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The cross section for the double Compton effect is integrated numerically in the laboratory
system, and the effect of the radiative tail to the Compton line is discussed. The double Comp-
ton effect is also studied in the ¢. m. system for the cases in which the energy of one of the
emitted photons is much smaller than the electron rest energy or much smaller than the energy
of the incident photon. Expressions for the radiative corrections to the total cross section
for Compton scattering are obtained in the high-energy approximation to first order in the fine-
structure constant. The total cross section for the double Compton effect is computed by nu-
merical integration. The contribution to the absorption coefficient for high-energy photons
from double Compton scattering and Compton scattering with the emission and reabsorption of

a virtual photon is obtained.

I. INTRODUCTION

Brown and Feynman! have evaluated the differen-
tial cross section for the radiative corrections to the
cross section for Compton scattering to first order
in the fine-structure constant a=;. Because of
the infrared divergence the radiative corrections
alone do not have any physical meaning. This is a
consequence of the impossibility of experimentally
separating a given process which includes the emis-
sion of photons of very low energy (below the exper-
imental energy resolution) from the same process
in the absence of emitted low-energy photons. When
the effects of a virtual and a real low-energy photon
both are taken into account the infrared divergence
disappears, and a finite physically meaningful cross
section remains. More exactly, the cross section
for all processes which do not contain an infinite
number of soft photons is zero, but if the energy
loss by emission of soft photons is not too small
(the logarithm of the energy loss in units of the rest
mass of the electron should not be much larger than
1) it is, to first order in «, sufficient to assume
that a single soft photon is responsible for the ener-
gy loss. Brown and Feynman therefore also calcu-
lated the cross section for double Compton scatter-
ing (in the lab system) in which the energy of one of
the emitted photons is much smaller than the rest
energy of the electron. This restriction (kpa, << m)
is not easily fulfilled in actual experiments, and
after quoting some known results in Sec. II we,
therefore, consider in Sec. III the effect of two-pho-
ton emission for the case of more practical energy
resolutions. The integrations have been done nu-
merically, and the radiative tail to the Compton line
is shown for a number of energies and scattering
angles.

In Sec. IV we discuss a high-energy approxima-
tion, and we obtain approximate expressions for the
cross sections.
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In Sec. V we examine the double Compton effect
in the c.m. system for the case in which the energy
of one of the emitted photons is much smaller than
the energy of the primary photon, but much larger
than the electron rest energy. Combining this cross
section with the formula of Brown and Feynman we
obtain an expression for the corrections to first or-
der in & to the Compton cross section at high ener-
gies.

In Sec. VI we integrate analytically in the high-
energy approximation the expressions for the radia-
tive corrections and the soft-photon double Compton
effect, and we obtain the corrections to the total
cross section. We compute the total cross section
for the hard-photon double Compton scattering by
numerical integration, and the correction to the ab-
sorption coefficient for high-energy photons due to
double Compton effect and lowest-order radiative
corrections to the Klein-Nishina formula is ob-
tained. Section VII contains a discussion of the re-
sults.

The system of units and notation will follow close-
ly the conventions used in the book of Jauch and
Rohrlich.? We shall use units for which % = 1, c=1,
and m=1.

II. SOME PREVIOUS RESULTS
A. Klein-Nishina Formula

The Feynman diagrams representing Compton
scattering to lowest order in ¢ are shown in Fig. 1.
The incoming photon and electron have four-mo-
menta kg and p;, and the outgoing photon and elec-
tron have four-momenta %, and p,, respectively.
The cross section for unpolarized particles corre-
sponding to these diagrams was first evaluated by
Klein and Nishina, ® and may, according to Ref. 1,
be written in the following invariant form:

doy= 2172 (d1/K?) U, (2.1)

where
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and 7, is the classical radius of the electron. A
product p,k, means Pk, - €,», where P, and €, are
the momentum and energy of the electron, and Ko
and w, are the momentum and energy of the photon.
From the conservation laws p,+ky=p,+ k; there fol-
lows the Compton relation

_ (1 =B,y cosagwg
" 1-Bycosa;+(wy/€;) (1- cosb)

wy (2.5)
Here ay and a, are the angles between P; and K, and
P, and El , respectively, 0, is the angle between EO
and k,, and B;= IP,!/€;. In the lab system (B,=0)
or in the c. m. system (P;+Kk,=p,+k,) the relations
above can be simplified.

B. Virtual-Photon Radiative Corrections

In Fig. 2 we show a typical one of the Feynman
diagrams which by interference with the diagrams
of Fig. 1 give the radiative corrections to first or-
der in @. The complete set of diagrams also shown
in Fig. 2(A) of Ref. 4. The corrections have been
evaluated by Brown and Feynman, * according to
whom the cross section including the corrections is
doy(1+06%,), where

o
5er == ‘”_URer?ir(K, 7)

and UG, (k, 7) is given by Eq. (3.3) of Ref. 4.

(2. 6)
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C. Differential Cross Section for Double Compton Effect

In Fig. 3 we show one of the diagrams for double
Compton scattering. All diagrams are shown in
Fig. 2(B) of Ref. 4. The two emitted photons have
four-momenta &y and k2,. The differential cross
section has been calculated by Mandl and Skyrme. ®
According to Ref. 2 their result is

) dQdQ W Wwadw
_ 2 1 2 12 1
A0 ear = Q¥ (41)%  wee (1 - By cosary)
y X
€,(1 - By costy) +wy(l - cosby) — w,(1 - cosby,)

(2.7

Here 0, is the angle between Eo and k,, 0} is the
angle between P, and Ez, and 6,, is the angle between
K, and k,. The quantity X is defined in Egs. (8. 3)
and (8.4) of Ref. 4 as a function of the invariant
quantities

Ky==piky, Ka==—Dpika, Kg=pikq,
K{ =pgky, Ks=Doky,  Ki=—Dpsky.
The conservation laws p,+ky=p,+k,+ %, can be used

to express do, in terms of the variables w,, 6,,
6, and ¢ (cf. Fig. 4). In terms of these variables

(2.8)
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FIG. 4. Relative directions in double Compton scattering.
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the quantities w, and 6,, appearing in Eq. (2.7) are

given by
J

_ wu€ 1(1 - Bl Cosao) - &)1€ 1(1 - Bl COSGI,) - Q)]_(Uo(l - COSGI)

2=

. D. Soft-Photon Double Compton Effect

For the case in which the energy of one of the
emitted photons is much smaller than the electron
mass,

WL Wonax << 1, (2.11)

the cross section for the double Compton effect re-
duces to the Klein-Nishina formula times a factor.
The cross section is then

wg k2 Doks

where doy is glven by Eq. (2. 1) Integrating over
the directions of k, and over IK,| from 0 to W2 max
we get"

a a3k 2
d(’re:u,sott:md% z(ppl - Lla >, (2.12)

a
d0reat, 501t = — - dog [2(1 ~ 2y coth2y) 1n<.“_’zxw_)

IR
28 1-B; 28, 1-B,

+% coth2y [F (31) + 9(@22 - E{éz) F(Bz)]] , (2.13)

where F(B) is given by Eq. (A3.7) of Ref. 4, X is a
small “photon mass”, and the step function 6(x) is
f(x)=+1 for x 2 0.

The function y is defined by

4sinh® = (p, - py)%= = (k+ 7). (2.14)

To evaluate the cross section in the laboratory sys-
tem, we must let 8;~0. We then find the same ex-
pression for doye,,sort 2 Was obtained by Brown and
Feynman!:

A0reat,s0tt = — %— doy [2(1 ~ 2y coth2y) éng;u - %)

+4y coth2y[n(2y) - 1]] , (2.15)

where
n(y)=(1/y) [ udu cothu.

In the c. m. system, where B,=8, and B,8,=8,°
X cosf,, the cross section becomes

(2.16)

A0 rear 5ot t = -..%doo [2(1 — 2y coth2y) 1n<—°i§-;—§)

L kB cothoy F(Bl')], (2.17)
B "1-p,

€,(1 - By cos63) +wo(l — cosh,) -~ w,(1 - cosb,,)
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cosb,=cosb, cosh,+sind, sinf,cos¢ (2.9)

and
. (2.10)

:)vhere F(B) is still given by Eq. (A3.7) of Ref. 4,
and the quantities @, b, and ¢ appearing there are
a=B,cos(36,), b=(1-a)/(1+a), and c=[b tan(6,)]"/2.
The cross sections given in Egs. (2.15) and (2.17)
are valid for all initial photon energies wy, and if
we combine them with the virtual-photon radiative
corrections, Eq. (2.6), the infrared divergent term
disappears, and we obtain the radiative correction
to the Klein-Nishina formula.

III. RADIATIVE TAIL

We now consider a Compton scattering experiment
in which photons emitted at a given angle 6, with the
direction of the incoming photon are recorded. For
single Compton scattering, the energy w, of the
emitted photon is fixed by the energy w , of the inci-
dent photon and 6,. According to Eq. (2.5) we find
that the energy of the emitted photon in the single
Compton effect w;=w, is in the laboratory system
given by

(3.1)

We suppose that the measuring apparatus records
photons with energy in the region from w, - AE to
wg. Thus not only single Compton photons are
counted but also some from double Compton scatter-
ing. If AE is much smaller than 1 the contribution
from double Compton scattering is given approxi-
mately by Eq. (2.15) with AE = Wy, . It should be
noted, however, that the condition wg~ AE < w;< wg
is not identical to the condition 0<w,< AE, since
w;+wy is not a constant. Therefore, in order to ob-
tain the cross section corresponding to observation
of photons with energy between ws;— AE and w, we
add the double Compton cross section with the con-
dition wy<wamay, to the cross section in which w, is
integrated from w,— AE to an upper limit defined by
W2> Wamay- Calling the latter part doea; narg We find

m, do
A0 o 0 / d(cosez)f d¢f tmax o AOreq ’
restdand” ) ‘dszzdm1

(3.2)

wi=~wW=wo/[1+we(l - cosb,)] .

where the condition

Wolws = wy)
" w1+ wo(1 - cosy) — wy(1 = cosbyy)] = Yemax

(3.3)

(OF)

defines
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[1+we(l —cosby)][1+wy(l = cosby)]— wy(l — cosby,)

Wimax = @s = W amax [1+wo(l—cosby)][1+we(l —cosby)— (1 - cosby)wamax)

Since doyear,nara €an be written in the form
d0rea1 nara=Ay — B In(w omay)

we have subtracted the infrared part from the inte-
grand in Eq. (3.2) and computed numerically the
quantity A, which is not dependent on wgy,, but de-
pends on AE. We have used the Monte Carlo meth-
od. That is, we choose random values for the vari-
ables of integration and take the mean value of a
large number (about 10000) of samples. We also
compute the rms deviation. At high energies the
accuracy is improved by use of {In[1 +w,
% (1 - cos0,)]}/1n(1 + 2w,) as a variable instead of
cosf,. The accuracy in the correction to the Comp-
ton cross section is then about 10% for 1-BeV pho-
tons, and better than that for lower energies.

The corrections to the Compton cross section
from a virtual and a real soft photon can be written
as 0y,=Fy+FIlnx and

do w
5x‘eal,sott= Z:OS"“ =Fg+F 1n<-—37\"l“—"> ,
respectively. We write the contribution from hard
photons

dcreal shard

éreal,hard = doy

as
Breal ,nara = Fy(AE)-F ln(wa,m).

Using Eqs. (2. 6) and (2.15) we have computed

Fy +Fs for several values of wg and 6;. The values
of Fy +Fg are shown in Table I, and Fj is plotted as
a function of AE/w, in Fig. 5. The AE-dependent
correction to the Klein-Nishina formula is given by
the sum 6= Oy, + Opear,sort + Orear,nara Which is equal to

(3.5)

Meister and Yennie® have evaluated an approxi-
mate expression for the correction 5, retaining only
logarithmic terms. Their expression [Eq. (4.8) on
p. 1224 of their paper] should be fairly accurate for
small laboratory scattering angles but relatively

0=Fy+Fg+Fy.

TABLE 1. Quantity Fy+Fg which is the nondivergent
part of the corrections to Compton scattering due to
radiative corrections and soft photons.

64(deg) 30 90 150  wy(MeV)
103(Fy+Fg) 0.63 0.474  =0.30 0.662
102(F,+Fg =—0.188  —0.287  —0.152  6.14
10%(Fy+Fg) —6.22 —5.04 —4.41 10?
10¥(Fy+Fg) —14.0 —~11.8 -10.9 10°

(3.4)

I
poor for larger angles. Comparing with the results
of this paper we find, for example, that for an ini-
tial photon energy wo=100 MeV, relative energy
resolution AE/w,=0.05, and scattering angle 6,
=(2/wg)/?=5.8°, their expression gives 6=— 1.48%
to be compared with 6=~ 1.1% from this paper.
However, for 6,=90° their expression gives for the
same resolution 6= - 2. 76% as compared with our
value 6=-1.6%.

The energy spectrum doyeq ,nara/dw;, which is the
radiative tail to Compton scattering, can be found by
differentiation of doyea,nara With respect to AE. The
quantity

_do'raal hard dﬂ
Rlw,)= dQldwl/dQI

has been tabulated in Table II for several values of
wy, wo, and 6,. These spectra are useful if one
applies a detector which does not have a rectangular
response function. Carrassi and Passatore” have
calculated some such spectra before and part of
their results are confirmed by ours.

When w, approaches w, the spectrum do,,q/dQ dw,
increases portionally to 1/(w,— w,). One should,
however, remember that this seemingly large effect
is not physically meaningful since it is compensated
by the effects of virtual photons, and therefore the
number of photons emitted in d2, with energy be-
tween w, and wy— AE is finite.

The spectrum do,e,/d,dw, also diverges as 1/w,
if w, approaches 0. This divergence does not pro-
duce any difficulties since only photons with a finite
energy can be observed, and therefore the divergent
region can not be reached experimentally. Some
care must be taken if one also wants to integrate the
spectrum over dw, and d®,. The expression (2.7)
gives the probability for emission of two photons of
energy w; and w, into solid angles dQ; and df2,, re-
spectively. However, when we integrate over a re-
gion of angles and energies we may sometimes count
identical final states twice. In order to obtain the
correct integral cross section we therefore have to
multiply our integrand by a factor of 3 each time a
configuration of final states is produced twice. The
overlap of final states is of no importance as long
as at least one of the variables stays fixed, but when
the integral over the last variable is performed a
factor of 3 must be supplied. Addition of the diver-
gence at the upper and lower end of the spectrum
and division by 2 then produces a divergent term
which exactly cancels the divergent term from the
integral of the radiative corrections. Thus all di-
vergences are removed in the total cross section
as they should be, since the total cross section is
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FIG. 5. (a) The quantity Fy as a function of AE/w, for the photon energy w,=0.662 MeV. The curves a, b, and ¢ refer
to scattering angles 6;=30°, 90°, and 150°, respectively. The AE-dependent correction to the differential Compton cross

section is given by § =Fy+Fg +Fy. (b) The quantity Fy as a function of AE/wg for wy=6.14 MeV [cf. Fig. 5(a)l
The quantity Fy as a function of AE/w, for w,=100 MeV [cf. Fig. 5(a)l

wy=1000 MeV [cf. Fig. 5(a)l.

a physical quantity (e.g., measurable by an absorp-
tion experiment).

IV. HIGH-ENERGY APPROXIMATIONS

We now consider the high-energy approximation
meaning that we neglect all terms in the cross sec-
tion which give a vanishing contribution to the total
cross section when the energy of the incident pho-
tons is large. That is, in the laboratory system we
neglect all terms which at all angles are of the or-
der 1/w, compared to the largest terms, and we
also neglect terms which are large only in a small
region of the angles so that the contribution to the
total cross section from these terms is negligible.

In order to obtain the total cross section for sin-

(c)
(d) The quantity Fy as a function of AE/w for

gle Compton scattering we have to integrate the dif-
ferential cross section over the angle 6, between k,
and El. At high energies in the laboratory system,
the Compton cross section, like the cross sections
for all high-energy processes, has a maximum when
the outgoing particles are emitted at small angles to
the forward direction. We can not, however, obtain
the correct integrated cross section by making a
small-angle approximation since high-momentum
transfers contribute significantly to the cross sec-
tion. The contribution to the Compton cross section
from very small angles [0, <0(1/w,)] is negligible,
but all angles of the order 1/w,!2 or larger give a
significant contribution. This is easily verified for
the Klein-Nishina formula, and we have shown that

‘it is also true for the radiative corrections and the
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TABLE II. Double Compton spectrum dop/d;dw;=R(do/d;)as a function of wy/ws for some values of the primary

energy w, and the scattering angle 0; (lab system).

Here w; is the energy of one of the scattered photons in double Comp-

ton scattering, and wg is the energy of the scattered photon in single Compton scattering.

61

wy/wg 0.7 0.75 0.80 0.85 0.90 0.95 0.97 0.99 (deg ) wy(MeV)
10%R 0.134 0.146 0.169 0.241 0.412 0.935 1.63 5.13 30 0.662
10%R 0.688 0.8256 1.012 1.50 2.56 6.38 10.87 32.9 90 0.662
10%R 1.04 1.26 1.76 2.53 4.10 10.35 19.25 52.8 150 0.662
10%R 0.316 0.405 0.57 0.80 1.28 3.16 5.56 17.3 30 6.14
102R 1.38 2.41 3.19 5.13 8.48 17.7 34.3 95.5 90 6.14
10%R 4,94 4.84 4.94 6.34 13.9 36.5 58.0 193 150 6.14
10%R 0.515 0.71 0.98 1.42 2.22 5,33 8.60 24,9 30 100
10°R 2,31 3.23 5.08 8.03 14.1 35.2 66.5 198 90 100
10°R 2.5 3.78 7.2 14.4 26.0 51.3 123 341 150 100
10%R 0.612 0.795 1.08 2.04 3.43 8.56 15.3 63.6 30 1000
10%R 3.65 5,48 8.2 12.3 20.5 52.0 95.6 200 90 1000
10%R 7.82 9.65 13.1 19.6 35.1 84.0 150 500 150 1000

double Compton effect by detailed examination of
these cross sections. Thus in our approximation
we can always put wyf,> 1 in the lab system. In the
c.m. system we find correspondingly that the cross
section has a maximum at angles 6,~7, and that
angles in the region 8,;~0(1/w,) or m — 6;<0(1/wy?)

I

sz

doyi=dog by =— 207, F

6

f-5
2

Here
y=3In[|k|(1-8)], t=-1/k U=t+1/t, (4.2)

and in the lab system Kk is — 2w, and 7 is 2w¢/[1
+wo(l = cosh,)], and in the c. m. system k= - 2€,w,
~ - 2wo? and 7= 2€,w,(1 + B; cosfy) > 2wei(1 + B cosb,).

The approximate expression for the cross section
for the soft-photon double Compton effect in the lab
system becomes

d0real, sott = (a/‘")do'o [2(1 -2y) ln(szmax/)‘)
-1-2y-4y%+37%]. (4.3

The formula (2. 17) can also be simplified consid-
erably at high energies and not too small scattering
angles. The quantities b and ¢ become

b= tanz(%el) + cos(%Gl)/[4wgzsin4(%91)] + O(l/wo4),

c = tan®(26,) + cos(£6,)/[8w,? sin(26,)]+0(1/w,?).

2
{2(1 - zy)Ulnx+1-(4~ 5

- %) In?| | +<2t+tl— 2+

need not be taken into account when we are inter-
ested in the total cross section. This means that

4 sinh® =~ (k+7)> 1, and according to Ref. 1, h(y)
is given approximately by %(y) =4y +72/12y. There-
fore the Brown-Feynman expression for the radia-
tive corrections can be written

le
5N

t2

— ) w?— 3p_2
p 3>+4(2 U)y*~4y +3 U m

1
2 )Lz(1+ Kt) + [1 - %t+4y(t— +§t -

ke

+[(1_3t+

P
Introducing these quantities in Eq. (A3.7) of Ref.

4 we find an expression for F(B;) which can be sim-
plified further by means of relations between the
dilogrithms. ° The cross section in the c.m. sys-
tem becomes finally

doreal,sott == (OL/’IT)dO'O [2(1 - Zy) 1n(2w2max/)*) + Zlan
(4.4)

1)]1n|x|

2 K 1
—K7§+1+Kt) +4y<t— 1+2t):|1nxt} . (4.1)

— 21nE + 312 - £1n%(1 - £) - Ly(8)],

where E =€ +wy~ 2w, is the total energy in the c. m.
system.

V. CORRECTIONS IN c.m. SYSTEM
WHEN BOTH w; AND w, MAY BE LARGE

The formula (4. 4) for the double Compton cross
section is only valid if wyp,,<<1. In order to find
the cross section for the case in which both emitted
photons may have high energies, but the energy of
one of them is still much smaller than E, we return
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to Eq. (2.17).
Imposing the condition
Womax SWp S AE, (5.1)
where
1<AE<E, (5.2)

we find from the conservation laws and Eq. (2.10)
that w,< €;~ wy= €, w,;*$E, and the expression for
the cross section can be simplified considerably.
The integrated cross section

A0 rem (AE, meax) =

2 AE
%"’29— (i_:?)lg' / wy dwy X,
@2max
(5.3)
which contains part of both soft and hard photons,
can be evaluated analytically in the high-energy ap-
proximation if we keep only terms which give a non-
vanishing contribution to the total cross section.
By detailed examination of each term in X [cf. Eq.
(2. 8)] we have shown that the integration of (5. 3)
gives just

A0 01 (AE, Womay) = — (@/7) dog2(1 — 29) IN(AE /W g ay)-

(5.4)
This means that the effect of increasing the upper
limit of integration of wy from wyn,, to AE is only
to replace wgpa, by AE in Eq. (4.4). In the labora-
tory system such a simple extension of wyp,, from
Wamax K1 to 1<K Wy, < wq evidently cannot be done,
since the absolute upper limit of w, is w,/[1 +wy
X (1 - cosf,)] which is smaller than one for angles 6,
larger than 7. In the c.m. system we now have

2AF
A0 pon (AE) = — % doo[Z(l - 2) ln< S

)+ 21n’E

2
- 21nE+% -11n%(1-¢) —Lz(t)]. (5.5)

ﬁc.m

2
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This formula is not valid in the exact forward or
backward directions. In the forward direction
P1=D2 and doea (Wamey) = 0 according to Eq. (2.13).

We also find that do,e, (AE, wana) vanishes, so
that

A0pea (AE)91=0=0,- (5.6)

In order to get the cross section in the backward
direction we put 6,=7 in Eq. (5.3), and examine
once more the integral for the case in which 1< AE
< E. We find that the cross section is again given
by the formula (5. 5) plus the term

- (a/mMdoy1n%(2AE). (5.7

The formula (5. 5) can also be used to get an anal-
ytic expression for the cross section in the lab sys-
tem for the case in which both emitted photons are
not soft. The cross section doq,(AE) is an invari-
ant under a Lorentz transformation, and we there-
fore only need to express the quantities in Eq. (5.5)
by the corresponding quantities in the lab system.
The energy of the primary photon transforms like
w§™ = (we™)? so E=(2wi®)!2. In the c.m. sys-
tem AE is the isotropic upper limit of the energy
of the photon 2,. In the lab system this corresponds
to an anisotropic energy resolution in which the
vector K, is confined to an ellipsoid.

The cross section for the double Compton effect
contains the nonphysical photon mass x. In order
to obtain the physical cross section to first order
in @ we have to add the double Compton cross sec-
tion to the expression for the radiative corrections.
Thus ) disappears as it should. We shall examine
more closely the correction in the ¢c. m. system at
high energies. The expression for the correction

+d0,m(AE)
dO’o
is, according to Egs. (4.1) and (5. 5),

6c.m. - 6 N

vir

(5.8)

==L loa1-2 )Uln(2AE)+—7T—f4—3t—l— 2 +4(2-U)y2 -4y +3U+ 2 +4(1—-1—>1an
7U Y 6 t  E% EA LA 2t

+(zt+tl- 2”35‘?) L,(1-E%)+ [2— 5t—t3+ 4y<t3+t— z)] InE - $UIn%(1 - ¢) - U L,(t)

where t=4(1+8;cosb,), y=In[Esin(%8,)], U=t+1/t,
and AEKE,

The correction 6°™ above is valid for all angles
which give a significant contribution to the total
cross section. - This correction contains terms pro-
portional to In®E, and these terms will be very large
at extremely high energies. To see what happens
when E -« we consider the following four cases:

2 2 E? 1 2
+[1_t—E2t3—1—E +4yé—1+2t>]ln(Et)}, (5.9)

(@) =1, 6;=0: In the forward direction do ey
X (AE)=0 according to Eq. (5.6) and only the radia-
tive corrections contribute to 6™ . From the exact
formula of Brown and Feynman, Eq. (2.6), we find
at high energies

65™ = 8,3, = (a/7) (2InE +1InE + 7% - 2), .(5.10)

and the correction is seen to be proportional to
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(o/7)1nE when E -,

(b) £~ 0(1), 8, is not close to 7 and not very
small: For this case Eq. (5.9) is valid and keeping
only the In®E terms we get

65=4(a/m)In(E/AE)InE. (5.11)

The correction is of order (a/#)InE since In(AE/E)
is taken to be of order one.

() t<1, 6, is close to m: Keeping terms such
as In’E and 1n% in Eq. (5.9) we find

6o =4(a/m) [InE In(AE/E) + % In%]. (5.12)

Here the first term is of the order (a/7)1InE, but the
last term becomes of the order (a/7)In®E when 6,

is of the order 7 — 1/E. As is shown in Sec. VI,

Eq. (6.13), the In% term is large in a sufficiently
large region of the angles to give a contribution of
the order (a/m)1n%E to the correction to the total
cross section.

(d) ¢<1, 6,=7: For this case formula (5. 9) gives
6°™ = 4(a/n) [InE InAE - $1n®E], but according to
Eq. (5.7) we should add another term — (a/m)

X In%(2AE) from the double Compton effect.

Hence we have

8p = (a/7) [In®E + 2InE In(AE/E) - In*(AE /E)]

~ (a/m) In’E, (5.13)
and we find that In?E terms are also present in the
backward direction.

VI. TOTAL CROSS SECTIONS

In the following we integrate the high-energy dif-
ferential cross sections given above, and we obtain
the corrections to the total Compton cross section
to first order in a.

At high energies the integration of the Klein-
Nishina formula Eq. (2.1) yields

0o= 2rre/ | k|) (n| k| +3), (6.1)

where k= - E? in the c. m. system and k= - 2w, in
the lab system.

The integration of the radiative corrections Eq.
(4.1) can be performed analytically. The result is

or=— (2ar,¥/|k|) [§ n®| k| - $In®| k| — §1n|«]|

+Lg(1)+ %ﬂz“+11g+ (- Zln2|i€|+1n| K] +2+i7H1m .
(6.2)

The trilogarithm L4 is equal to the Riemann ¢ func-
tion of argument 3'°

Lg(1)=£(3)=1202. (8.3)

It is also possible to integrate the exact expres-
sion of Brown and Feynman, Eq. (2.6), analytically
for all energies, expressing the result by diloga-
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rithms and trilogarithms. To check our results we
have performed this integration and made the high-
energy approximation in the final result.

In the c. m. system (AE< E) we get, by integra-
tion of the cross section in Eq. (5.5),

Oreat’ (AE)= - (a7e’/E?) [41n°E - 31n°E + (37° - 1) InE
+357% = 2L3(1) - 3+ (- 81n%E + 21nE
+5+379)1In(2AE/N)].  (6.4)

Integration of dos2y es¢ of Eq. (4. 3) gives the total
cross section for the soft-photon double Compton
effect in the laboratory system,

Oreat,sott = — (@70%/wo) [In*2wq — 3 In*2w,
—(8+47%)In2wo+ 2L,(1) + 1n2+ 2+ (- 21n%2w,

+21n2wq+ 3 + 3572 In(2Wamay /2)] . (6.5)

In order to obtain the total cross section for dou-
ble Compton scattering in which both emitted pho-
tons may have high energies we integrate the exact
expression of Eq. (2.7) numerically. Using the
variables 6,, 0,, ¢ (of Fig. 4), and w, we compute
in the laboratory system

G:':gl,hard
1 1 +1 *1 ar
=Zard — d(cos®,) d(cosGl)/ de
2 2r J 1 - o
Wimax wlwaX .
Xf dwy 4 [1 +wo(l — cosby) — wy(1 - cosby,)]
W2max

(6. 6)

Here wqna is given by Eq. (3.4). We have multi-
plied the cross section by a factor 3 since by inte-
gration over all possible magnitudes and directions
of El and Ea we include identical final states exactly
twice. It is convenient to subtract the term contain-
ing the w pmay dependence in Eq. (6. 6) before making
the numerical integration. This procedure improves
the accuracy of the method. We also computed the
rms deviation to get a measure of the accuracy [see
text following Eq. (6.19)].

The integrations in this section are quite similar
to those made by Andreassi ef al. 1 when calculating
the corrections to the cross sectionfor electron-pos-
itron pair annihilation. As a check of both their
calculations and our method of integration we have
also computed the three-photon annihilation total
cross section by numerical integration. For this
case, however, the domain of integration in phase
space is more complicated, and we were not able to
subtract the contribution from low-energy photons
before making the numerical calculation. Conse-
quently the accuracy of the method became much
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TABLE III. Quantities G#§" and G™ as functions of
E. The correction to the Compton scattering cross sec-
tion in the c. m. system is given by A*™ =Gyg" +G*™
XIn2AE.

E(MeV) 10%G%E 102Ge™
10 —-3.90 2.13
50 -12.0 3.70
100 -16.8 4,37
250 —24.4 5.25
500 —30.6 5.86
103 -37.9 6.53
104 —67.6 8.71

poorer, of the order 20-40% for energies below 100
MeV, and even larger for higher energies. Within
the limits of error our results confirm those of
Andreassi et al.

From the relations given above there now follow
the corrections to the total cross section at high en-
ergies. The cross section including corrections to
first order in « is

o=0p(1+4), (6.7)
where

A=(1/00) (Oyir+Orem)- (6.8)
In the c.m. system we find

A =GP+ G*™ 1n(2AE), (6.9)
where AE< E and
Gy§ =~ (a/mve™) [BIn’E - 51n°E

—(1+73)In E- Ly(1)+H7%+¥],  (6.10)

G*™=(a/nV°>™)[- 8In%E + 21nE +$+37°], (6.11)

vem -2InE+3. (6.12)

The functions Gy'¢* and G*™ are tabulated in Ta-
ble III, and A®™ is plotted in Fig. 6 as a function
of E for several values of AE/E. At extremely high

ol— I I [ 1
a
o) I _
& —|o\—:
€ b
§
< ~20— —
-30}— . _
-40 | |
10 102 103 104 105

E, MeVv

FIG. 6. Correction A%™ to the total cross section for
Compton scattering as a function of E. The curves a, b,
and ¢ correspond to (AE/E) =101, 102, and 10~%, respec
tively.
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A0 (%)

e | I | ]

10 102 103 104 10°
[N MeV

FIG. 7. Correction A®® to the total cross section for
Compton scattering as a function of wy. The curves a,
b, and ¢ correspond to wamae=10"1, 1072, and 10, re-
spectively.

energies the In?E and InE InAE terms in A®™ are
dominant. Hence we have

AL = (a/7) [21n%E +41nE In(AE/E)]

~ (2a/3n)1In’E, (6.13)

since In(AE/E) is of order one.
In the laboratory system we obtain the correction

AY (0 00) = GH2 + G In (20 omay ), (6.14)
where

GY2= = (a/1V'™®) [$1n*2w, - In2wq - (3+12) In2w,
+3Ly(1) + 572+ 4], (6.15)

G'®= — (a/mV'™)[- 2102w+ 2102w+ 3+ 372], (6. 16)

VI®_1n 2wo+3, (6.17)

and wana i the isotropic upper limit of the energy
of one of the emitted photons. The functions Gy
and G'® are tabulated in Table IV and A'®(w ) is
plotted as a function of wy for several values of
Wamax in Fig. 7.

TABLE IV. Quantities G2, G'*°, and G}® as functions
of primary photon energy w,. The quantity G{?_’g’+Glab
X In2wq 1 gives the correction to the total Compton cross
section from radiative corrections and soft photons, while
GH®— G Inw, ., gives the correction from hard photons.

wy(MeV) 102632 102G'® 102G}
10 —-1.21 0.78 1.00
50 ~4.68 1.58 4.33
100 -6.73 1.92 6.40
250 -9.90 2.38 10. 05
500 —12.80 2.70 14.30
10 —15.80 3.03 18.15
10t ~28.20 4.37 oee
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4}— —
S -
<«]‘-’ 2l— (b) _
0 I | I |
0 400 800
wo, MeV
FIG. 8. (a) Correction Ayn, to the total cross section

for Compton scattering as a function of the photon energy
wy for wy in the range 10—100 MeV. The correction in-
cludes contributions from lowest-order radiative correc-
tions and the total cross section for the double Compton
effect. (b) Correction Ay, [cf. Fig. 8(a)] for w, in the
range 10—-1000 MeV.

The correction A®(w,y,,) of Eq. (6.14) contains
only the contribution from radiative corrections and
soft photons. Part of the contribution from hard
photons can be obtained from the cross section in-
the c. m. system by a Lorentz transformation as
explained in Sec. V. If we want to include the com-
plete contribution from double Compton scattering
we have to add to A'®(wgn,,) the quantity

(6.18)

A= (1/00)°}~:ba1.hard,
where 023% 1. is given by Eq. (6.6). We write

AR = GIEP _ G 1n(Wamay), (6.19)
where G&® is the quantity computed numerically
and it is given in Table IV. The rms error in this
quantity increases from 3% at 500 MeV and about
20% at 1000 MeV.

The correction including radiative corrections to
first order in @ and the complete double Compton
effect is then

Aporar= GY2+G™1In2 + G} . (6. 20)
This quantity is plotted as a function of w, in Fig.
8.
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VII. DISCUSSION

In the previous sections we have established ex-
pressions for the corrections to the Klein-Nishina
formula arising from lowest-order radiative cor-
rections and double Compton scattering.

The corrections as a function of the relative en-
ergy resolution AE/w, (w, is the maximum energy
of the emitted photon) for a rectangular-type energy
resolution is shown in Fig. 5 for several energies
and scattering angles. An exponential-type energy
resolution would not change these results much, but
would tend to reduce the contribution from the dou-
ble Compton scattering. At energies of 1 MeV or
lower the correction is below 1%, and it varies only
some tenths of a percent if AE/w, varies by 10 to
20%. It is probably hard to detect this effect since
it will be masked by other effects such as back-
ground, multiple scattering, electron motion, atomic
bindings, etc. The correction is large only for
extremely high energy resolutions. The correc-
tions increase with increasing energy and also the
dependence on AE/w, becomes stronger. This gen-
eral behavior was also found by Anders'? who cal-
culated the corrections to Compton scattering for
the case in which the energy of the recoiling elec-
tron is recorded. Present experiments on the dif-
ferential Compton cross section are not very ac-
curate, see, e.g., the experiment of Peyman et
al.’® In this experiment photons of 17 MeV are scat-
tered at small angles and recorded in coincidence
with the outgoing electrons. The uncertainty in the
experimental results is 15%, while the authors cal-
culate the corrections to be about 5%.

The corrections to the cross section in the c. m.
system show a behavior which seems to be quite
regular for high-energy processes in quantum elec-
trodynamics. At scattering angles which are not
too close to 0 or 7 the corrections are of order
(a/7)InE where E is the total energy, while at
angles close to 0 or 7 the corrections are of order
(a/m)In®E. The same type of behavior is also
found for the corrections to the electron-positron
pair-annihilation cross section.!! Eriksson'* has
shown that for electron scattering in a potential
the effective expansion parameter at high-momen-
tum transfers is (@/7)Ing?, where g is the invari-
ant momentum transfer of the process. According
to our results for Compton scattering a high-mo-
mentum transfer is not sufficient to make the low-
est-order corrections of order (a/m) lnqz, but if
not only g®= (p, — pa)?= (kg — k)% is large, but also
(py — k)%= (ko - p2)? is large, then the corrections
reduce to the order (a/7)InE. This means that
all angles between incoming and outgoing particles
must be large. For the case of pair annihilation
the concept of momentum transfer is somewhat
obscure, but also here the corrections are of order
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(a/7) InE if all angles between incoming and out-
going particles are large. I one of the angles is
small, then the corrections become of order

(a/7) In®E. Since both for Compton scattering and
pair annihilation, small angles give an important
contribution to the total cross section, the correc-
tions to the total cross sections for both processes
are of order (o/7)In®E. The similarity between
these processes is underlined by the fact that the
coefficient multiplying the largest terms turns out
to be the same, namely, (2a/37)1nE in the c. m.
system.

Recently Cheng and Wu'® have made a systematic
study of all two-body elastic scattering amplitudes
in quantum electrodynamics at high energies. Ac-
cording to these authors the differential cross sec-
tion do/dt, where —t is the square of the momentum
transfer, is finite for all processes in the limit of
infinite energy. For the Compton effect the sec-
ond- and fourth-order diagrams considered in the
present article give a vanishing cross section
do/dt at infinite energies. According to Cheng and
Wu the sixth-order diagrams lead to a constant
cross section, and these diagrams therefore be-
come dominant at a certain very high energy.

This energy is not known since numerical results
have not yet been given by Cheng and Wu.

The correction to the total cross section for
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Compton scattering is shown in Fig. 8. This cor-
rection which is the sum of the radiative correc-
tions and the total cross section for double Compton
scattering, should be included in the absorption co-
efficient for y rays. Compton scattering does not
contribute much to the absorption coefficient for
energies over about 500 MeV, but for lower ener-
gies the process is important, and therefore also
its radiative corrections. Photon absorption mea-
surements may be performed very accurately, ac-
curacy better than 1%, and they give a valuable
check on quantum electrodynamics. The various
electrodynamic processes which contribute to the
absorption, photoelectric effect, Compton effect,
pair production, triplet production, etc., are now
known with an accuracy of about 1% or better for

a large range of energies and materials., For a
review of theoretical and experimental data on the
photon absorption process see the paper of Hubbel'®
in which the effects of the present corrections to
Compton scattering are included.
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