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The Glauber approximation is applied to elastic scattering of protons by hydrogen atoms
and to excitation of the 2s, 2p, 3s, and 3p levels of the hydrogen atom by proton impact. The
predicted differential and integrated elastic and excitation cross sections are compared with
other calculations and with the available experimental data. A minimum appears in both the
1s-2s and ls-3s integrated cross sections near 15keV. The corresponding differential cross
sections near 15 keV exhibit a minimum and a maximum at very small scattering angles. The
Glauber approximation is a considerable improvement over the Born approximation at energies
&-200keV and the distortion approximation at energies &-100keV. At energies &-200keV,
our calculated total excitation cross sections are close to the Born approximation. Neverthe-
less, over most of the angular range our calculated differential cross sections are very differ-
ent from the Born-approximation values. Above 10keV our results are in good agreement
with the only available experimental data (1s-2p), indicating that above 10keV the Glauber
approximation should yield reasonable estimates for proton-hydrogen-atom collision cross
sections.

I. INTRODUCTION

Scattering approximations are perhaps best
tested by applying them to systems whose internal
structure and interaction with the incident pro-
jectile are both known. In recent years one of the
most successful methods for describing medium-
and high-energy nuclear collisions has been the
Glauber approximation. Applications of this ap-
proximation to nuclear scattering problems gen-
erally require a knowledge of hadron-nucleon in-
teractions and of the structure of the nucleus, both
of which are imperfectly known. These difficulties
are avoided, however, by applying the approxima-
tion to scattering of charged particles by hydrogen
atoms or other simple atomic systems. In such
applications the internal structure of the scattering
system is usually well known as is the interaction
between the incident particle and the system. Thus
applications to atomic scattering may be the most
stringent tests of collision theories. The possibility
of using atomic systems as testing grounds for
scattering theories is, in itself, both convenient
and of interest. Furthermore the application of the
Glauber approximation to atomic scattering is of
additional significance since its region of applica-
bility covers an energy range for which the Born
approximation is inaccurate, and most other ap-
proximations are either inaccurate or prohibitively
tedious.

The Glauber approximation for atomic collisions
was first described by Franco for scattering of

charged particles by hydrogen atoms with partic-
ular applications to elastic scattering of electrons
by ground-state hydrogen. Subsequently Tai et
al. and Ghosh et al. analyzed inelastic scattering
of electrons by ground-state hydrogen. The theo-
ry was also extended to scattering of charged par-
ticles by helium atoms with particular applica-
tions to elastic scattering of electrons by ground-
state helium and to scattering, by arbitrary atoms. '
The applications to scattering by hydrogen showed
that below 200 eV the Glauber approximation yielded
integrated cross sections which were in good agree-
ment with measurements, whereas the first Born
approximation gave results which compared poorly
with the data. Above 200 eV, where the first Born
approximation might be expected to be accurate,
the integrated cross sections from the Glauber
and Born approximations were nearly identical.
Nevertheless, the two approximations revealed
very different differential cross sections, even
above 200 eV. A similar conclusion was found in
the application to elastic scattering by helium.
The existing data showed" that the differential
cross sections obtained from the Glauber approxi-
mation were in rather good agreement with the
measurements, whereas those obtained from the
first Born approximation, particularly at small
angles in the elastic scattering collisions and at
large angles in the inelastic scattering processes,
were not. Thus the Glauber approximation has
been particularly successful in describing electron
scattering above 200 eV, where the Born approxi-
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mation is still not very accurate and, perhaps
more significantly, at energies even as low as
approximately 30 eV, where the Born approxima-
tion is very poor. It appears, therefore, that
intermediate- and high-energy scattering of elec-
trons by atomic hydrogen is now reasonably well
described.

The relative success of the Glauber approximation
analyses of electron scattering leads naturally to the
question of its applicability to the scattering of
protons. We present here the theory and calcula-
tions for elastic and inelastic scattering of protons
by ground-state atomic hydrogen, together with
comparisons with existing measurements. Scat-
tering of protons by atomic hydrogen is potentially
more complex than scattering of electrons since
for a given incident velocity a proton can transfer
a very much greater momentum to the target than
can an electron. Furthermore, the minimum
velocity required by protons to effect inelastic
transitions is much smaller than that required by
electrons. In addition, near the velocities which
correspond to threshold for electron scattering,
incident protons can effect the transitions with ap-
proximately half the momentum transfer needed
in electron collisions. These properties of proton,
collisions, including the great increase in the
range of the physically allowed momentum trans-
fers, in both the small and large momentum trans-
fer regions, could (and, as we shall see, indeed
do) give rise to effects which are absent in elec-
tron- hydrogen collisions. Furthermore, the scat-
tering of protons by atomic hydrogen is perhaps
of greater fundamental interest and complexity
than the scattering of electrons because of the
presence of additional reaction channels corre-
sponding to charge transfer (proton-proton ex-
change is negligible except at extremely high en-
ergies). In the first Born approximation, coupling
between reaction channels is completely ignored.
The impact-parameter form of the close-coupling
approximation, which is already nontrivial, is
made considerably more complicated by the addi-
tion of the charge-transfer channels. In fact, all
approximations which hope to explicitly include
the effects of coupling suffer much the same fate
when charge-transfer states are included. On the

other hand, the Glauber approximation implicitly
contains coupling to all states of the system. These
states do not explicitly appear in the resulting

equations of the Glauber approximation since they

are eliminated by means of a closure approxima-
tion. Presumably the Glauber approximation,
therefore, would contain the effects of coupling
not only to the direct but also to the charge-trans-
fer reaction channels.

In our analysis we consider the direct reactions

H'+ H(ls) H'+ H(ls, 2s, 2p, Ss, 3p)

for incident protons with kinetic energies greater
than approximately 1 keV. In Secs. II and III we
briefly describe the Glauber approximation for
scattering by hydrogen atoms and present the theo-
retical expressions for the scattering amplitudes
and cross sections for the various inelastic and
elastic collision processes. In Sec. IV we present
our results and compare them with other theories
and the existing experimental data.

II. SCATTERING AMPLITUDES

We consider a spinless structureless particle of
mass m and charge Z incident upon a hydrogen
atom of mass I initially at rest. Let K; and K&

be the initial and final momenta, respectively, of
the incident particle in the center-of-mass system.
In terms of the initial and final relative velocities
we have BK;= pv, and IK&= yves, where p =mM/
(m+M). Of course, since the hydrogen atom is
initially at rest, v; is just the velocity of the in-
cident particle in the laboratory. Let q be the
momentum-transfer vector defined by

q=K)- Ky .
The Glauber approximation amplitudes for scat-
tering in which the atom undergoes a transition
from an initial state i to a final state f are given by

E&, (q)= (iK, /2m') fu)(r)I'(5, r)u ;(r)e" . d bdr,
(2)

where u& and u& are the initial and final bound-
state wave functions. of the atom,

e ix (be r)

and the phase-shift function X is given by

y(b, r) = —(I/hv;) f V(b, r; g)d& . (4)

In Eq. (4), V(b, r; P) is the potential seen by the
incident particle. We neglect spin-dependent in-
teractions so that V is just the sum of Coulomb
potentials between the incident particle and the
atomic target.

In the above equations, r' and r denote the coor-
dinates, of the incident particle and the bound
electron, respectively, relative to the atom nu-
cleus; we have written r'=b+f, where f is the
direction (in the center-of-mass system) of the
path of integration in Eq. (4) and 5 is the projec-
tion of r' onto the plane perpendicular to f. Fur-
thermore, in Eq. (2) it is assumed that the vector

q is perpendicular to g, i.e. , that q lies in the
plane containing b. For intermediate- and high-
energy incident protons (kinetic energies &10 keV)
the major portion of the scattering will be into
small angles near the forward direction, so that
to good approximation the vector q is nearly per-
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y(b, r) = 2n In(~b- s ~/5),

where

n = —Ze~/hv, (6)

and s is the projection of r onto the plane contain-
ing b, i.e. , perpendicular to f

pendicular to K&, b is the impact parameter vector
in the center-of-mass system, and f is approxi-
mately in the direction of K&.

For particles of charge Z incident upon atomic
hydrogen, Eq. (3) becomes'

The amplitudes of Eq. (2) corresponding to the
transitions of Eq. (1) have been evaluated by
Franco and by Tai et a/. for incident electrons.
With the understanding that SK& is the initial mo-
mentum of the incident particle in the center-of-
mass system and n is given by Eq. (6), these re-
sults are applicable in general to particles of ar-
bitrary mass and charge. For completeness we
present here the results which we shall apply to
proton-hydrogen scattering. The bound-state wave
functions are quantized along the direction g, and
the amplitudes are expressed in atomic units.

The amplitudes for the transitions 1s - 1s, 2s,
3s are given by

f s/2

sin 8+ & q cos 8)4

—2'. M2 . t' '
. , 8

(sin 8--v'q'cos'&sin 8+~Tq cos 8)
(sin 8+~q cos 8 (6)

—3sv 3 . fein 8+s q cos2&sin48 —(3 /2 )q cos4&sin 8+ (3'/2 )q cos 8]+Ss is(q) s iKi . s 82' (sin'8+~s q' cos 8)

xsin &cos&yo(n, 8)d&,

where

y, (n, 8) =1 —(I/ii)(cos&) ""
J, (1 —sin2&cosp)'"dp .

(10)

The integral in Eq. (10) may be evaluated from the
previously used2 formula

(I/&) J (1 —sin28 schmo)'"dP

= ~cos28~' '"zE, (s+ &in, 1+ &in; 1;sin 28), (11)

so that Eq. (10) becomes'

yo(n, 8) = 1 —(cos8) ~'"~cos28 ~'2'"

x 2Ei(s+ &in, 1+ sin; 1; sin 28). (12)

For the transitions 1s- 2p, Sp, the amplitudes
depend upon the orbital magnetic quantum number
m of the final bound state. When m =0 we have

(13)

5 r/2

, i, (q)=&" s~R'&q sin &cos~&
k1 2

[sin48+~q'sin'&cos 8 —(38/2 )q cos4&j
(sin'8+T98q~ cos'8)s

x yi(n, 8)d8, (16)

where

y, (n, 8)= (I/it)(cos&) '" J cosg(1 —si 2n&ocsg)'" Pd

(16)
3 ' 8

yi(n, 8) = —s~in (cos8) ""sin28
~

cos28
~

"'"
x,&,(1+sin s+sin;2;sin 28).

In these results Qs —w is the azimuthal scattering
angle. This completes the specification of the
Glauber approximation amplitudes.

III. CROSS SECTIONS

and when m =+1 we have

122
+as„,i.(q)=e '

3s If«

We may obtain the differential cross section in

the center-of-mass system from the scattering
amplitudes by means of the relation

(sin 8-v4q cos 8)sin 8cos 8, . z ~ z 2 ~ y (n 8)d&,
(sin 8+~q cos 8

(14)

(18)

where dQ is the element of solid angle in the center-
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y, were computed via their relatively simple in-
tegral representations and also via their power-
series expansions. The integrated cross sections
were then computed by means of Eq. (22).

A. Elastic Scattering

In Fig. 1 the Glauber approximation for the in-
tegrated elastic scattering cross section is shown
as a function of the laboratory kinetic energy of the
incident proton. In the energy region shown the
cross section is equal, to three significant figures,
to that obtained from the first Born approximation.
The curve in Fig. 1 is, in fact, a straight line,
reflecting the E ' dependence of both predictions.
For E & 10 keV we have

Proton Energy {keV )

FIG. l. Integrated elastic scattering cross section, in
units of m.ao, for protons incident upon atomic hydrogen as
a function of the laboratory kinetic energy. The straight
line represents both the Glauber and first Born approxi-
mations, which are nearly identical over the energy range
shown.

of-mass system. Furthermore K& is determined
by

K&'=K, '- (2p/h')(ez- e,),
where e, and && are the energies of the initial and
final bound states.

The integrated cross section may be written as

o~ = (&el& ) f l&~~ (q) I
did . (19)

If we take advantage of the fact that

q' = K,'+K '- 2K, K cos8,

where 8 is the scattering angle in the center-of-
mass system, the integrated cross section becomes

oI&= (1/«')f, '.,'qdq .f l&~;(~) I d4" (»)
The amplitudes given by Eqs. (7)-(9), (14), and

(15) are such that lEqq I is azimuthally symmetric.
The functions lE&; l depend only on the magnitude
of q, not on its orientation. Consequently we have

o~, =(2~/Jf' )f ' IF~;(q)I'qdq. (22)

&„' «, (E)=o„""„",(&)=58/E (keV) (in units of wa2O).

(23)
The virtual equality of the cross sections obtained

from the two approximations over such a large
energy range is a rather surprising result, par-
ticularly in view of Fig. 2, which shows the center-
of-mass differential cross section (in units of

mao) as a function of q. The solid curves are the
Glauber approximation for 15- and 200-keV protons.
The dashed curve is the first Born approximation,
which is the same function of q for all energies.
As q 0 the Glauber curves diverge as ln q, where-
as the first Born curve approaches p, '/@=M /4&.
As q ~ both curves fall off as q . The asymptotic
behavior of the Glauber elastic amplitudes for
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IV. RESULTS AND DISCUSSION lo

%e have calculated the amplitudes and cross
sections of Secs. II and III for incident protons
with laboratory energies E such that 1 &E & 400
keV. The amplitudes were computed by numerical-
ly integrating Egs. (7)-(9), (14), and (15) at a
sufficient number of the physically allowed values
of q to enable a determination of the integrated
cross section az;(E) to within an accuracy of 1%.
The hypergeometric functions appearing in yo and

&o'

Io 10

q (o, '
)

ioo '
Io

FIG. 2. Center-of-mass differential cross section, in
units of Vrgo, as a function of the momentum transfer q, in
units of pa~, for 15- and 200-keV protons elastically scat-
tered by atomic hydrogen. The solid curves are the
Glauber approximation; the dashed curve is the first Born
approximation.
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large q is not easily obtained from Eqs. (f) and

(12). However, Thomas and Gerjuoy have re-
cently obtained closed-form expressions for the
Glauber amplitudes which require no further in-
tegration. Taking the limit of large q in their
expression for the elastic amplitude, one obtains
the above result. Alternatively, one may expand
the hypergeometric function appearing in Eq. (12)
in a series which converges everywhere within the
range of integration and integrate term by term.
One obtains an infinite series of hypergeometric
functions with delicate convergence properties for
arbitrary q. However, by using an appropriate
analytic continuation for these hypergeometric
functions when q is large, one can show that the
leading term in the expansion of the amplitude in
powers of q

' is, in fact, proportional to q and
therefore lE I ~q

Since the integrated cross sections obtained
from the two approximations are nearly identical,
the integral in Eq. (22) has virtually the same
value for each curve in Fig. 2. The differences
between the Glauber and Born curves therefore
cancel exactly, or almost exactly.

Since the Glauber amplitudes are nontrivial
functions of the speed of the incident particle, it
is not possible, short of explicitly computing the
amplitudes and cross sections, to determine easily
the proton energies at which the Glauber and first
Born total elastic cross sections begin to differ
significantly. Although the equality of the Born
and Glauber integrated elastic cross sections oc-
curs in electron-hydrogen scattering above 100 eV,
it does not occur, for example, for incident elec-
trons with the same velocity as 15-keV protons.
The reason for this difference results from the
very unequal momentum transfer ranges physical-
ly available in the two cases. For 15-keV protons
the upper limit in the cross-section integral (22) is

q =2K]=1.42x10 go

The energy of an electron with the same velocity
as a 15-keV proton is 8. 2 eV. As we can see from
Fig. 1 of Ref. 2, the Glauber integrated cross sec-
tion exceeds the Born cross section by almost a
factor of 2 for such an electron. The corresponding
electron-hydrogen differential cross sections as a
function of q are given by the 15-keV curve of Fig.
2 of the present work, provided the curve is re-
duced by a factor of (2M)2. Now, however, the

upper limit in the integrated cross-section integral
is only q ~=1.55 ao', as indicated by the arrow on

the q scale of Fig. 2. It is this small value for
the upper limit which leads to the large difference
between the Glauber and Born predictions of the
integrated cross section for such an electron.

It is worth noting that the Glauber differential
cross sections for protons with kinetic energies

of 184 keV, 920 keV, and 9. 2 MeV may be obtained
directly from Fig. 2 of Ref. 2 by multiplying the
cross sections given by those curves by the factor
(2M) .

B. Inelastic Scattering

1.0— p+ H (~s) p+ H (2s)

,05—

.02—

.OI I I I I I III I I I I I I II
5 IO 20 50 100 200 500 IOOO

Proton Energy (keV )

FIG. 3, Integrated cross section in units of 7(+0 for
the 1s-2s excitation of atomic hydrogen by proton impact,
as a function of the laboratory kinetic energy of the pro-
ton. Curve G is the Glauber approximation; curve B is
the first Born approximation (Ref. 11); curve F is the
close-coupling calculation of Flannery (Ref. 13); curve D
is the distortion approximation of Bates (Ref. 12).

In Fig. 3 we compare our calculation of the in-
tegrated direct 1s-2s excitation cross section
(curve G) with various other theoretical predictions.
Curve B is the first Born approximation, "curve
D is the distortion approximation of Bates, and

curve F is the close-coupling result of Flannery. '
Curves D and F were calculated from the impact
parameter form of the close-coupling approxima-
tion. The distortion approximation assumes that
only the coupling between the initial and final atom
bound states is significant, whereas Flannery has
included coupling to the 1s, 2s, and 2PO „direct
reaction channels.

The integrated 1s-2s cross sections obtained
from the Glauber approximation lie well below
those obtained from the Born approximation at en-
ergies less than -100 keV. This is expected since
a similar relationship between the two approxima-
tions exists for the 1s-2s cross sections in elec-
tron-hydrogen collisions. ' The Glauber approxima-
tion differs qualitatively from all the other calcu-
lations shown in Fig. 3 by the presence of a min-
imum near 15 keV. ' One effect of the appearance
of this minimum is to shift the kinematical max-
imum to higher energies and to exhibit an additional
maximum near 8 keV. Above 150 keV the Glauber
and distortion approximations are essentially in-
distinguishable. The Flannery curve lies every-
where above the Born curve for energies greater
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FIG. 4. Integrated cross section for 1s-2s excitation.
The solid curve is the Glauber approximation. The two
dashed curves are the 3- and 5-state close-coupling re-
sults of Ref. 17. The solid circles represent the values
actually calculated in Ref. 17.

than 12 keV, presumably because of the inclusion
of the optically allowed 1s-2P channel and the
strong long- range 2s- 2P dipole coupling. Flannery

has recently repeated his calculation, "but now

also includes the influence of all ion-multipole in-
teractions with the ground state. The inclusion of
the pseudostates defined by these interactions
raises curve F everywhere by a factor ranging
from approximately 60'%%uo at low incident proton en-
ergies to approximately 20'%%uo at high energies.
However, it is quite probable that both of Flannery's
results overestimate the 1s-2s cross section near
his maximum (-20 keV) since coupling to charge-
transfer states is not included in those calculatione
At 20 keV, where the maximum of curve F occurs,
the cross section for charge transfer into the 2s

state, as measured by Bayfield, M is approximately
0. 4 mao which is of the same order of magnitude as
the cross section of curve F at that energy. It is
reasonable to at least assume, therefore, that res-
onant coupling between the final direct and charge-
transfer channels may be strong and therefore
should not be ignored. It is interesting to note that
the minimum in the Glauber curve roughly coincides
with the maximum of the 2s charge-transfer cross
section.

In Fig. 4 we compare our total cross sections
(solid curve) for Is-2s direct excitation with the

recent and rather arduous close-coupling calcu-
lations of Cheshire, Gallaher, and Taylor. '7 The
results of Cheshire et al. were obtained from the

impact parameter form of the close-coupling ap-
proximation in which coupling with the charge-
transfer channels was included. In particular, the
"3-state" close-coupling results (long-dashed
curve) were obtained by explicitly coupling to the

1s, 2s, and 2P states of hydrogen in both the direct

and charge-transfer channels. The "5-state" re-
sults (short-dashed curve) were obtained by adding
pseudostates to the previous set of states. These
pseudostates, which we designate by (Ss )' and (SP) ',

were constructed with energies corresponding, re-
spectively, to then = 1andn = 2 states of atomichydro-
gen but orthogonal to them. In this manner a 99%%

overlap with the first three states of He' was
achieved. Furthermore, the (3s)' state lies al-
most entirely in the hydrogen continuum whereas
the (SP)' states overlap the complete set of hydro-
gen bound states by 86%. Again, these states
were included in both the direct and charge-trans-
fer channels. The solid circles on the close-cou-
pling curves of Fig. 4 are the actual cross-section
values computed by Cheshire et al.

By comparing curve F of Fig. 3 with the "3-state"
result of Fig. 4, we see that for 1s-2s excitation
inclusion of the charge-transfer states reduces
the Flannery result by a factor of -3 near 20

keV, as expected. However, beyond 200 keV the

two curves are almost identical, reflecting the fact
that including the charge-transfer states does not

appreciably affect the long-range 2s-2P dipole
coupling in the direct channel. Aside from en-
hancing the primary maximum near 60 keV, the
inclusion of the (Ss)' and (SP)' pseudostates lowers
the cross section everywhere beyond 10 keV. Be-
yond 100 keV the "5-state" curve is indistinguishable

from the first Born curve of Fig. 3, so that at
high energies the effect of coupling to the pseudo-
states is to cancel that of the direct dipole coupling.
Furthermore, beyond 5 ke V we note a striking
similari. ty in the gross over-all structure of the

close-coupling curves and the Glauber approxima-
tion.

Although the two close-coupling curves are not
consistent with one another below 10 keV, they
both predict a third maximum in the cross section

between 1 and 5 keV which does not appear in the
Glauber curve. However, if the Glauber curve were
extended to lower energies, a third maximum would

appear just below 1 keV, but with a cross section
which is only of the order of 10 ra~. At present
there exist no experimental data for the 1s-2s ex-
citation with which to compare the theoretical
predictions. The structure in the 1s-2s Glauber
curve for proton impact was not observed for in-
cident electrons' primarily because an electron
having a velocity equal to that of a 5- or 10-keV
proton cannot induce the 1s-2s transition.

The anomalous behavior of the Glauber integrated
1s-2s cross section between 5 and 25 keV is re-
flected in the differential cross sections of Fig.
5, which shows the center-of-mass differential
cross sections for direct excitation to the 28 state
as functions of the momentum transfer q. The



E LASTIC AND INELASTIC SCATTERING OF PROTONS. . . 951

Io

5
IO

4
Io

ISO

+BORN
50&/ y

p+ H (ts) p+ H (2s)

5l Io
Q

Ol 2lo—

b IO'—

0
IO

-I
IO

Io
IO

' IO'

(& )

IO'

FIG. 5. Center-of-mass differential cross section for
the 1s-2s transition, as a function of the momentum trans-
fer q. The long-dashed curve is the first Born approxi-
mation (Ref. 11), which is independent of incident energy.
The other curves are the Glauber predictions for 5-, 10-,
15-, 50-, and 150-keV protons.

long-dashed curve is the first Born approximation, '
which is independent of the incident proton energy.
The other curves are the Glauber predictions for
5-, 10-, 15-, 50-, and 150-keV protons. The left
end point of each of these curves corresponds to
scattering in the forward direction. Since at these
proton energies K,'» 2p (e2, —e&,)/h and there-
fore K&/K, = 1, the curves of Fig. 5 are just the
absolute squares of the scattering amplitudes as
a function of q for the energies shown.

We can now see how the minimum in the Glauber
integrated cross section occurs. For example,
in order for the integrated cross section at 15 keV
to be greater than that at 10 keV, f(do/dQ)qdq at
15 keV would have to be greater than 1. 5 times
the corresponding integral at 10 keV [see Eq. (22)].
It is seen in Fig. 5 that for q &1.3ao the intensity
for the 1s-2s transition is somewhat greater for
15-keV protons than for 10-keV protons. However,
for 15-keV protons the differential cross-section
possesses a rather deep minimum in a momentum
transfer region where the intensity for 10-keV
protons contributes substantially to the total in-
tegrated cross section. This rather large decrease
of the intensity for 15-keV protons below that for

~E2, » ~' ~ (ttn/einhorn)'n~(1+ns), (24)

where n is defined by Eq. (6). Hence at fixed
large q, dos, „/dQ-0 as E-0 and decreases as
E~oo

We might note that the shoulder in do/dQ at 50
ke V may be viewed as a precursor to the minimum
in do'/dQ at the lower energy of 15 keV. It is in-
teresting to note that a shoulder also exists in
do/dQ for 1s-2s transitions in electron-hydrogen
scattering at 50 eV (see Fig. 8 of Ref. 3). It
would not surprise us to find a minimum at lower
energies in electron-hydrogen scattering unless
the energy at which it would be expected to occur
was below 10. 2 eV, the excitation energy for the
2s state, or unless the momentum transfer at which
it would be expected to occur was below the min-
imum momentum transfer physically allowed at
that energy.

10-keV protons is not sufficiently compensated for
by the larger intensity for 15-keV protons in the
large-q region, since the intensities in that region
rapidly become too small to contribute appreciably
to the total integrated cross section. Nor does the
additional small-q range physically available to
15-keV protons, but not to 10-keV protons, suf-
ficiently compensate the effect of the minimum;
this additional range is quite small and, further-
more, occurs for q &1 so that the extra factor of

q in the integrand of Eq. (22) tends to minimize
the contribution of this range to the integral. Thus
although the integral f (do/dQ)q dq at 15 keV is
indeed greater than the integral at 10 keV, the
minimum in the intensity for 15-keV protons is
deep and broad enough and occurs over an important
momentum transfer range so that, together with
the kinematical factor K; in Eq. (22), it is suf-
ficient to produce a minimum in the integrated
cross section. If regarded simply as functions of

q and extended to the left, the Glauber curves of
Fig. 5 diverge as ln q as q approaches zero, in
contrast to the Born curve which approaches a
finite value. For large q the Glauber curves fall
off as q (Ref. 10), whereas the Born approxima-
tion goes to zero as q

' (Ref. 11). The large-q
behavior of the Glauber 1s-2s amplitude reflects
the fact that the contribution to the Glauber in-
elastic amplitudes arising from the proton-nucleus
interaction does not vanish as it does in Born ap-
proximation. We also note a rather curious be-
havior of the Glauber curves with varying incident
particle energy, but fixed large q. Namely, the
150-keV curve lies everywhere between the 15-
and 50-keV curves for q &2ao'. Again, the energy
dependence of the 1s-2s amplitude is not easily
extracted from Eq. (8). However, from Ref. 10
we see that for large q
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FIG. 6. Integrated cross section for lg-2p excitation
by proton impact, as a function of proton laboratory
kinetic energy. Curve G is the Glauber approximation;
curve B is the first Born approximation (Ref. 11); curve
D is the distortion approximation (Hef. 18); curve F is
the close-coupling calculation of Flannery (Ref. 13). The
experimental results are by Stebbings et al. (Ref. 19).

In Fig. 6 we compare the Glauber 1s-2P excita-
tion cross section (curve G) with the predictions
of the various theoretical approximations previously
discussed. Curves B, D, and F correspond to the

same Born, "distortion, ' and close-coupling'
approximations used in the curves of Fig. 3. The
experimental values were measured by Stebbings
et al. " Again the Glauber approximation lies well
below the first Born approximation at energies
less than 100 keV. Above 30 keV the distortion
approximation (curve D) lies very close to the
Born approximation, indicating that distortion is
less important for 1s-2P excitation than for 1s-2s
excitation, a point which has been fully discussed
by Bates. ' The inclusion of back coupling to the
direct 2s reaction channel in the close-coupling
calculations of Flannery (curve F) now acts to re-
duce the cross section. We note that of the cal-
culations shown in Fig. 6, the Glauber approxima-
tion is the only one which reproduces the experi-
mental values above 10 keV. We also note that
the minimum present in the Glauber approximation
for the 1s-2s integrated cross section does not ap-
pear in the 1s-2P cross section above 3 keV.

In Fig. 7 we compare the Glauber integrated
cross section (solid curve) for 1s-2P direct ex-
citation with the recent close-coupling calculation
of Ref. 17 discussed earlier. As in Fig. 4, the
solid circles on the close-coupling curves are the
actual values computed by Cheshire et a/. In
Fig. 7 we see that the effect of the charge-transfer

channels in 1s-2P excitation is not as great as in
1s-2s excitation. Between 20 and 100 keV the
"3-state" close-coupling curve of Cheshire et al.
lies only - 30% below curve F of Fig. 6. Now,
however, the main effect of the pseudostates is to
enhance the primary maximum of the cross sec-
tion. We note that above 10 keV the Glauber ap-
proximation does as well as, if not somewhat bet-
ter than, either of the close-coupling results in
predicting the experimental results. Below 10
keV the close-coupling approximation predicts a
second maximum in the cross section, whereas the
Glauber appears to go smoothly to zero with de-
creasing energy.

The Glauber approximation differential cross
sections for the direct excitation of the 2P states
of hydrogen are compared in Fig. 8 with the first
Born approximation which is independent of the
incident proton energy. The Glauber predictions
are shown for proton energies of 5, 20, 50, and
150 keV, and the left end point of each of those
curves corresponds to scattering in the forward
direction. If we formally let q approach zero in
the Glauber and Born expressions for the differen-
tial cross section, we find that in both approxima-
tions the differential cross section diverges as q
reflecting the fact that the 1s-2P transition is dipole
allowed. As q gets large the Glauber approxima-
tion differential cross section becomes proportional
to q (Ref. 10) whereas the Born-approximation
differential cross section falls off as q

' (Ref. 11).
The Glauber curves display none of the minima or
maxima evident at low energies in the differential
cross sections shown in Fig. 5. The differential
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FIG. 7. Integrated Glauber cross section for lg-2p
excitation is compared with the results of Cheshire et al.
(Ref. 17), The curves are as in Fig. 4. The experimental
results are by Stebbings et al. (Ref. 19).
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1s-2P excitation, as a function of the momentum transfer
q. The long-dashed curve is the first Born approxima-
tion (Ref. 11), which is independent of incident energy.
The other curves are the Glauber predictions for 5-, 20-,
50-, and 150-keV protons.

ao ~/hv, «1, (2V)

where ao is the Bohr radius and ~ is a typical
energy diff erence occurring in the problem. When
Eq. (26) holds and the energy of the incident par-
ticle is much greater than the average strength of
the potential, Byron obtains what is essentially the
impact-parameter form of the close-coupling ap-
proximation. Then using Eq. (2V) he obtains the
Glauber approximation. The first condition is
easily understood, and apparent in all other deriva-
tions of the Glauber approximation. ' However,
the second condition could be surprisingly stringent.
It is equivalent to the restriction that the speed
of the incident particle be large compared with the

speed of the bound electron, a condition generally
assumed in most derivations of the Glauber ap-
proximation.

In view of the preceding remarks, the compari-
sons in Figs. 4 and 7 are not so surprising. It
is also clear why the Glauber approximation is a
considerable improvement over the results of
Flannery. The work of Cheshire et al. confirms,
as one might well expect, that if in the close-cou-
pling approximation one couples to a finite number
of states, those states corresponding to charge
transfer should be explicitly included. However,
in the Glauber approximation we are already

cross sections are now monotonically decreasing
with increasing q in the energy range we have in-

vestigated. The behavior of the cross sections as
functions of the incident energy at fixed large q is'

I.O— p+ H (1s)~ p+ H (s s;zp)

Glauber

~E2~ »~ (vn/sinhmn) n (1+n ) (25)

——First Born

K,.a, » 1 (26)

In Fig. 9 we show our integrated cross sections
for the 1s-3s and 1s-3P excitations of atomic hydro-

gen by proton impact, and compare the results
with the first Born approximation. ' The relations
between the Glauber and Born curves are much the
same as were observed in Figs. 2 and 5, including
the presence of a minimum in the Glauber 1s-3s
cross section near 15 keV. Both the 1s-3s and the
1s-3P cross sections attain their kinematical max-
imum near 60 keV in the Glauber approximation.
The 1s-3P cross section decreases more rapidly
with decreasing energy than does the 1s-Ss cross
section.

Byron has recently derived the Glauber ap-
proximation from the close-coupling approximation
by coupling to a complete set of atom states (com-
plete in the sense that the closure approximation is
accurate) under certain kinematical conditions
including
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FIG, 9, lg-3g and 1s-3P excitation cross sections as
functions of the proton laboratory kinetic energy. The
solid curves are the Glauber predictions. The dashed
curves are the results of the first Born approximation
(Ref. 11).
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coupling to a comP/etc set of atom states in the
direct channels so that the use of add tional charge-
transfer states would be redundant, i. e. , the set
of basis states would be over-complet. . In other
words, the set of charge-transfer states is already
included in the Glauber approximatior. . Further-
more, the results of Byron imply tha. as an in-
creasing number of states are included in the close-
coupling approximation, the results should con-
verge to the Glauber approximation, ~provided both
Eqs. (26) and (27) are satisfied, i. e. , at proton
energies greater than at least 100 ke V. This con-
vergence is in fact indicated by Figs. 4 and 7. We
can also better understand why the GJauber approx-
imation fails for proton energies less than 5 keV.
Of course condition (26) is satisfied, However,
since the velocity of a 5 keV proton ~s only approx-
imately 0. 45 a. u. , the condition (27) is not satis-
fied for any bound-bound transition from the ground
state of atomic hydrogen. The rapid decrease of
the 1s-2s integrated cross section below 5 keV may
be interpreted in terms of this failure. Further-
more, the absence of a maximum in the Glauber
1s-2P cross section between 1 and 10 keV might

be attributed to competition between the processes
leading to such a maximum and the rapid break-
down of Eq. (27).

In general we have seen that the Glauber approx-
imation for proton-hydrogen scattering yields re-
sults consistent with those obtained for electron-
hydrogen scattering. At proton energies below
100 keV but greater than 5 keV the Glauber ap-
proximation is most certainly a distinct improve-
ment over either of the Born or distortion approxi-
mations. Furthermore, the similarities between
the Glauber results and those obtained from the
impact-parameter form of the close-coupling ap-
proximation can be explained in terms of the work
by Byron. Hence we concluded that for proton en-
ergies above approximately 10 keV the Glauber
approximation should provide quite reasonable
estimates of the proton-hydrogen- atom collision
cross sections.
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