state; then H
The right coherent-state representation of ix,, is defined
xildg)=A,ldy), x,ES (4.15a) as
J
O 1FR(g )= (ol )
DR.m —a—_— Fc ¢0 R *) IX
= lim —— (| Qp(g_) exp(idg™x, )~ Qg _ )W)
bg'n"'o 68 n
= lim ——(¢olexp 12 dgsx; |Qp(g - +d®e )= Qr(@ I gm0 s0i=00sm)
5g™ 0 Sg '
. d
= z}l‘,eRm( )A +29Rm )ag:# FRg ), (4.18a)
Dy, g,,‘aa— ‘=i26§m(g4)A,+26,§fr‘n(g_) (4.18b)
. g R,

H

For the left representation, we have

3 |_. . d
Dm,[, 8+ 5 :lzefn,L(g+)Al+zem,L(g+ )= T
ag + i T ag +
(4.19)
The relationship between Dy ,, and D,, ;, FX(g ) and

F (g + ) can be found as will be seen in Sec. V C.

B. Function space of the group (coset)
based on the von Neumann space

To describe the quantum-statistical state we need the
density matrices which span the von Neumann space.

g ~+

f
When the dynamic group acts on this space, by virtue of
the trace operation, we can construct the generalized
quantum characteristic functions of the group (coset) and
define the continuous-variable representation in the con-
structed function space. This procedure leads to the re-
sults of the GQCF and its generalization.

1. GQCF on the group space (Ref. 22)

Suppose p is an arbitrary state vector in the von Neu-
mann space, which is not symmetric at all with respect
the group G. Then the generalized quantum characteris-
tic functions are defined as

WR(g)=TrpU(g)=Wlig)=TrU(glp=W(g) . (4.20)
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The right and left representations of ix,, are readily ob-
tained as follows:

Dy m WRg)=Tr[pU(g)ix,,)]

9
8, dg
9

=;ek,m(g)@ WR(g) ,

(4.21)

ix,, )U(g)p]

(4.22)

Here Dy ,, and D, , take the same form and possess the
same properties as given in Sec. II B.

The von Neumann equation
ifip=[H,p), H=Hlix,,), (4.23)

can be easily transformed into the corresponding equa-
tion of the continuous-variable representation as follows:

i#iW(g,t)=Tr[HpU(g)]—Tr[pHU (g)]

=[HR(Dg ,,)—HXD,, ) 1W(g,1) . (4.24)
Let
p()=Fw,0)|y, ()Y, (D], (4.25a)
with
aly, (1))
iﬁL=Ht¢"(t)> , (4.25b)
ot
then

Wi(g,t)=Sw,(0)W,(g1), (4.26)
W,(g,0)={¢, ()| U@I|Y,(1)) , 4.27)
inW,(g,)=[HR(Dy ,,)—HXD,,  )IW,(g,1) . (4.28)

Equations (4.24) and (4.28) indicate that the time evolu-
tion of the GQCF W(g,t) and W,(g,t) is governed by the
continuous-variable representation of the Hamiltonian
H®(Dg ,,) of the dynamic group G and of HYD,, ) of
the intrinsic dynamic group G.

For the stationary case, we have

p=30,(0)]4,(0))(,0)], (4.29)
H|Y,)=E,l¢,) , (4.30)
W(g)=Sw,0W,g), (4.31)
W, (g)={y,(0)|U(g)|¥,0)) , (4.32)

where W, (g) is a bilinear function of |y, ) and (¢, ], and
obeys the equations

HXDg ,,)W,(8)=E,W,(g),
(4.33)

HYD,, W, (8)=E,W,(g) .

The above equations show that W,(g) contains informa-
tion of the dynamic symmetry H(G) and its intrinsic
counterpart H(G), ie., W,(g) contains information
about both |9, ) and (¥, |.

For the average values of physical quantities, we have

(Olix,,))=TrO(ix,, )p=[TrpU(g)0(ix,, )lg=0=[TrO(ix,, )U(g)p]g:OZOR(DR,m )W(g)lg=0

<¢n|0(ixm )Idjn >:<¢n!U(g)O(lxm )I¢n)|g=0=<¢n|0(ixm )U(g)l¢n >|g:0:0R(DR,m )Wn(g)|g=0

(0(ix,,)) =3 0,0%(Dg ,, )W, (8)lg == 0,04D,, ) W,(g)l, - -

2. GQCF on the coset subspace

Suppose p, is a state vector in a subspace, which is in-
variant with respect to the subgroup S,

Sp.=p.S=p. - (4.37)

In this case, a special quantum-statistical ensemble with
symmetry S is treated and the GQCF degenerates to the
one in the coset space G/S. From Egs. (3.1), (4.20), and
(4.37), we have

WR(gr)=Trp,Qr(gr) » (4.382)

Whg, ) =TrQ, (g, )p. , (4.38b)

=04D,, W@l , (4.34)
=0D,, W, -0 > (4.35)
(4.36)

f

the subscript ¢ denoting “coset.” In general, Qz(gr)
#Q, (g, ) and hence WX(gp)#WX(g, ). The representa-
tions of ix,, are readily obtained from the results of Sec.
111,

DR,m WcR(gR)ETr[pc‘QR(gR )ixm]

g, -2
R’agR

d
=29§z,m(81¢) Ji WcR(gR) ’
] 98k

(4.39)
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d
815, |WHeL) =Trlix, Q. (g1 )p.]
8L

—29“ gL T WheyL) .

d

g,

(4.40)

In general, the von Neumann equations for WX(gg)

and Wl (g;) do not exist. Only in the case Qg(gg)

=Q, (g, ) and WR(gp)=WZ(g, ), we can derive the fol-
lowing equation:

ifW, (g ) =[HR(Dg ,,)—HMD,, ) IW.(g,t) . (4.41)

For the stationary case, we have the following results:
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HYD,,  Wi(g )=EWi(g.), (4.47b)

(Olix,,)) =Ttp Olix,,) =0 (Dg ,, )W, (g )l ~o
=0XD,, W8y =0,
(4.48)
(5 100ix,, ) |95, ) =OR(Dp Wi (g =
=0!D,, . WW;(8)|g =0 (4.49)

3. GQCEF in the coherent-state space

To define the GQCF in the coherent-state space, we
need state vectors with the following properties:

:zw;lwz sl (4.42)
x;p=Ap=px;, xES (4.50)
HIY, ) =Ef|¢7) (4.43) x_,p=0, px,=0. 4.51)
Slys ) =15 (4.44) Now let
Wc(gc)=2a)f, wiig,), (4.45) U(g)=exp [iSgix ] exp lizglxr exp [i¥g Fx_,
! T "
We(g, )={¢s Qg )Ye) (4.46) (4.52)
HR (Dg o )W, (g )=E; Wilg.), (4.47a) and calculate
J
TrpU(g)=TrU(g)p= exp (i3 giA, ]Tr pexp [i3gTtx_,
! “
= exp exp (4.53)

iSgiA, ]Tr
!

The last step in Eq. (4.53) is based on Eq. (4.51) and indi-
cates that TrpU(g) is not a functional of p. The above re-
sult means that, because of the cyclic invariance of the
trace operation, we cannot define any generalized quan-
tum characteristic function by means of lowering or rais-
ing operators. In other words, the coherent-state space
demands p to be the extreme state vector, which is too
restrictive to define a generalized quantum characteristic
function according to Eq. (4.53).

V. TECHNIQUES FOR CALCULATING
THE CONTINUOUS-VARIABLE REPRESENTATION
OF THE GROUP GENERATORS: ILLUSTRATIONS
The formalism presented in the above sections will be
applied to practical cases where the various continuous-

—a—,U(g) = expligox)

ag™

) d
exp( —igox) 2"

= expliogx) IV}, (g)ix)) =3 V. (g)
1 !

i>gtx_, ]p ] = exp
m

iZgéAl ] .
]

variable representations of the Lipkin SU(2), the Elliott
SU(3), and its extension Sp(6) are calculated as illustra-
tions. Techniques for calculating various differential rep-
resentations of the generators are given in the examples
and most results obtained here are new.

A. Representations in the group space

1. Group element in canonical form

Suppose the group element is written in canonical form
(2.1). Let us calculate the commutator

. d
CXP(18°X)‘—‘a;’;

Ug), (5.1a)

9
ag
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where the c-numbers V., (g) are defined through

exp(—igoK) 9 exp(igoK)— 2 L , (5.7a)
g’ V!
9 .
! ix;)= —i ) (igox)— .
V., (g)lix;)= exp(—igox ag"” explig g where
(5.1b) @0=~a§~;, Cy=[C,_pigeK]=i(CY'K),,  (5.7b)
. ! . -1 e 21
Since det ||V,,(g)||70, the inverse of V, V', exists. we have
Hence
. a . d hd i N—1
exp(—igoK) expligoK)— =3 —(C K)
Dg. m g,a_z :EV"(g)'m% , (5.2) ag’ 9g? NI N! 7
I g
=3V, (gIiK,),
which is the right representation. In a similar way, we v
obtain the left representation of ix,,, (5.8)
D, lg, 5‘1 —E[ Vv i(— i (5.3) which is linear in the generators K, with
' g " dg
1
Example: SU(2). Let K, (a=1,2,3) be generators of Vigr= E(e . (5.9)
the SU(2) satisfying . .
From Eqs (5.2) and (5.9), we obtain the right representa-
[KpKgl=id€up,K (5.4) tion of iK
Y v
9
The group element in canonical form is =3 Py (5.10)
v o
U(g)=expligeK), goK= K, - (5.5) )
& e & %g For the left representation, we have
It is not difficult to calculate D,, 8 ] 2 l il P a\‘ (5.11)
[K igo K1=3C,, (8)K, =(CK), , (5.62) -1 J, 0
14
where the matrix C (g) is defined as 2. Group element in noncanonical form
We still use the SU(2) as an example. Let U(g) be in
Cc= [Cay ] = l—% ngaﬁy J the Eulerian form,
U(g)= expliyK;)exp(iBK,)exp(iaK;) ,
3,2
03 g g =(a,B,y) . (5.12)
=|—¢ 0 g (5.6b) , .
2 1 To calculate the right representation we evaluate, ex-
g g panding the exponentials and using commutator (5.4) to-
By means of the identity gether with (2.9):
J
iU(g)=U(g)iK =Dp 4 g,i Ug), (5.13)
da 3 , dg
9 _ . . .
gU(g)— U(g)exp(—iaK;)(iK,)expliaKs)
= |(cosa)Dg , g,—a—* —(sina)Dpg , g,-a— Ug), (5.14)
’ ag ‘ ag
%U(g)=U(g)exp(—iaK3)exp(—i[J’Kz)(lK3)exp(iBKﬂexp(iaK;)
=[(cosa)(sinfB)Dg ;+(sina)(sinB)Dg ,+(cosB)Dg ;1U (g) (5.15)
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The solution of the above equations is

Dy, g,;)ag =i;7{?:—(cosa)(cotﬁ)a—(sina)gﬁ.
e gay- : (5.162)
Dr g’aig :ﬁ{g:ﬁ(Sina)(COtB)—a%-Hcosa)%
ZEZ, % , (5.16b)
Dg; g,gi; :i%?=%. (5.16¢)

These are precisely the angular momentum operators in
the Eulerian angle form.
For the left representation, we obtain

D, g,% =(cosy) cot[J‘)—+ siny) aé;}
— gosy 8. 5.17

sinB da ’ (5.17a)
D, 8,% Z—(Sin‘y)(cotﬁ)? cosy)aﬁ

4siny 3 (5.17b)

sm/3 da

a d
= . 5.17

D,, (g, = dg ay ( c)

This is precisely the continuous-variable representation of
the intrinsic group SU(2) in the Eulerian angle form. It
is well known that D, ; is anti-isomorphic to K, and iso-
morphic to K, and that SU(2) and SU(2) commute.

B. Representation in the coset space

To calculate the differential representation of the gen-
erators in the coset space, it is convenient to work in the
function space of the coset where the invariant state vec-
tor |¢,) with respect to S plays the role of the projectors
onto the coset space.

1. Example: SU(2)/S0(2)
Let the group element be
U(g)= expliyK;)expliBK,)expliaK;) ,

where the SO(2) generator is K;. The projector Pq, onto

the right coset space is equivalent to putting ¥ =0, and
the projector PQL onto the left coset space is equivalent

to putting a =0,
Pq, U(g)= expliBK,)expliaK;)=Qr(gr) ,

gr=(a,B) (5.18a)
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I8

P, U(g)=expliyK;)exp(iBfK,)

L

=Q.(g.),
g, =(y,B). (5.18b)

This procedure can be easily realized by introducing an
SO(2) invariant state |¢,) in the Hilbert space,

K;l¢g)=0. (5.19)

The functions of the coset SU(2)/SO(2) are defined as fol-
lows:

FRgr)=(aolU)y)=(ple
={yY|U(g)|¢y) =(¢le

It is obvious that the right representation can only be
defined in the function space FR(gy) and the left one in
the FL(g; ). By using the results of Sec. V A, we can easi-
ly obtain the representation of K, in the coset space
SU((2)/S0(2).

For the right representation, setting a=¢, =06, and
v =0, from Eqgs. (5.20a) and (5.16), we obtain

IBKZ iaK

ly),
g . (5.20b)

(5.20a)
ivK,  iBK

FRgp)={gole' ™2 19), gr=(0,9) (5.21)
and
I P S 9
1|8R> o2 iF (cosqo)(cot@)a(P
—(singp)—— 9 (5.22a)
¥ 50 :
Dg, gR’—asR =i7f§)=—(sin(p)(cot8)%
+(cosp)—— 9 (5.22b)
¥736 :
D3 gk»% =i#P= a(; , (5.22¢)

i.e., the orbital-angular-momentum operators of a parti-
cule with spin zero.

For the left representation, setting 3=60, y =¢, and
a=0, from Egs. (5.20b) and (5.17), we obtain

ipK, 16K
e

=(4le o), gL=(6,9) (5.23)
D —~— |=(cos )(cot9)i+(sm )— 9
L (Bl og, ¢ dp Mg
(5.24a)
3 i) ()
D, (8L» 3%, —(sing)(cotf) " +(cosp) =,
(5.24b)
D, gL,—azL 25%. (5.24¢)

This is_the differential representation of the intrinsic
group SU(2) in the coset space. However, Dy ,(gg,3/
ogr)and D, ,(g;,0/03g; ) have different definitions since
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they act on the different function spaces F®(gp) and
F%(g; ) which are related as follows:

FL(gL):[FR( —8Rr )]* .

It is easy to check that Eqgs. (5.22) and (5.24) satisfy the
relation

(5.25)

3

—g;,— (5.26)
8L ag;

* _ —
Da,L - DR,a

e

2. Example: SU(3)/SO(3) in canonical form

The Elliott SU(3) algebra is SUR)={Q,,L,}, where
Q,, are the Elliott quadrupole operators, and the angular
momentum operators L, constitute the SO(3) algebra.
The SU(3) group element can be written as

Ul(g)= exp(iaQ)exp(iQL) ,
UR(g)=exp(iQL)expliaQ) ,

(5.27a)
(5.27b)
where

a@=3a,0,, Q,=(—1FQ_,, u=-2,-10,1,
I

QL:‘*EQqu, LqZ(—l)qL_q, qg=—10,1.
q
Choosing |¢,)> as the SO(3) invariant state vector,

L,l¢y»=0, we have the functions of the coset
SU(3)/S0O(3) as follows:

FR(gr)= (ool UR(@) ) =(gle’Cly) , (5.28a)

Flig ) =(¢lU g)|py) =(le'@Q¢y) . (5.28b)
It is obvious that

Fhg )=[FR(—gg)]* . (5.28¢)

In a previous paper,’! we presented the right representa-
tion of the Elliott SU(3) in the coset SU(3)/SO(3) space,

— 1 2

B=(B,,), Bm=\/30aa(—1) p—v v —ul’

(5.29¢)
where the subscript d = —v, and
d d
= | —— = s L=(L

S aap , 9=(9,) (L,)
(5.29d)

(L_,=L,=0).

The left representation can be obtained in a similar way
as that for the derivation of Eq. (5.26). It reads
£;=£f*( —a), (5.30a)

QL=@r"(—a). (5.30b)

3. Example: SU(3)/SU(2) in noncanonical form

Choose [¢,) to be a
+Q—2)L23Q2_Q_2} Subject to

scalar of SUQ)={Q,

04,100 =L,l¢y) =0, (5.31a)
Qoldo)»=6ldy) . (5.31b)
The group element of the SU(3) can be written as
UR(g)=e—ia'(Q2+Q‘2)e—iB’Lze—iy'(szLQ‘z)eivLy
xeT(@QtQ ) iBL, ia(Q;+0Q_,) i0Q, ’ (5.322)
UL(g):eiBQoeia(Q2+Q<2)eiﬁLzei-y(Q2+Q_2)eivLy
X Q¥ 0Q ) ~IBL,  ~ia(Q+Q ) . (5.32b)
The functions of the coset SU(3)/SU(2) are
FRgr)={gol UR()|9)
:<¢0|eiVLzeiY(Q2+Qv2)eiBLzeia(Ql+Q_2)
xe' "%y (5.33a)
Frgr)=(y|U g)|¢o)
:<¢|ei6Qoeia(Q2+Q4)eiBLzeiy(Qﬁsz)
xe'" | do) | (5.33b)

where gr =g; ={0,a,B,v,v}. The generalization of the
method for deriving SU(2) representation (5.12) and (5.16)
leads to the following results for the right representation:

_ J
LE= B | (5.29a)
q
R t 172 tpy1/2 a
Qf=—i| [38'8| “cor38'8) 22 | | (5.200)
da u
where

J
SR=i]3 . . d L 3
x=1I|3sin(0+a 7/)(51n[j’)(tanv)a—6—7sm(9+a—'y)(cscB)(cotv)—a;-

+cos(0+a—y)(cosB)coty) > + L sin(6+a—y )[(cscB)(cotv)-HsinB)(tanv)]%

9B

+eos(0+a—y )(sinB)2- |
v

(5.34a)
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LE=i|—3sin(6—a—y)(cosB) tanv)i— L sin(@—a—y MsecB)(cotv)— 9
Y a0 da
+cos(6—a—y )(sinf3) cotv)a—%——sm(e a—y [(secB)(coth—(cosB)(tanv)]ai
—cos(()—oz—y)(cosﬁ)i (5.34b)
v
LR=j (cotZB)(sinZa)—a——(cos?.a)i—(csc213)(sin2/3)—§- , (5.34¢)
z da B dy
(@ +Q_y)F=—Voi-L, 0F=—312 (5.34d)
2 da’ ° 30 ’
(@2—(9_2)R=\/_6 ——(cotZB)(COSZB)a —(sin2a) 5§+ csc2f3) cosZa)aa , (5.34¢)
(Q+Q_R=+(2)172 -—3cos(6+a—y)(sinﬂ)(tanv)5%+cos(9+a~y)(cscf3)(c0tv)%
+2sin(8+a—7v)(cosB)(cotv) aafa‘
—cos(9+a—7/)[(cscB)(cotv)+(sin/3)(tanv)]§
+2sin(0+a—y ) sinB)? (5.34f)
(Q—Q_r=()"% 3cos(@—a—y)(cosﬁ)(tanv)—gg+cos(9—a—7/)(secB)(cotv)g{;
+2sin(8—a—y )(sinf)(cotv) —EE+cos(6—a—7/)[(secB)(cotv)+(cos/3)(tanv)]%
—2 sin(@—a—y)(cosB)a— (5.34g)
f
which allow analytical solutions of all the SU(3) irreduc-  a,, =(r,,—ip;)/V2, a;=(r;+ip,)/V?2 ,
ible representation bases.?%?’
a=x,y,z (5.36)

For the left representation, the following relations

hold:
Fig )=[FR(—gg)]*, (5.35a)
LEYg ) =[LR(—gr)]*, i=x,p,z (5.35b)
Qrg)=[Qf(—gp)]*, p=%2,%1,0. (5.35¢)

C. Representation in the coherent-state space.
Example: Sp(6)/U(3)

Let r;, p; be the coordinate and momentum of the ith
particle; the corresponding creation and annihilation

operators can be constructed as follows:
J

As an extension of the Elliott SU(3) group, the Sp(6)
group consists of the following generators:

1

¥
a, al , (5.37a)
o \/1+5a,3,§1 B
1 A
Aa e — a;,a3 (5.37b)
? \/1+6aﬁ,§1 g
c =§,(a-+a« +18,5) (5.37¢)
aB ia%ip vV 7%pB’ :

i=1

where the generators C 5 constitute the U(3) subalgebra.
Their commutators are

[CaprCrel=CreBp,—CrpBac - (5.38a)
[Copr A 1= — \/11% By V105 5 +8,V/ T8, 545 , (5.38b)
(A5 4,0=— 1 (CpyBuet Cry S5+ Cpedy+ Cocp,) (5.38c¢)

VI(1+8,5)(1+8,,)
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1 JUS— R
[Copr A} 1= = [85, VT8, A L+ 85V 1480, 41,1 5 (5.38d)
V1+8,,
[Aap 4,]= [AaB7 ;e]zo . (5.38¢)
[
AZ;B are the cross-shell two-phonon excitation operators t_ 1+6,, veve 4
and responsible for the giant quadrupole and monopole grA4 =% ‘/2 (g ) Ay,
resonance excitations. C,z are the phonon-conversion e (5.40¢c)
operators and responsible for the surface oscillations. A= 2 grea,
Suppose |¢,) =|N,N,N) is the ground state of a nucleus 8-
with a closed shell in harmonic-oscillator basis, then
The functions of the coherent state are defined as
Aqp5l¢e) =0, (5.39a) . 4
FRg_)=(gol UR@¥) g —o=(gole” "),  (5.41a)
— _ 4 .
CHB|¢0>_A0BI¢0)’ AaB‘— N+“2_ 6116 N (539b) :<¢|UL(8)!¢0>|gs=o=<¢|€g+ |¢0> (541b)
. . . We first calculate the right representatlon From the
where N is the total phonon number in each direction. equation
Obviously |¢,) is the lowest-weight state of a certain irre-
ducible representation of the Sp(6). To construct the 3 BFR(g' )=v2(1 +8a3)<¢o|eg7 AAaBWJ)
coherent state of the Sp(6), we write og
= 0
UR(g)= exp [Zggﬂcaﬁ exp(g* AT exp(g_A4), =V2(1+8,5 A% 8 3g FRg_)
a,B
(5.40a) (5.42a)
s we have
Ul(g)=exp(g* A ) exp(g_ A)exp zggﬁcaﬁ ] , 3 1 )
a,B R —
A — =—= . (5.42b)
(5.40b) B 183 | Val1+6,,) 3g®
where Furthermore, from the equation
J
CRy g oo |FRg ) =(gole® "Cope * "~ "|y)
og _
= (ol |Cope®™ +z\/ T+8,0(1+850v2g%* " 45 |100)
Aapt SV (148, )(1+84)V 2 %A L, g_,ﬁ— FRg_) (5.43a)
€ —_
we get
d ——
Cs 8- gg |TAast SVIF8,0(1 6,0V 2% AR,
- €
= At SV (148, /(1+85.)g% W (5.43b)
€ g
To get (A fﬁ)f, we need to calculate
0="{0,| AZBeg“ ‘hp)
2
=(ole®" —(2N + A)V2g% — SV (1+8,)1+85)(1+8,)ggk 4., |1¢)
1+8,57.¢
(ARN =N + 4V 2g P — ——=—— 51/ (146, (1 +55)(1+5,.)g7gP AR |FR(g_) (5.44a)
V1+8,57e
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and obtain
(AR 85, =(2N+ A)V2g % + —-2—2\/( 1484, (1+85 (148, )g7gh AL
8 - \/ Baﬁ Y, €
172 1 3
=(2N + AV 2g ¥ + ay g Be 9
V28 7o, EV(1+8ay)(1+535)(1+876)g,g, [To., ag7 (5.44b)
In summary, we have obtained the right coherent-state representation of the Sp(6) as follows:
= : 2 (5.45a)
B 21+, g -
172
R\t o) o B
(A p) =(2N + A)V2g*¥ + 1+5., ,,2,6‘/(1+8ay)(1+6ﬁ€)/(1+8”)g(ﬁgfag/’f , (5.45b)
CR=(N + 4/2)8,5+ SV (18,0 /(1 F 5508 “~2
aff af 2 ae Be g agﬁf . (5.45¢)
€ —_

The left representation can be obtained from the follow-
ing relations:

Flg )=[FR(g_)]* (g.=g*), (5.46)
a *
ALy 8405y ]= (AR g~’—a; ] , (5.47a)
R _
*
(AL g+,%J= ARy g;,%H : (5.47b)
+ —
a *
Ces 8+,—ag = |Gk, |g—, 8; (5.47¢)
+ —

By using the DGR-GCM,?! the coherent-state repre-
sentation can be transformed into boson form. For the
right representation it amounts to the substitutions

1 d

Vi(l+b,, og® b (482

V2g® bl (5.48b)
where the boson operators obey

(b b s 1= (8uwbps +8uppu) /(1+8,5) ,  (5.49)

[buprbup1=1b55,bL051=0. (5.49b)

The right representation in the boson form is thus?®

AR=b,5, (5.50a)
(AR)'=02N+ 4],
1
+ 3V (1+8,,)(1+8,)(1+5,,)
V148,57 Y v
xblblb,., (5.50b)

CRe=(N+A4/2)8,5+ 3V (1+8,)(1+85)bl.b 5 .

(5.50¢)

V1. DISCUSSION

In this paper we have presented a unified formalism for
the continuous-variable representation of dynamic
groups. Our general formalism is based on the
differential on the group manifold. The advantage of the
formalism is that it unifies different continuous-variable
representation theories. For instance, the DGR-GCM
and the GQCEF at first glance appear to be quite different
approaches. After the above lengthy investigation we
finally find out that these two approaches are just two
specializations of a general formalism in two different
physical spaces (the Hilbert space and the von Neumann
space). Their common features are thus unveiled clearly.
The unification of different continuous-variable represen-
tation theories of the dynamic groups will strengthen
their mathematical foundation and make the theories
more transparent.

Another interesting point of the present formalism is
to display the duality of the right and the left representa-
tions of the dynamic group. This duality of representa-
tions is universal and reflects the following profound and
well-known fact: According to group theory, any group
G has its anti-isomorphic counterpart, its intrinsic group
G. This universal property of the group is of course
preserved in its representation theory. We have known
for a long time the situation for the rotation group SO(3)
where the anti-isomorphic counterpart of the rotation
group SO(3) is just the same group viewed from the in-
trinsic coordinate system (for example, the body-fixed
system of a rotating top). From the SO(3) example we
conjecture that any intrinsic dynamic group and its rep-
resentation have some physical meaning. In this paper
we have seen that the duality of representations in the
SO(3) case exists in general. The questions are therefore
raised about the physical meaning of the left representa-
tion of the dynamic group and its usage in physics. This
problem deserves further investigation.
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