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The theory of Brownian motion of a quantum oscillator is developed. The Brownian motion
is described by a model Hamiltonian which is taken to be the one describing the interaction be-
tween this oscillator and a reservoir. Use is made of the master equation recently derivedby
the author, to obtain the equation of motion for the various reduced phase-space distribution
functions that are obtained by mapping the density operator onto c-number functions. The
equations of motion for the reduced phase-space distribution functions are found to be of the
Fokker-Planck type. On transforming the Fokker-Planck equation to real variables, it is
found to have the same form as the Fokker-Planck equation obtained by Wang and Uhlenbeck
to describe the Brownian motion of a classical oscillator. The Fokker-Planck equation is
solved for the conditional probability (Green's function) which is found to be in the form of a
two-dimensional Gaussian distribution. This solution is then used to obtain various time-de-
pendent quantum statistical properties of the oscillator. Next, the entropy for a quantum os-
cillator undergoing Brownian motion is calculated and we show that this system approaches
equilibrium as t . Finally we show that in the weak-coupling limit the Fokker-Planck
equation reduces to the one obtained by making the usual rotating-wave approximation.

I. INTRODUCTION

Brownian motion of a classical oscillator has
been studied in great detail by several workers.
Most notable are the contributions made by Kram-
ers, ' by Uhlenbeck and Ornstein, by Chandrasek, -
har, ' and by Wang and Uhlenbeck. The displacement
q(t) of the oscillator satisfies the equation of motion

+ 2~
d

+(g q=E(t), (1 1)

where 2~ is the phenomenological damping coeffi-
cient and ~ is the natural frequency of the oscil-
lator. mE(t) is a random force which is assumed
to be a 5-correlated Gaussian process with zero
mean, i. e. ,

(E(t)) =0, (E(t,)E(t,)) =2(D/m )6(t —t ), (1.2)

where D is the diffusion coefficient and m is the
mass of the particle. Wang and Uhlenbeck replaced
Eq. (1.1) by the following two first-order differen-
tial equations:

q =p/m, p =-2' —m(u q+f(t),

where P is the momentum of the particle. These
are the Langevin equations which describe the
Brownian motion of a classical oscillator. More-
over Eqs. (l. 3) describe a two-dimensional Gaus-
sian-Markoff process. Wang and Uhlenbeck solved
the Fokker-Planck equation equivalent to (1.3) for
the conditional probability of the process and they
also obtained the time dependence of the mean
values of q and p and of the covariance matrix.

In the present paper, the Brownian motion of a

quantum oscillator is studied. The Brownian mo-
tion is described by a model Hamiltonian which is
assumed to be the one that characterizes the inter-
action between the oscillator and a reservoir at
temperature T. Throughout this paper, we employ
the phase-space distribution functions obtained
from the density operator via certain rules of map-
ping. ' We use the master-equation approach,
which we discussed elsewhere, to derive an equa-
tion of motion for the reduced phase-space distri-
bution function characterizing the oscillator system
alone. The resulting equation for the reduced
phase-space distribution function is found to be of
the Fokker-Planck type. We find that when we

specialize to the case of normal, antinormal, and

Weyl rules of mapping, the Langevin equations
corresponding to the Fokker-Planck equation
(which is the equation of motion for the reduced
phase-space distribution function) are of the form
(1.3) found previously for the Brownian motion of
a classical oscillator. The Fokker- Planck equa-
tion that we derived is solved for the conditional
probability (Green's function of the equation), which
is then used to calculate the time-dependent quantum
statistical properties of the oscillator executing
Brownian motion. We then calculate the entropy
of this system and show that it reaches equilibrium
as t- ~ . We also briefly consider the case when
the reservoir is at zero temperature and show that
if initially the state of the oscillator is a coherent
state, then it will remain in a coherent state for
later times. Finally we show that in the weak-
coupling limit (z «~) our Langevin equations (or
equivalently, the Fokker-Planck equation) reduce
to the ones obtained by making the usual rotating-
wave approximation. '
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ps (f) = »8 [pz, s (&)] (2 2)

We assume that at time t = 0, the reservoir is in
thermal equilibrium at temperature T, i.e. , its
density operator p„(0) is given by

ps (0) = 8Xp( —pZI (()I gI gI )/

TI'[8Xp( —p ZI (()I gag gI )], (2. 4)

where P=1/Z~T and Ks is the Boltzmann constant.
We also assume that at time t =0, the reservoir
and the oscillator system are statistically indepen-
dent, i.e. ,

P „II(0)=Ps (o)P~ (0) . (2. 6)

1st 4(z) (z, z*, f) be the reduced phase-space distri-
bution function, which is obtained from p~(t) by
mapping it according to the normal rule of map-
ping. '"' ' ' The equation of motion for O'Ns' can be
found by using standard techniques. In fact it has
been derived previously in Ref. 9. The master
equation for C(~), obtained from Eq. (5. 26) of Ref.
9 by letting q = 1 and E's' ——~ 's', is

II. FOK.K.ER-PLANCK EQUATION AND LANGEVIN
EQUATIONS FOR BROWNIAN MOTION

OF A QUANTUM OSCILLATOR

We take the following as the model Hamiltonian
for the oscillator executing Brownian motion:

H = (() g g +ZI ((7I gI gI +ZI (gI gI (g + g ) + H. c ~ ) ~

(2. 1)
Here a and a' are the annihilation and the creation
operators for the oscillator (the system of interest),
a& and a& are the annihilation and the creation oper-
ators of the jth oscillator of the reservoir, ' and
the g&'s are the coupling constants. The operators
a, a"', a&, and a& satisfy the commutation relations

[g g'] =1 [gI gd = 6I„ (2. 2)

and all other commutators vanish.
The reduced density operator p~(t) corresponding

to the oscillator system alone is obtained from the
total density operator p„,~(f) by taking the trace
over the reservoir variables, i.e. ,

mation. The quantity x plays the role of the damp-
ing coefficient. 4(~'in Eq. (2. 6) is associated with
the density operator in the interaction picture. On
transforming to the Schrodinger picture, we obtain'

@(](() ~

(s @(]([)) (sg @(]]())s gg s

8
+ x —[ (z —@ ) e'",)] + c.c. '

—«[1+(«(t«))](q — „)e'P . (e. e)

One may similarly derive the equation of motion
for the Sudarshan-Glauber distribution function

and the signer distribution function's'6 4 ws .
We write these equations collectively as follows:

~C's
et ez ' ex*

'=i(d —(ze, ) — (z* 4, )

~ « —[« —«') e, ] «. c)88

8 8- (( [](+-,'+{n((0)) ] ——
~ Cg . (2. 9)

Here the parameter X takes values ——,', 0, —,
' for C 's',

and 4'~I, respectively. Equation (2. 9) is an
equation of the Fokker-Planck type and Its soi«lon
makes it possible to calculate' all the time-depen-
dent quantum statistical properties of the oscillator
which is undergoing Brownian motion.

We now make the transformation to the real
variables q and p defined by

z = W [(III(d)"'(I+ip/{m(d)'"],

g+ = P—, [(m(u)"'q —(p/(m(u)"'] .

Then the Fokker-Planck equation (2. 9) transforms
into the following equation:

4's 8 P 8

Bg et ep
= ———@s +—[(~&'v+2[(P) +.]

8
+ 2m(o I( [](+—,

' +(n((g))]

+ («" e"') -« —(««e"')«""«««)9 8

Qgg 88

~2 @(N)
—«[1«(«(t«))] {«"" «* «. «.), (e. 6)

](=I(II((d)~g((u) ~', (n((d)) = (8 " —1) ' . (2. 7)

In del'lvlIlg Eq. (2. 6) we took tile illfilllte-volllllle
limit for the reservoir and made the Born approxi-
mation in conjunction with a short-memory approxi-

n=&n(~)&=-(@ -1) '. (2. 16)

The Fokker-Planck equation (2. 12) is equivalent'

We will now for a while consider only the equation
of lllotloll fol' 4) g . Substituting ](= —

2 111 Eq. (2. 11),
we find that

GC s 8 P (@)

et 9$ tB ep
P C ~ +—[(m(o2q+2((p)C, ]

~a @,
~A.&

+ 2III(() K]I 2 e (2. 12)2P'
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to the Langevin equations given by

q =p/tB t p = —2lcp —m(t) q+f (t), (2. 14)

—sln2% t
Mp

(2. 21b)

where f(t) is a real Gaussian random process with
zero mean and the correlation function for f(t) is
given by and

sin pt
y=2K(dg 2.

0 e-'"',
0

(2. 21c)

&f (t,)f (t )& = »5 (t —t ) (2. 15)
(do = ((d -z') ~, t = (()( p —y') .2 2 1/2 (2. 22)

Here D is the diffusion coefficient and is given by

D = 2 m (d z( n(~) & . (2. 15)

D=2KmK~ T, (2. 1'7)

which can be obtained from (2. 16) by taking the
high-temperature limit.

Let K "
(q, p, t I qo, po, 0) be the Green' s function

(conditional probability) associated with (2. 12).
by definition, the solution of (2. 12)

subject to the initial condition

z"'(q , p, o~q„p, o.)=5(q-q, )5(p-p, ) . (2. 1s)

It is shown in Appendix 8 that K is given by

Z'"'
(q, p, t

~ q„p„O)= [(2v' n] "'
x«exp( —(I/2&) [P(q - ( q(t) &

)'+ o. (p - (p (t) &
)'

—2y (q —(q(t) &) (p -(p(t)&)]], (2. 19)

The Langevin equations (2. 14) are of the sa.me form
as the Wang-Uhlenbeck equations (1.3). Equations
(2. 14) ' may be taken to be the quantum analog of
the Wang-Uhlenbeck equations. We recall that in
the classical case q and p are the position and the
momentum variables, respectively, whereas in
our case q and p are the c numbers onto which the
position and the momentum operators are mapped
by the normal rule of mapping. Moreover, in the
classical case the diffusion coefficient for the
random force f (t) is given by

It is seen from (2. 19) that the solution for the
Green s function K is of the form of a two-dimen-(A)

sional Gaussian distribution with nonzero mean.
The coefficient ~p is real for the underdamped case
(z ((d) and pure imaginary for the overdamped case
(z )&u).

On transforming back to the complex variables
via Eq. (2. 10), we obtain the following Langevin
equations:

z = —i(t)z —z(z —z~)+ P (t),
z+ =+i(d z+ —z(z* —z) + O* (t),

(2. 23a)

(2. 22b)

where P(t) is a complex Gaussian random process '
with zero mean and

where

x exp (n()' [p.(z* —(z*(t)) )'

+ p,*(z —(z(t))) —T~z —(z(t))
~ ]], (2 25)

(s(t)) = (costopt ——stntc, t sps "'SQ)

COp

(5 (t, ) S (t,)) = —2zq5 (t, t, ), - (2. 24a)

(S*(t,) V(t, )) =2 q5(t, t,). — (2. 24b)

The corresponding solution for the Green's function
K " in terms of the complex variables ~ and z*
is

fc'"'(z, z+, t
i
z„z*„O)=(v'n, )-'i'

where

(q(t)) = sento+ p—tst)tntqppp
K

0

sin(dp t
+ Pp 8

mQ) 0

K
(q(t)) = c ostop——stntopt) qp

QJp

m(g SInWpt
&0

0

0 Mn= 1 — —
2 -~ cOS2~0t

mug (dp Mp

K
+ 8in2Q) pt 8

600

~ Q) K
p = gmQP 1 —:

2
——cos2(d t

MP Q)0
0

(2. 2Oa)

(2. 2Ob)

(2. 21a)

+—sin(sot zo e ~, (2. 25)
h)0

t( = ——sin(dot cos&got ——sin~at e z"', (2. 2qa)
K0 . 1'
C00 0

2

7- g 1 — 1+ 2 s1n Q)pg (2. m)
Q)p

t 0=(~-41' I') (2. 2S)

We first consider the case when the oscillator
was initially excited to a coherent state'0 ) z,),
l. e. )

In these equations zp is, of course, related to qp
and po in the same way as z to q and p [cf. Eq.
(2. 10)]. We will now calculate some of the statis-
tical properties under two conditions of initial ex-
citation.

A. Initial Coherent State Excitation
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C,
&A)

(z zg 0) 5 &2)(z z ) (2. 29) and hence the entropy is given by (2. 34) with

The phase-space distribution function at time t is
then obviously identical with the Green's function
K ' given by Eq. (2. 25). We thus conclude that
the reduced phase-space distribution function is a
nonstationary conc//ex Gaussian distribution with
nonzero mean. The time dependence of some of
the lower-order moments is readily found to be

(a(t)) =(z(t)),

( [a'(t) —
& a'(t)) ] [a(t) —( a(t)) ]) = v,

([a(t) —(a(t))]') =+2)t,

&1[a'(t) -&a'(t)&]'[a(t) -&a(t)&)&'

(2. SOa.)

(2. 30b)

(2. 3Oc)

=2~ 4lt I'. (2. 3od)

The distribution function 4~ ' may be used to cal-
culate all the normally ordered moments. The
multitime correlation functions may also be cal-
culated'; for example, we have

(a'(t, )a(t, )) = f J (z+z, )K '(z„z*„t,lz„z*„t,)

(x = ( [)I(1—e '"')+-,']'

-&)t(o))&ln &n(&o)&] as t-~ . (2. 33)

The entropy given by the right-hand side of (2. 38)
will be recognized as the entropy for a quantum
oscillator in thermal equilibrium. This result
shows that the system approaches equilibrium as
t- ~. In fact we show in Appendix B that the
steady-state distribution functions given by

as t-~ .
(2. 3S)

We will now briefly examine the zero-tempera-
ture case. For zero temperature &n(&d)& =0 and
the Langevin equations (2. 23) reduce to

—(4K'/&do) sin'&oot)i()i+-2') e 2"'}'~2--2' . (2. 3V)

It is obvious from (2. 3V) that o-1)=&n(o))& as t-~
and the entropy S tends to

&)-Ka([&t)(o))&+1]ln[& n(&o)& +1]

(z2~ z2 ~ t21 0~ zo ~ 0) d zld z2 t (tl t2)

(2. 31)

On substituting (2. 25) into (2. 31), we find that

z = —2&dz —K(z —z )

z* =+to)z* —K(z* —z) .
(2. 4Oa)

(2. 4Ob)

& [a'(t, ) —
& a'(t, )) ] [a(t, ) —( a(t, )) ]&,

= (- 2K')i/0) o) sino)ot2 sin&oot)

)& e- &t)«+ t2)
+()II 2«t2) e- ~ &tl t2)--

)& [cos &uo (t, t2) + (i&0/&do) sino)0(t) —t2)] . (2. 32)

We now calculate the entropy $ associated with
the quantum oscillator undergoing Brownian mo-
tion. We have shown in a recent paper that the
entropy for a system, which is in a state charac-
terized by the Gaussian-Wigner distribution func-
tion of the form

e '(&f, t ) =[(2t&)'(&20po- r&'))]
'" exp(-l(&20po —r&'))

'

x[po(e -«t&)'+ o.o(p —&p&)'

—2ro(q —&q&) (P -&t &)]], (2. 33)

is given by
S =Ko[(o'+ 1)ln(a+ 1)—o'lno'], (2. 34)

where
a = (&20P&)

—yo())'" - -.' . (2. s5)

We prove in Appendix C that the Wigner distribution
function for the problem under consideration is also
given by (2. 25) but with 7 replaced by (v+ —,'). This
result may be used to show that the Wigner distri-
bution function is of the form (2. 33) with the param-
eters given by

&20= (a&+1/2m&o), po ——(p+ —,'m&d), yo= y, (2. 36)

The solution to these equations is readily found to
be

z(t) = [coso)ot —(io)/o)0) sino)ot) z(0) e "'

+ (K/&oo) sin&dtz*(0)e "' . (2. 41)

Since the initial distribution function is of the form
(2. 29) it is obvious from this solution that the
phase-space distribution function for later times
is given by

C'"'(z, z*, t) = 5' '(z —(z(t))),

where

(z(t)) = [cos&dot —(io)/o)0) sin&sot]zoe "'

(2. 42a)

&["(t)] [ (t)]")=& *(t)) &.(t)&".

B. Initial Thermal Excitation

(2. 43)

We next consider the case when the oscillator
was initially excited to a state characterized by
the phase-space distribution function

c 2 (z, z", 0) = exp—(A) 2' 1 Iz l2

7l QQ QQ

+ (K/&oo) sine ot zo e ". (2. 42b)

Ne therefore conclude that, for the case of zero
temperature, if the system is initially in a coherent
state Izo), it will remain in the coherent state
whose amplitude is given by Eq. (2. 42b). The
normally ordered moments will then be given by
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appropriate to thermal equilibrium at temperature
The distribution function for later times is

given by

c&A)(z, z*, t)

= fr'"'(z, z*, t~ z„z,*,O)4&A) (z„z,",O)d'z, (.2. 45)

On substituting (2. 25) and (2. 44) into (2.45), we
find, after a straightforward but long calculation,
that the reduced phase-space distribution function
at time t is given by

C '") (z z* t) = [((z(g o 4
~

t&
~

z)]-'~o

xexp[ —(i'() —4/ t&o[ ) '(T'oIz/ —gloz* —poz )],
(2. 45)

where the parameters p,o and so are given by

Po= ()lo '0)(«l(do) sino)ot[«so)ot —(/o)/&()o) sin&pot]e~"',

(2. O'I a)
(2. 47b)&o = n+ (no —n) [1+ (2«'/&ozo) sin'o)ot]e~"'.

The reduced distribution function is in the form of
a complex Gaussian distribution with zero mean.
In the limit as To-T (or )Io-q), we find that (2. 46)
reduces to (2. 44). We conclude that if the oscilla-
tor executing Brownian motion was already in ther-
mal equilibrium with the medium (reservoir) then,
as one would expect, it will remain in equilibrium.

We conclude this section by giving the form of
the corresponding equation of motion for the re-
duced density operator pz(t). It may be obtained
from Eq. (2. 9), for X = ——,', by applying the map-
ping operator ' '"' '"' Q(") for the antinormal rule of
association and by making use of the following
identities

III. ROTATING-WAVE APPROXIMATION AND
BROWNIAN MOTION

In most of the problems in quantum optics and
in other fields, one conventionally makes the ro-
tating-wave approximation, "which amounts to ig-
noring the rapidly oscillating terms. Qn making
the rotating-wave approximation our model
Hamiltonian (2. 1}, describing the Brownian motion
of a quantum oscillator, reduces to

H= &da a+ Qi&piaJag+ Qi(gia)a+ H. C. ). (3. 1)

(A)+ (zc, &A)
) + (z 4@(A) )BZBz~ BZ

(3 3)
Qn introducing the real variables q and p defined
by Eq. (2. 10), we find that (3. 3) reduces to

B@s B (A)
Bt Bg BP

f(«q-P/m)—C'o']+ [(«P+ m&'q—)~'z'I

B 2@,(A)
B2@(A)

+ K'g + m&d, ' . (3.4)
BP

We can again obtain the master equation for the re-
duced distribution function 4's', as we have already
done in [Ref. 9, Eq. (5. 19)]. The equation of mo-
tion for C(As) is

3C, &A) 3o@(A)
2g — ' +—(zC'"')+ „(z*C'"') .

B t Bz Bz BZ BZ

(3.2)

Qn transforming back to the Schrlinger picture
(see the discussion in Appendix A), we obtain the
equation

BC,{A) B@(A) . B@(A)
=gZ .

— -Z
BZ BZ

n& ) —'(zC& f) =--[at, ap, ],
BZ

@&A) ()
( g@(A)) [a'( p a(']S s s

g(A) C,(A)' @t g p
B

3

BZ BZ* '
m

(2. 48a)

(2. 4Sb)

(2. 4Sc)

This equation has the form of the Fokker-Planck
equation. The corresponding Langevin equations
are

q = —«q+ p/m+ F,(t), $ = —«p —m&dzq+ F~(t). (3.5)

Here F,(t) and F~(t) are two independent real
Gaussian random processes with zero means and

g 'lA ) @(A) gV gt p (2. 4Sd) (F,(t,)F,(t.)&= 5(t, -t.),
and their adjoints. %'e find that the reduced density
operator pz(t) satisfies the master equation

Bps
Bt

= —io)[a a p ]—«(a ap —2ap as s s

+ pea a+a po
—apoa-a poa + pea )

—«(~(~)&(2la', [a, p.]]+[a', [a', p, ]]+[a, [a, p.]]).

(F,(t,}F,(t,)) = 2«(n(o))&m~5(t, —t,). (3.sb)

We find from Eq. (3.5) that the time derivative of
q is no longer equal to P/m whereas the relation
q= p/m is expected to hold good in general. We
will now explain this anomaly.

In the weak-coupling limit (««(d), we can re-
place &0 by (d and ignore all the terms of order
«e "' or higher. We thenfind that Eqs. (2. 20)-(2. 22)
reduce to

(q(t)& = [cos&dt q()+ (sin(dt/mo))po]e-"', (3.Va)
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(p(t)}= (cos(dt po —m(d sin(utqo)e, (3.7b)

n=(g/m&o)(1-e "'), P='gm&(1-e "'), (3.8)

where ' ' ' that the phase-space distribution func-
tion 4 satisfies an equation of the form

and
B4
Bt

= = -zZ, e -z, C t (A2)

y= 0. (3.9)

Therefore in the weak-coupling limit, the solution
(2. 19) for the Green's function A'"' reduces to

P„o)=[2 q(1- -'"')]-'

x exp{- (1/2o!)[q - (q(t)}] —(1/2P) [P- (P(&)) ]];
(3. 10)

where (q(t)) and ( p(t)} are now given by (S.7a) and

(3.7b), respectively. It is easily verified that
(S. 10) is the solution of the following Fokker-
Planck equation:

Bt BQ'
[(xq ——p/m)O',

"']+ [(Kp+ m—~'q) C ',"']
BP

C,= exp(iz, t)C. (A3)

It is then obvious from (A2) and (AS) that CI satis-
fies the equation of motion

B41
I It=- i~,(i)c, (A4)

where ~1(t) is the interaction Liouville operator in
the interaction picture and is given by

where &o and &, are the Liouville operators (dif-
ferential operators) corresponding to H~ and H~,
respectively. We assume that 0 is explicitly time
independent. Then the phase-space distribution
function 4 I in the interaction picture is defined by

B2@cg) BPC(, (A)
+ K'g

m~ Bq
+m~;, (3. 11) Z, (t) = exp(iZ, t)2, exp(-ig, t)

On inverting (A5), we also obtain

(A6)

subject to the initial condition

~'s"'(0, p, 0) = ~(e —
QQ) 6(p —po). (3. 12)

The Fokker-Planck equation (3.11) is the same as
(3.4), which was obtained by making the rotating-
wave approximation. This then leads us to conclude
that the Langevin equations (3.5) obtained by making
the rotating-wave approximation are the weak-
coupling limits ' (z«&) of the Langevin equations

(2. 14), and this explains the anomaly that we noted
above.

In the present paper, we considered only the
Brownian of a single quantum oscillator. The re-
sults are easily generalized to the case of N quan-
tum oscillators undergoing Brownian motion. In
a future publication, we hope to discuss the non-
Markoffian behavior of the quantum oscillator exe-
cuting Brownian motion.
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APPENDIX A: RELATION BETWEEN EQUATIONS OF
MOTION FOR PHASE-SPACE DISTRIBUTION FUNCTION

IN SCHRODINGER PICTURE AND IN INTERACTION
PICTURE

Z, = exp(- i&,t) Z, (i) exp(i@,i)

= Z, (t)+ (- it) [S„2,(t)]
+ [(-ii)'/» K~„[@,~,(i)]j+ ~ ~ (A6)

Equations (A2)-(A6) are the desired relations.
For the problem considered in this paper, the

unperturbed Hamiltonian for the oscillator system
is

Ho= &a a. (A7)

The equation of motion (2. 6) is for the distribution
function in the interaction picture and therefore
—iZ, (t) is given by

—iZ (f) = ~ 2+ z —+ zI a~ B~*

—z ~e""'——ze-""'
Bz Bz

«(( (te)e 1)](R,-e*'",-e-""
Bz Bz Bz

9}
For Zo given by (AS), one may easily prove the

following relations:

exp(- idiot)
—exp(iQt) = exp(-i&up)—~ B

Bz Bg' (A 1oa)

It can be easily shownv that for the normal rule of

mapping, the unperturbed Liouville operator is
given by

(A8)

where 00 and H& are the unperturbed and perturbed
Hamiltonians, respectively. We have shown else-

exp(- i Rot)
~ ~ exp(i Rot) = exp(i~i)
( a . . a'
E,

BZ* + p
(AIOb)
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exp(- iSot) (z) exp(ig&t) = z exp(io)t), (AIOc)

On making use of these relations, we find that

—i@= exp(- iSot)[-i Z, (t)] exp(ikot}

exo(- iZot)(z~) exp(tZ()t) = z*exp(- io)t) . (A1M)

K
'cos&d pt+ —sin{dot

b(t) = 0
m('d sinpt

&dp

where
o)o ——((0 —z )

81n+Ot

m&dp
/

e Kt

cospt — s1n('dpt

(89)

(alo)

= z 2+ (z —z*)—+ (z ~ —z)
pg pz

( 6—[I+&s(~)&]
I

—-
az

(All)

Finally on substituting {A11)and (A6} into (A2) we
obtain the desired equation of motion (2.6) for the
distribution function in the interaction picture.

APPENDIX B: DERIVATION OF SOLUTION (2.19) FOR
LINEARIZED FOKKER-PLANCK EQUATION (2.12)

We first consider the following linearized Fokker-
Planck equation:

On using (86) and (87) it is easily found that

(811)

On substituting (89) and (811) into (85), we find
that the matrix elements of o(t) are given by

'g {'d

0'))(t) = 1 —
a

—~ cos2(dotICd {dp

K
+ —sin2&dot e

QPO

&d2 g 2

oaa(t}=qmo) 1 — —,——,cos2o)ot
8+ 8 8+
st

= ~ s {P»~)'~D s eXf Xit Xg

where P,) and Do are independent of the random
variables x. The solution 'to (81), Bubba ec't to the
initial condition

K
sln2&dpt e

&dp

o»(t) = o„(t)= (2zqo)/o)'o)sin'o)ot e '"' .

(als)

(814)

~((z, },O) =II, 6(~, - z', )

&(&z) } tI &~) },o}=[(2v)"I de«(t)I] '"
(82) The desired solution to the Fokker-Planck equation

(2. 12) is obtained by substituting (812)-(814) and

(89} into (BS). One obviously has the relations

xexp[- —,'[X- b(t)X']'o -'(t)[X- b(t)X']}, (aS)

where X is the column matrix

ti = oaa) &= o)a i

& q(t)& = b)) (t)qo+ b)a(t)po,

&p(t}& = ba)(t)qo+ b»{t}po .

(816)

(816)

(aiv)

and the superscript T denotes the transpose of the
matrix. The parameters b(t) and o(t) are given

On substituting the values of the matrix elements
b, )(t) into (816) and (817), we find that (q{t)& and

(p(t)) are given by Eqs. (2. 20a) and {2.20b), respec-
tively.

It is also obvious that the steady-state solution
is given by

b(t) = e"

(t) =.(-) —b(t) (-)b'(t),
(84)
(»)

C'a)(q, p, t)- exp ——mo)q +- p
1 1 2 1 2

2F'g 2'g

and o(~) is the solution of

u (-)"(-)P=-». (86)

For the Fokker-Planck equation (2. 12), we have

O m-'
O 0

. (Bv)
I, -m~' -z.f lo 2m~.g1

The matrix e~' may be found by using the method
of calculating the function of a matrix by the formula

e"= — . (z- P) 'e" dz . -1
2mi

It is shown by a straightforward calculation that

C'",)(z, z*, t)-(I/vq)e ") '" as t- (819)

APPENDIX C: TIME DEPENDENCE OF %SIGNER
DISTRIBUTION FUNCTION FOR INITIAL COHERENT

STATE EXCITATION

The Wagner distribution function 4'8', for the os-
cillator undergoing Brownian motion for an initial
coherent state excitation can be obtained by solving
(2. 9), for )).= 0, under the initial condition

@tw) (z zg 0) (2/ ) e all gol (Cl)

as t-~, (818)

or equivalently, in terms of the variables z and z~,
one has
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which is the Wigner distributionfunctionassociated
with the density operator p, (0) =

I zo) (zol . We will,
however, use an alternative method based on the
connecting relations '" between the distribution
functions corresponding to two different rules of
association. The Wigner distribution function 4'~s'

is related to C'",) by

9
4 w~exp- @,(A) (C2)s 2

We have already obtained the distribution function
Cz"' which is given by (2. 25), i. e. ,

C'",' = . . .„,e»(- (r' -4i pi')-'
m(7 —41 p I )

[-~*( - ( (t)&)'- ~(z* - &z*(t) &
)'

+.
~

z-&z(t) &~']}, (C3)

which can also be rewritten as

r'T 7 7

[z* —(z" (t) )]o' [z —(z(t))] o'*

On combining (C2) and (C4), we obtain

(1) ~p ~ P+D PQ+e» —I&i~ ~+—+ +
W T 27 T j

[z* -(z*(t))]~ [z -(z(t)) ]~*
+ ~ d n. (C5)

On changing the variable of integration to
P'= (l+ 1/2v)Uzo. , (C5) reduces to

C,(gi l
~

p~z
p*P pP

7t +p jp 1p

[ *-& *(t))]p [.-( (t)&]p*
+ f d p p

T, = r+ —,'. (Cs)

This integral is easily evaluated and we find that

1
O's' =

~z 4~ ~ (z)~~ze»k-(&o -4~ V~') '

&& [-~*(z- (z(i)&) —u (z* - (z*(t)&)

+To z-(z(t)) ']]. (C7)

This result shows that the Wigner distribution
function 4' z' is the same as C'z' [given by (2. 25)]
but with 7 replaced by ~+ —,'.
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The well-known variational (maximum-entropy) property of the Maxwellian ve1ocity distri-
bution is used to shed some light on the range of validity of the Boltzmann transport equation.
It permits a characterization of the initial states for which the Boltzmann H theorem is vio-
lated. In particular, it is shown that: (a) Any monatomic system for which the equilibrium po-
tential energy exceeds the minimum possible value possesses a continuum of initial states
for which the approach to equilibrium takes place through an increase, rather than a decrease,
in Boltzmann's H. {b) If the initial distribution of particles is spatially homogeneous and
Maxwellian, the approach to equilibrium will take place through an increase (decrease) in
the Boltzmann H, according as the initia1 potential energy is less (greater) than the equilib-
rium value. (c) A necessary condition for the H-theorem-violating phenomenon is that the
approach to equilibrium takes place through a conversion of kinetic energy into potential en-
ergy; a sufficient condition requires also that the initial velocity distribution be sufficiently
close to Maxwellian. {d) These H-theorem-violating conditions are readily attained experi-
mentally; for example, the free expansion of oxygen gas at 160'K and 45-atm pressure pro-
duces an experimentally realizable violation of the Boltzmann H theorem.

I. INTRODUCTION

Ever since the famous Umkehxeinseand and
Wiedexkehreinsoand of Zermelo and Loschmidt, it
has been clear that the Boltzmann H theorem, and
therefore the Boltzmann transport equation, can-
not be of universal validity, even for a dilute gas.
Any system possesses certain initial states for
which the H theorem is violated. In one sense,
these H-theorem-violating states can be character-
ized at once, as those in which the particle positions
and velocities are so correlated that Stosszahlan-
satz fails to hold. However, this is very abstract,
and gives no hint as to how, or whether, such
states could be produced experimentally.

It is often supposed that these H-theorem-vio-
lating states are in some way exceptional, so that
they may be disregarded in practice. While this
conclusion is undoubtedly correct in many cases,
we show below that when the system has an ap-

preciable potential energy, there is a class of
initial conditions for which interparticle forces
automatically produce and maintain H-theorem-
violating states, with the result that H remains
positive, on the average, throughout the approach
to equi1. ibrium. These conditions are, moreover,
in no way exceptional; they can be (and undoubtedly
have been) produced experimentally.

The existence of this H-theorem-violating phe-
nomenon was pointed out briefly at the end of the
writer's Brandeis lectures' on statistical mechanics;
however, the class of states for which it occurs
was described incompletely, in terms of the
average force acting on a particle. We obtain be-
low a simpler description, in terms of the kinetic
and potentiaL energy of the system.

II. DERIVATIONS

Consider a monatomic fluid consisting of N par-
ticles of mass m, confined to a box of volume V,


