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In a previous paper, the stabilization method of calculating resonance parameters was ap-
plied to a one~-dimensional model problem of potential scattering. The method is here ex-
tended to compound-state resonances in elastic scattering, and its application to a model prob-
lem for a target with two bound states is examined. The resonance parameters are calculated
by two methods which use information obtained in the diagonalization of the exact Hamiltonian
in appropriately chosen sets of square-integrable basis functions: Oneis presented for the
first time here; the other is similar to the procedure used in the potential-scattering problem.
In addition to the stabilization method, we have applied to the model problem some other tech-
niques, which have been previously proposed for the calculation of resonance parameters. The
availability of the exact solutions enables us to make some preliminary assessments of the re-
liability and the difficulty that might be expected from these approximation methods.

I. INTRODUCTION

Methods for calculating resonance parameters
may be divided into two categories.! In one, the
experimentalist’s approach is followed: The entire
scattering problem is solved, in some approxima-
tion, for many energies, and the resonance energy
and width are extracted from the energy-dependent
cross section. The method of close coupling falls
into this category.! In the other, E, and T are cal-
culated directly from approximations to the exact
resonance wave function. One example is the sta-
bilization method?'® which we propose to study
here.

In a previous paper,® the stabilization method was
applied to scattering from a one-dimensional model
potential whose barrier gave rise to so-called
single-particle resonances. The understanding of
the method was enhanced by the possibility of com-
parison with the exact results. Oiten the reson-
ances of interest, such as those in e-H or e-He*
scattering, are examples of “compound” reson-
ances, i.e., resonances which are associated with
excited states of the target.!? In this paper, we
shall extend the stabilization method to elastic
scattering from a target and study its application
to a model problem which simulates the scattering
from a target, and in which compound resonances
occur.

The stabilization method for finding resonance
parameters may be briefly summarized: After the
choice of an appropriate basis of square-integrable
functions, the complete Hamiltonian H is diagon-
alized in successively larger bases. Fcr sufficiently
large basis sets, the presence of a “stable” root
indicates a resonance, and the degree of stability
of that root is a measure of the width,

In the course of studying the model problem of
potential scattering in I, it was learned that the N
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eigenvectors resulting from the diagonalization of

H in an N-dimensional basis were approximations

to the exact wave functions at energies given by the
corresponding roots. The eigenvectors represented
those exact solutions which have a node approxi-
mately where the (square-integrable) eigenvectors
exponentially go to zero. By examining the “wall”
at which the last added basis function goes to zero,
the slope of the stable root as a function of the basis
size could be related to the resonance energy and
width. The resulting values for E, and I" obtained
from this application of the stabilization method
compared favorably with the exact results.

When extended to scattering from a target, the
stabilization method is complicated by the presence
of the target states. The simplest kind of basis,
where exchange does not enter, might consist of
product functions u,,(¥)¢,(¥,) where ¢, represent
the target states and {u,} is the basis for the scat-
terer. InI, all of the basis elements contributed
in the scattering region; in elastic scattering from
the ground state ¢, of the target, basis functions
of the type u,, ¢, contribute in the scattering region,
whereas all others contribute only in the inner re-
gion. This may be seen by an analogy with close
coupling, ! where the complete (no-exchange) wave
function may be written

\P,;:tEl @y (Fo) Fy (F) . (1.1)
For elastic scattering, only F,(T) is nonzero in the
asymptotic region. We write the jth eigenvector
associated with the eigenvalue €; that results from
the diagonalization procedure as

T My

®,=25 <p,('f'0)< 2 um(F)cf,,jl)> (1.2)

t=1 m=1 /
In this expression, the ¢=1 term EZ:lum(F)cfjl’
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will represent the scattering function Fy(¥). When
the eigenvector associated with the resonance state
has been identified, information from the scatter-
ing part of the eigenvector, i.e., the £=1 term of
Eq. (1.2), will yield the resonance parameters. In
the following, we refer to basis functions of the form
@+(Tohun(r) as“type-t” functions, ¢=1, 2,...T.

The extension of the stabilization method to com-
pound resonances is discussed in Sec. IIA. Two
methods for calculating E, and I (and, in some
cases, the potential phase shift 3,) are developed
in Sec. IIB. The first is a new method which ex-
presses the change in energy due to the addition
of a type-1 basis function in terms of the resonance
parameters; the second is an elaboration of the
method used in I.

We shall apply the stabilization method to com-
pound resonances occurring in the elastic scatter-
ing from a fictitious target which has two states.

In Sec. III, we discuss this model problem and its
exact solution in detail, and present the results of
the stabilization methods. In Sec. IV, we apply
some additional approximation methods for finding
resonance parameters to the model problem. These
methods, in general, make use of Feshbach’s pro-
jection-operator formalism,* and range in com-
plexity from complete neglect of the continuum of
QHQ"®to inclusion of all continuum states by a per-
turbation approach. In addition, we study two
methods recently proposed, the “adiabatic” approx-
imation of Muckerman® and the “Golden-rule-like
formula” of Miller.” We conclude the paper with

a few remarks concerning the comparative virtues
of the methods considered.

II. STABILIZATION METHOD
A. Qualitative Remarks

For scattering from a target with internal states
at energies E;, i=1,2,..., the exact (no-exchange)
scattering wave function is given by Eq. (1.1).

In Eq. (1.1) T, represents the coordinates of the
target particles, T is the coordinate of the scat-
terer, and E is the total energy. Inthe case of
elastic scattering from the ground state of the tar-
“get (E;< E<E,), ¢,(T,) is the exact ground-state
wave function. The other functions ¢,(%,), £22,
may represent either the true excited states! or
pseudostates® chosen to improve the convergence

of the expansion in Eq. (1.1). In the stabilization
method for specific energies the channel functions
F,(¥), including the continuum function F;, are ex-
panded in terms of a set of square-integrable basis
function u,,(¥), m=1,2,.... Thus, the scattering
wave function ¥ g is approximated by the expression
in Eq. (1.2). The specific energies €, and the ex-
pansion coefficients cS}’ are just the eigenvalues
and the corresponding eigenvectors obtained from
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the diagonalization of the complete Hamiltonian in
the basis {@, (To)u,(T)} t=1, ... T, m=1, ... M,.

Next, we come to the major assumptions of the
stabilization method. Let us assume that the basis
set is sufficiently large to span the range of the po-
tentials involved in the problem. Then the expan-
sionof the closed-channel functions Fy, {22, interms
of {u,} converges because for ¢2>2 the functions F,
themselves are exponentially decaying in the as-
ymptotic region. The expansion of the continuum
function F;, however, cannot converge in the strict
mathematical sense. Nevertheless, based on the
results of I, we assume that the expansion of F, in
terms of the square-integrable basis functions
determines the specific energies €; and contains the
scattering information. For a given basis set
{untm=1, ... M, those eigenenergies ¢€; (between
E, and E, for elastic scattering) are produced by
the diagonalization for which the open-channel func-
tion F,(T) has a node at the point where the ampli-
tude of the basis function u,(T) becomes negligible,
say 7y. The point 7, is not uniquely defined, but
in most cases one can reasonably assume that it
equals the outer classical turning point of u,(T).
This is the definition we adopt for the discussion
that follows. (Here we take the basis set to be
so ordered that ¥, >7,,_; for all m.) Correspond-
ingly, the expansion

M
$1(F)= 25 up(Pelf 2.1)
m=1

is a good approximation, apart from an arbitrary
normalization constant, to the function F; out to
7y. The numerical results presented in Sec. III
show thatthese assumptions are essentially correct

Next, we briefly discuss the “stabilization” prop-
erty of certain eigenvalues obtained in the diagon-
alization. Let us assume that for a given basis
set (large enough such that 7, is greater than the
range of the potentials) one of the eigenenergies,
say €;, is close to the resonance energy E,. Then,
based on the results of I, we predict that €; will be
stable with respect to the addition of basis func-
tions @,u,,,, regardless of the value of . For
£2.2, €, will not change significantly as @,uy,, is
added to the basis because, if 7, is greater than the
range of the potentials, then the expansion of F,
in terms of {u,}m=1, ...M has already converged.
The fact that €; will decrease only slightly (depend-
ing on the magnitude of the width I') with the addi-
tion of ¢ u,,, to the basis can be shown asing argu-
ments exactly analogous to those given in Sec. IV
of I, with the open-channel function F,(T) substituted
for the scattering function ¥(x) of I. Qualitatively,
it is known that, for energies near E,, ¥ has a
much smaller amplitude in the asymptotic region
than in the inner region. We can argue that, since
7y is greater than the range of the potential, @,uy,,
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contributes only to the asymptotic part of ¥ which
has relatively small amplitude. As a result, wu,,
enters the expansion of F; with a small coefficient,
and the eigenenergy €; is only slightly affected.
'Again, the numerical results presented in Sec. III
show that these arguments are essentially correct.
In addition to the stabilization property of an ei-
genvalue near E,, the behavior of the expansion co-
efficients in the associated eigenvector ®; also in-
dicates that a root near E, represents the resonance
state. In the sense that a resonance state is a
“quasibound” state, and thus ®; is larger in the in-
ner region than in the asymptotic region, we expect
for a resonance associated with the #th target state
that ¢$’ (for one or more m values) in Eq. (1.2)
will be large for the u,, which contribute most in the
inner region. In particular, large c{;’ will indicate
single-particle resonances while large c¥) for ¢
# 1 will indicate compound resonances.

mt

Hence, we
can apply the stabilization method equally well to
both types of resonances.

The Hylleraas-Undheim theorem ensures® that,
with the addition of basis functions, all roots de-
crease, i.e., €MV <e!M for all i, where N is the
total number of basis functions (N= 3t M,). Since
for elastic scattering F, contains the scattering in-
formation, the variation of the resonance root ¢;
with the addition of ¢,u,, basis functions enables us
to determine the resonance energy E, and, to a
good approximation, the width T'.

B. Calculation of Resonance Parameters

Since the eigenvector associated with the stable
root is a good approximation in the inner region
(save, for an over-all normalization factor) to the
exact resonance eigenfunction, and since it is known
how to extract resonance parameters from the ex-
act eigenfunction, one might hope to develop a nor-
malization-independent formalism in which the re-
sonance parameters can be extracted from the
eingenvector produced by stabilization. This is ac-
complished by considering the change in the jth root
ingoingfrom an N- to (N+ 1)-dimensional basis, i.e.,
AN =W+ _ e Taking {y,} as the basis
le.g., ;= @ (Fo)un,(F)], let &, be the jth eigenvector
from the diagonalization of H using N basis func-
tions, and let x; be the corresponding eigenvector
from N+1 functions. Then it can easily be shownl-—

i} .
Ae N+D) =——————< Hibyer) (RT)Y/2 [(e¥*) — E,) (Sy.1 €088, + Cyyuq Sind,) + $T(S)1,18ind, — Cyyyy 085,)],

(q)jx j >
where

st:fO”drsinkafuM*l(?’) ,
Cuut™ fo”daf cosky () .

By use of the eigenvectors for several stable roots,

and will be so done in Appendix A~that for the jth
root we have

oy S8 Hpy My, XD
1) _ A2 5 TN\ Ynan X
ae (@,

(2.2)

In order to introduce resonance parameters, we
make the assumption that x;, apart from the nor-
malization, is a good approximation to the inner
part of the exact wave function ¥ at E=e{¥*),
Guided by the Feshbach formalism of projection
operators, we define @ = Ix,)( X;!, and construct
Q¥ which for €{¥*! near E, gives a relationship
between x; and ¥,

| v = et*(r/2m)! 2™ - E,+ 30 x,) . (2.3)

(Here, we write € for € ¥*!) in all relevant sub-

scripts.) It should be emphasized that Eq. (2. 3) is
valid only in the inner region where ¥; is signifi-
cantly different from zero. For [=0 scattering,

« is the so-called potential phase shift §,. Details
of the derivation and the generalization to [ #0 scat-
tering are given in Appendix B. Thus, we can write
for E=¢{™" near E,,

<1PN+1 Xj) =Py Te) (€,(:N+1) -E, +%i1") e-isp(r/z‘lf)'l/z

for I=0. (2.4)
If the N+ 1 dimensional basis {¢;} spans into the
asymptotic region and the last-added basis function
Uy, contributes only in the asymptotic region, then
in the integral (dy,,;¥:), ¥ may be replaced by its
asymptotic form

(k) /297y oo(7) €® sin(kr + 6) 4(To) ,

where k2=€{"*V — E; .1 We see here the justifica-
tion for our previous statement that resonance in-
formation is obtained from the addition of type-1
functions to the basis set, for otherwise in this ap-
proximation (Y, ¥i)=0. If one writes

Dyar = [ @)/7 1Y 0o(7) @1 o)
where N=M+ Ji.s M, , then after some simple alge-

bra one may express A¢‘"*? in terms of the three
resonance parameters E,, I, and 0,:

(2.5)

—
the values of Ae‘Y*D are fitted against the function
in (2. 5) to produce approximate values for E,, T,
and 6,. The reader is reminded that this method

can be expected to give good results only when x;

is a good approximation to the exact resonance



4 CALCULATION OF ENERGIES AND WIDTHS OF COMPOUND-STATE:- -

eigenfunction in the inner region (we shall see
better what is meant by this during the calculation),
and when ¥y,, does contribute only in the asymptotic
region.

The second method expresses de,‘”’/dM as a func-
tion of E, and I'. Its derivation is essentially the
same as the derivation of Eq. (31) in I, so our dis-
cussion here will be brief. If we assume that the
point 7, at which the Mth function u;, becomes neg-
ligible coincides with a node in the exact eigenfunc-
tion for k3=¢{" — E;, then the boundary condition'!

(2.6)

(n is some integer) together with the Breit-Wigner
form for the phase shift

ki 7y + 6(€)) =nm

ir
_E

6(E)=5,(E)+tan™ (2.7

E

A

yields an expression for de{¥ /dr, in terms of E,

and I''%
de4™
ary

_ 4Tk, -
=-2€ <1’M+m) . (2.8)

As before, N=M+3%7.,M,; and we have simply
written € for 6}”) in the right-hand side of the last
equation. Here the potential phase shift is assumed
constant over the energy range considered; if we
wish to relax this restriction, the expression in

Eq. (2.8) becomes altered by adding d6p/dE to
2T'/[4(E, - €)>+T'?], the latter being db,,,/dE. The
criteria for the validity of this expression are dis-
cussed in I, and may be summarized in the state-
ment:

range of potential <7, < 4k, /T .

In order to convert Eq. (2.8) into an expression
for de;M/dM, one must know the relationship be-
tween 7, and M for a given basis set {u,}. The
explicit expression for de;¥/dM applicable to the
harmonic-oscillator basis set, which we use in
the treatment of the model problem in Sec. III, is
presented in Appendix C. After calculating the
slope déj‘”’/dM of the stable roots resulting from
the diagonalization of H, approximations to E, and
I (and, if desired, dop/dE)are calculated by fit-
ting the slopes of € with the function in Eq. (C1).

In Sec. III, after discussing the model problem
and its exact solution, we shall use the two methods
described here to find approximate values of the
resonance parameters.

III. MODEL PROBLEM

The model problem to be examined consists of a
target with two bound states and an incoming parti-
cle with insufficient energy to excite the target out
of its ground state. The target states ¢, (y) and
@2 (y) are eigenstates of H, with eigenenergies,
respectively, E, and E,. For this fictitious problem
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in which there exist no additional eigenstates of H,,
the eigenfunction of the complete H at some energy
E may be written

X‘I’(x,y)=F1(x)<ﬂ1(y)+Fz(x)<P2(y) (3.1)

The equation (E - H) ¥ =0 may be equivalently writ-
ten as two coupled equations,

2
<E_ E s - Vu(x)>F1 ()= Viy (¥) Fy(x) , (3. 22)

<E -E,+ ;72 - Vaz(x> Fo(x)=Vy (x)F,(x), (3.2b)

where
Vis )= dyo; (9)0(x,9) 0, (v)
dz
for H=Hy= == + 0 (x,y)

We consider the region x >0 and solutions for which
F,(0)=F,(0)=0. The potentials V;;(x) are taken to
be square wells:

Viilx)=n; forx<a,
Vo (%)= Vg (x)=7 forx<a, (3.3)
Vi (x)=0 forx>a, i,j=1,2.

In addition, the energy E satisfies E, <E<E,. By
taking V,,(x) to be sufficiently deep to hold a bound
state, resonances associated with the second target
state occur.

These equations call to mind the radial equations
for 7 =0 resulting from truncation of the close-cou-
pling expansion in Eq. (1.1) after the first two
terms. Thus, we may hope that observations made
concerning the various approximation methods for
this specific model might be applicable to more
realistic situations.

The exact solution of the model problem is easily
found. Briefly, by eliminating F, (x) from Eqs.

(3. 2) for x <a we obtain a fourth-order equation for
F, (x) whose solution is of the form

F,(x)=a, sin (B.x) +a,sin (B, x)

Here B, depend explicitly on the parameters of the
problem: E,, E,, Ay, X5, N, and a. The function

F, is immediately determined from F, by Eq. (3. 2b).
By connecting F), and F, and their first derivatives
at x =a to the asymptotic solutions

Fl - e-iklx+ a, eiklx

Fo=a,etf”

(where k5=E - E, for i =1, 2) and their derivatives,
the four unknowns a,, a,, @;, and a, are determined.
This, of course, is valid for all E. For E,<E<E,
when only elastic scattering is energetically allowed,
F, is a square-integrable function (i.e., ik,=—X,
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is real), From the conservation relation lallaz 1
the phase shift § is given by

tand = - Ima, (1 - Rea;)™!

Our procedure was to choose a set of parameters
(E;, X;, m, and a) and calculate the phase shift 6 for
a range of E values sufficient to exhibit resonance
behavior. We fitted the resulting values of 6 (E)
against the Breit-Wigner form in Eq. (2.7), where
0, was taken to be a second-degree polynomial in
E, and thus computed the resonance parameters
E, T, and §, at E=E,.

To obtain resonances of varying widths, we re-
peated this procedure for several values of the cou-
pling 1, holding the other parameters fixed. In
particular, we chose the following parameters for
the problem: X;=5, A,=— 16 (whichhas a bound
state at E,=- 9. 8765), E,;=0, and E,=100 for wells
of width a=1. The values of coupling considered
were 7=1,0, 10, and 20. It may be noted that
equivalent results are obtained for a well of width
a#1, if the energy and potential parameters are
reduced by a factor a2,

To be free from all approximations (even that in-
troduced by the fitting of 6 with the Breit-Wigner
form), the 7 matrix, as defined in F,~ sinkx
- Te“‘l”, was calculated in the complex-energy
plane. One can define the position of the pole as
E, - 24T in absolute terms, without reference to
the potential or resonant part of 7. The pole posi-
tion calculated for 7= 10 agreed to better than 0.1%
with the result found from the Breit-Wigner fit.

We thus refer to the resonance parameters obtained
from the Breit-Wigner fit of the exact phase shifts
as the “correct results” —these results are pre-
sented in the first column of Table I, for the three
couplings considered. To facilitate comparison
among the various approximation methods studied
throughout the paper, representative results of

TABLE I

Comparison of the exact and approximate resonance parameters.

each method will be included in Table I along with
the exact results,

With the correct results available for comparison,
we are now ready to apply the stabilization method
to the model problem. For our basis we choose
functions of the form ¢; (y)u, (x) (i=1,2), where
the functions u,, (x) are the odd (i.e., zero at x=0)
harmonic-oscillator functions, normalized on an
interval [0, °°]. In terms of the Hermite polyno-
mials 4, (ax), we have

o 1/2
Um (x)=<2(2m-2) (2m -1) yﬁ) Rame1 (ax) e

(-1/2)a242
’

where a®=%w. It is useful to write the matrix
representation of H in four blocks

H11 H12
(H)= ( ) ,
H21 H22

where
(HIJ)m,,:_/o- u,, (x) <— e Syr+ V”(x)> u, (x) dx -

Here, of course, V;;(x) are the square wells given
in Eq. (3.3). These matrix elements are easily
evaluated with the aid of recursion relations for
#,. The dimensionality of HII is M;XM;, so that
complete H is N XN where N=M, +M,.

Before proceeding, we seek a frequency w for
which a reasonable number (say, 20 to 40) of func-
tions u,, spans the entire range of the potential.
Diagonalizing H22 (i.e., a square well of depth X,)
in a basis of M, functions, we obtained the best re-
sults with w=30: The lowest root gave the bound-
state energy to five places of accuracy, whereas
the corresponding eigenvector represented the
exact eigenfunction to better than four figures.
Hence, for the diagonalization of complete H, we
used basis functions with w = 30.

Columns A and B: stabilization method

with Egs. (2.5) and (2. 8), respectively. Column C: Feshbach’s method neglecting the continuum of QHQ. Column D:
Feshbach’s method with P&}’ [Eq. (4.8)]. Column E: Muckerman’s adiabatic method. Column F: Miller’s method.

Exact Approximate results

7 results A B c? D EP F
E, 90.1346 90.1347 90.1347 90.1346 cee 90.1346 s

1.0 r 0.001472 0.001484 0.001591 0.001470 0.001473 0.001473 0.001494
S, —-0.2718 —0.3012 —-0.2727 —-0.2718 —0.2719
E, 91.2161 91.2161 91.2155 91.2185 te 91.2151 oo
10.0 r 0.1720 0.1711 0.1666 0.1537 0.1737 0.1713 0.1747
by —-0.1854 —0.1802 oo -0.2694 —0.1832 —-0.2001
E, 94.3836 94,3869 94,3818 94.3875 e 94.3592 L
20.0 r 0.7912 0.7869 0.7883 0.6633 0.8063 0.8185 0.7721
by 0.0507 0.0775 s —0.2600 0.1336 -0.0113 LR

2Unshifted energy: W, =90.1235 for each 7.

PUnshifted energy: W, =90.1350 for n=1, W,=91.2483 for n=10, and W,=94.3444 for n=20.
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103 r
(a) (b)
\ \ i=13 \FB
1001~ B
95+ B
€j
=9 =12 =12
90+ = it
FIG. 1. Variation of the eigen-
values €}N) with basis-set size
851 | N=M;+M, for n=10. (a) M, is
varied for M,=50; (b) M, is var-
ied for M;=50.
80 i=8 ~
75 ) ) ) , lj=l0 ~ T - - - j=10
30 35 40 45 50 30 35 40 45 50
M, M2

Let us proceed with the diagonalization. We

shall discuss only the case of intermediate coupling,

i.e., m=10, in detail. However, we comment in
advance that the behavior discussed in the following
is typical of the three couplings considered. From
the criteria for stability already discussed, we

are looking for a root below excitation threshold

E, which is stable with respect to a variation of
M,(M, constant) and a variation of M,(M, constant).
Figures 1(a) and 1(b) show some of the roots plotted
as a function of basis size: In Fig. 1(a), the size
of the H11 matrix (i.e., M,) varies, whereas in
Fig. 1(b) M, varies. It is evident that several roots
are stable under variation of M, or M,; but only one
below E,—the 11th in this case—is stable under

the addition of both types of functions. It is this
root that we call the stable root, from which the
resonance parameters will be calculated.

In Paper I, the “crossing of roots, ” wherein the
jth root takes on the character of the (j-1) root as
N increases, was attributed to a change in xy by a
half-wavelength for k=€, For the elastic scat-
tering problem, this behavior of the roots appears
uncomplicated by the presence of more than one
type of basis functions. For example, in Fig. 1(a),
when the 11th root is the stable root for 41 <M,
<49, spanning an additional half-wavelength is ac-
complished by adding eight or nine basis func-
tions—just the number added before the 12th root
becomes the stable root at M, =50.

Figure 1(b) shows that when type-2 functions are
added, all roots below the inelastic threshold, i.e.,
for €; <E,=100, are extremely stable. In fact,

changing M, from 30 to 50 (for M, =50) caused €,
(the stable root) to change by less than 0. 0002%.
In addition, Fig. 2 shows that the sum S,
=5%2 u,(x)c'l) is a very good approximation to the
exact function Fy(x). Although, the root €; con-
sidered here is near E,, the function F,, due to its
bounded nature, was equally well approximated for
all roots below E,. These results show that the
expansion of F, in terms of {u,,} has indeed con-
verged for M,> 30.

How well does the sum S, given in Eq. (2.1) rep-
resent the scattering function F, for E<E,? Guided

707 €,% 912162

60

Fp (x) 40

T T T T T
0o .5 1.0 15 20 25

X

T 1
30 35

FIG. 2. Comparison of approximate and exact closed-
channel functions for E near E,, n=10: (dashed line)
Sy in " and (solid line) F; in ¥z calculated at E= e,
for j=11 and N=M; + M, with M; =45 and M,=50.



668 M. F.

€,%9=91.2162

€,(%)=1,0774

I I I I l I
15 20 25 30 35 40
X

T I
0O 5 10

FIG. 3. Comparison of the approximate function Sy
(dashed line) with the exact open-channel function Fy
(solid line) at E= G}N) (=10, My=50) for €™ nearest
E,, i.e., j=11 and N=95; for another €{" in the stable
region, i.e., j=11 and N=91; and for the lowest eigen-
value efN ) with N=96. Arrows indicate the appropriate
values of xj given by Eq. (3.4) for M=M;.

by the behavior observed for the wave function in I,
we expect a good approximation to F, in a region
x<x,, where x, is the point at which S,(x) becomes
negligible and, in addition, coincides with a node
of F,(x) in the asymptotic region. For the harmon-
ic-oscillator basis x, is taken to be the classical
turning point for the last function uy(x) in the basis,
so that M =M, and
x2 =(8M - 2)/w. (3.4)
In Fig. 3, F, and the approximation S, are plotted
for €; near resonance, slightly off resonance, and
for an energy far from E,, On each graph, the
position of the appropriate x is indicated. Off
resonance, F, resembles the wave function of the
well V,(x), while near E,, F, loses nodes in the
inner region, where it takes on the character of a
quasibound state,'® It appears that the expansion
in terms of {u,, } well approximates the (structured)
inner region of F,; at all energies, and, in addition,
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the “wall theory” of I concerning the coincidence
of x, with a node in F, is equally valid for the elas-
tic scattering from a target.

As in I, &; approximates the inner part of ¥ only
within a normalization factor; hence the functions
S;(x) were multiplied by a constant in Figs. 2 and
3. In all cases, of course, S, and S, were renor-
malized by the same factor, otherwise ®; would not
approximate ¥, . For energies near E,, the ratio
of the maxima of F, and F, (or S, and S,) was large
(a value of 7 for the root nearest E,), while off res-
onance the ratio was small (a value of 0. 04 for «,).
In addition, for the stable roots, the coefficients of
the first few type-2 functions are large, i.e., c,»
> ¢,y for small m, indicating that the resonance is
associated with the excited state ¢, of the target.

Now that we have found the stable root €{" for
several values of N, and demonstrated that the cor-
responding eigenvectors & are good approxima-
tions to ¥ at E=¢;, we are ready to use the meth-
ods described in Sec. II to calculate the resonance
parameters. The expression in Eq. (2.5) requires
the use of Ae'™* = ¢{M — ¢i™ along with &"*" and
&M for several values of N, For the expression in
Eq. (C1), the derivative de\¥’/dM is computed nu-
merically from € for n=N and N+1. Clearly,
any number of the available stable roots may be
used to find a fit for these functions of E, and T
we have carried out the fitting procedure, for both
these methods, using several different sets of
points.

In Table II we present the values of E,, T, and
5, obtained from using fits of Ae‘**" given in Eq.
(2.5), or approximation A, For each coupling,
three results for E,, T', and §, are shown. The
first column, under each 7 indicates how close one
can get to the exact results by a judicious (and per-
haps fortuitous) choice of points. The second and
third columns show how decreasing or increasing,
respectively, the number of points causes the re-
sults to vary. It is apparent that the dependence on
the number of points used in the fits increases for
larger coupling; this increase in ambiguity is es-
pecially pronounced for E,. Since in deriving Egs.
(2.3) and (2.5) we assumed that the eigenvalue €;
was near E,, the roots and corresponding eigenvec-
tors used in the fit must lie in the stable region.
We observed in the calculation that as we introduced
roots from the edge of the stable region (i.e., near
the crossing of roots), where €; is far from E, and
where ®; does not well represent the exact Yat E,,
the fit became worse. On the other hand, too few
points gave insufficient information about the cur-
vature of €; to allow determination of an accurate
width, In general, best results were obtained for
a number ~f points somewhere between the two ex-
tremes: for 7=10 the set of stable roots between
M,=41 and M,=47 [Fig. 1(a)] fits this description
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TABLE II. Dependence of the approximate resonance parameters on the number of points used in the fitting of Eq.
(2.5) with approximation A and Eq. (2.8) with approximation B.

Number of n=1 n=10 n=20
Method  points®: 7 5 9 7 5 9 8 6 10
E, 90.1347 90.1347 90,1347 91.2161 91.2182 91.2183 94.3869 94.3547 94.4236
A T 0.001484 0.001371 0.001459 0.1711 0.1599 0.1730 0.7869 0.8346 0. 8059
6,, -0.3012 —-0.2138 —-0.2543 —0.1802 —0.1783 —0.1603 0.0775 0.0020 0.1506
B E, 90.1347 90,1347 90.1347 91.2149 91.2155 91,2162 94.3749 94.3818 94.3771
r 0.001262 0. 001591 0.001200 0.1658 0.1666 0.1656 0.8221 0.7883 0.8172

3The number of points listed refers to the number €; values used in approximation A, and to the number of (de,/ daM)

values in approximation B.

and gave the results shown in column A of Table I

The resonance parameters calculated with the
second method, or approximation B, are also pre-
sented in Table II. The three sets of results (E,, T')
for each coupling show the variation observed from
the use of different sets of points. In the use of
Eq. (2.8), d5p/dE was included as a third param-
eter, since for the problem at hand we found that
its inclusion, in general, gave values of E, and T’
which were less dependent on the number of points
used in the fit. However, the resulting dop/dE was
neither independent of the number of points nor a
good approximation to the known value. Using this
method, we obtained the best results, shown in
column B of Table I, with a relatively small number
of points: five or six for the harmonic-oscillator
basis with a frequency of w =30.

For the three values of 7 investigated, the first
method gives the somewhat better results. The
fact that we have obtained reasonable results from
A is encouraging, since its use requires only infor-
mation readily available from the stabilization pro-
cedure. In contrast, approximation B demands a
knowledge of the functional dependence of the “wall”
x4 on the basis size, which for some bases will not
be available. In their requirement of a fitting pro-
cedure, both methods suffer from a certain ambi-
guity of the results. But if it turns out that the
range of values obtained from a reasonable set of
roots is more accurate than a unique result from
another approximation method, then the ambiguity
may well be a price worth paying.

Up until now, we have discussed only those roots
which are below the excitation threshold. For
E>E,, the function F; as well as F, is nonzero in
the asymptotic region. For scattering in which two
channels are open, there exist two linearly indepen-
dent regular solutions of which some linear ccmbin-
ation yields the desired boundary conditions. By
analogy with roots below threshold, we postulate
that the eigenvector &, produced by the diagonal-
ization represents some eigensolution of H at energy
€{")> E,. In particular, the root ;" and the corre-
sponding solution &}’ which appear are determined

by the two requirements that S; go to zero at a node
in F, and S, go to zero at a node in F,. (This was
verified numerically by finding the particular solu-
tion which some &, represented.) A more detailed
discussion will be deferred to a future paper on in-
elastic scattering.

IV. ADDITIONAL APPROXIMATIONS
Feshbach’s method of projection operators? for
finding resonance parameters is easily formulated
for the two-dimensional model. Writing H in the
matrix representation of target states, i.e.,

dZ
E1 - ‘? + Vn(X) Vlg(X)

H= d P
Vlz(x) Ez— W- + Vzg(x)
4.1
we may choose
(1 0) 00

P'(o o/ and Qz(o 1)'
Thus solving

(W; - QHQ) £, =0, (4.2)

for £; bounded, becomes equivalent to finding the
bound states of the attractive well V,,(x) at ener-
gies W, - E,. Assuming only one bound state &,,
the width and resonance energy require the solu-

tion of
(E - PH'P) P$,=0. 4.3

Here PH'P=PHP + PH,P with
Ho= [dW,HQE,)(E - W) (,QH .

The functions £, are the continuum solutions of Eq.
(4. 2) at energy W,, and P&, is the solution of Eq.
(4. 3) at E, which takes on the asymptotic behavior

P&y~ (km) ™2 e sin(kx + 6,). (4.4)

If G(x,x') is the standing-wave Green’s function for
Eq. (4.3) at E=E,, then the width and resonance
energy are given by
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T=27|(¢,V,, Py) |2 (4. 52) we may write

g A (4. 5b) Gofix, 1) = = (1/B) mylxvglixs), 4.6)
8,=(t, Vs Glx, ) Vip, ), (4. 5¢) where x (x,) is the lesser (greater) of the two quan-

where
PHQ=QHP=V,,.

Since the exact solution of Eq. (4. 3) is very dif-
ficult even for the simple problem at hand, one
is led naturally to performing various approxima-
tions on the so-called optical potential PH'P, which
connects &, to the continuum of the attractive well,
via Vy,. We do this now for the model problem.

The first, and simplest, approximation we can
make is to neglect completely the continuum of V,,
giving the solution P&{” of (E - PHP)P®{®’ = 0;
we call this approximation C. For the model prob-
lem, P®{” is the scattering solution of V,, at E,.
Taking

tities x and x’, and v; are solutions of (E — PHP)v;
=0. Specifically, v; is the regular solution at the
origin with asymptotic behavior sin(kx+ 8,) while
v, is the irregular solution which connects asymp-
totically to cos(kx+ 8;). Because of the simple na-
ture of the solutions of the square well, A, and I
can be expressed in closed form. The resulting
values of E,, T', and §, (i.e., §,) are shown in
column C of Table I.

Higher-order approximations to I' may be made
by calculating a better solution P&, of Eq. (4. 3).
We do this by treating PH,P as a perturbation, so
that P®; becomes a solution of the integral equation

Pdy=Pd{" + Gy PH, P, . (4.7
®
Co= 5 pEpP ’ By iteration we get
|
P@a") (x)=Prb§°’ (%) +des(E - Ws)'lfdx’ Golx, x’)Vlags(x’)fdx“ gs(x//)vaq)an- () , (4. 8)

where the continuum solutions & of V,, are normal-
ized to give sin(kyx +8,) (rk,)"!/2 for x>a. Using
Eq. (4.6) for Gy(x, x’), we numerically integrated
over x'’ and W, in Eq. (4. 8) to obtain P&, and T

in successive approximations (i.e., P&{" from
P&, etc.). In Table III we show the improved
values of I, and those cf 5,, as approximated by
the phase shift of P&{® forn=1, 2, 3. It is ap-
parent that for 7=1 and 10 the first iteration com-
pensates for most of the contribution from the con-
tinuum of V,,. For comparisonwith the other
methods we include the results obtained from the
third iteration in column D of Table I.

Is it feasible to carry out a similar iterative pro-
cedure for A,? Since in theory P®, may be cal-
culated to arbitrary accuracy, one might wonder
whether the full G in A, could be constructed from
two hofnogeneous solutions of Eq. (4.3), similar
in form to Gy in Eq. (4.6). The resulting (numeri-
cal) Green’s function would yield A, to arbitrary

TABLE III. Convergence of the iterative procedure used
in approximation D to obtain improved values of I' and 6,
in Feshbach’s formalism.

n=1 1=10 7=20

n r 8 r 6, r 8,
1 0.001473 -—0.2718 0.1775 —0.1381 1.0902 —1.0357
2 0.001473 —0.2718 0.1736 —-0.1850 0.7778  0.4335
3 0.001473 -0.2718 0.1737 —0.1832 0.8063  0.1336

I

accuracy. Unfortunately, the nonlocality of PH'P
prohibits such a product construction of G. In
fact, it appears that one is left with the unwieldy
task of expressing G in terms of a complete set of
solutions of Eq. (4.3); a task far too costly even
for the simple problem at hand. In view of the re-
sult that approximation C, which neglects the con-
tinuum of V,,, yields a far better shift than width,
at least for this model problem, it is fortunate
that by improving P&, T is the quantity which
benefits. :
In a recent paper,® Muckerman applied the so-
called adiabatic method for calculating the width
to the problem of scattering by a rigid rotor. Since
his results were encouraging, we have applied the
technique, or approximation E, to our model prob-
lem. Essentially this method differs from the
Feshbach approach described in approximation C
in that it uses a basis, given by x; = C;1¢01+ C;3¢s,
in which the Hamiltonian minus the kinetic-energy
term is diagonal, rather than the basis ¢; in which
the kinetic energy is diagonal. This approach gives
two coupled equations, like Egs. (3.2), where Vi,
and V,, are replaced by new square wells &,(x)
and &,(x), and the equations are now coupled by the
kinetic-energy operator. If R,(x) is the scattering
solution for the potential §,(x) at energy E, and if
R,(x) is the bound-state solution of §,(x) at energy
W,, then the expressions for the width and shift
resemble those used in approximation C. For our
model problem
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r= (2/k)’7§u‘J;aRl(x)Rg(x)dxlz (4.9a)
and
A,=E,~W, _
T foa dez(x)foa dx' Golx, x")Ry(x") + ST ,
(4. 9b)

where 7, is a constant equal to (8, - 8,)C;,/Cyy
for x <a. Here Gy(x, x’) is the Green’s function
for the potential &,(x), and ST is the surface term
resulting from an integration by parts. The result-
ing values of E,, T', and 5, [where 0, is taken as
the phase shift of R,(x)], which are presented in
column E of Table I, give a marked improvement
over the results of approximation C. In both
approximation C and E the continuum of the attrac-
tive well was neglected; however, in the adiabatic
approximation the continuum is coupled to P,
only through the kinetic energy—apparently a
weaker coupling than the potential V,,(x). In addi-
tion, this method assumes that the kinetic energy
commutes with (C,,/Cy;), an assumption which

is rigorously, rather than approximately, valid
between zero and a for the square-well problem.
Therefore, although one might expect to see im-
proved results from working in the adiabatic basis,
the extremely good accuracy of the results may
indeed be an artifact of the model problem.

As the final method, or approximation F, we
shall discuss a calculation of the width proposed by
Miller.” Using as a guide Feshbach’s formula
[Eq. (4.5a)], Miller calculates the width from

T= (/)| [ fix)sin(ex+ 69) (H~ E)®, dx|?, (4.10)

where &, is a good (bound) approximation to the
exact wave function at E, in the nonasymptotic re-
gion and §, is the exact potential phase shift. If

&, is such a function, then (H - E)®, is approximate-
ly zero in the inner region and the only contribution
to the integral in Eq. (4.5a) is from the region in
which P&, has the asymptotic behavior in (4.4)—
thus the raison d’étre of Eq. (4.10). [The opera-
tor (H - E) instead of H appears in order to ortho-
gonalize &, and P&,.] The function f(x) in Eq.
(4.10) did not appear in Miller’s original expres-
sion” for T, in which case a surface term results
for 64#0. Recently, Miller has suggested!? the

use of some function f(x) for which £(0)=0 and
f—~1as x—, so that P&, is approximated by a
function which is zero at x=0. For the model prob-
lem, we have calculated I'" using

(i) fix)=1 for all x
and

(i) fly)=1-e¢ /2

In particular, A =5 was chosen so that f~1 ata
value of x not too close to zero but less than x .
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From the application of the stabilization pro-
cedure, we have available eigenvectors which
satisfy Miller’s requirement for &,. Taking the
eigenvector associated with the root closest to the
resonance energy found by the stabilization method,
we have computed I" for various “guesses” of 6,.
Specifically, for each coupling, we have tried
80=0, 8,=—0.27 (approximately the phase shift
due to scattering from V,;), and the correct value
of 5,. The results from both methods (i) and (ii),
presented in Table IV, show the. sensitivity of T’
to the choice of 5,. For method (ii), the best re-
sults are obtained from the correct value of 5, and
they become more reliable as the coupling is de-
creased; neither of these trends appear for method
(i). In addition it turns out that T is sensitive to
the choice of stable eigenvector used. In Fig. 4
we show the values of T" as a function of §,, computed
by method (ii) (for 7=10) from three eigenvectors
associated with the roots nearest E,. Each of the
®; is a good approximation to ¥, at E=E, and thus
satisfies Miller’s criterion. It is evident that the
dependence of T" on the choice of the stable eigen-
vector used disappears in the neighborhood of
89=0,. We have found the same behavior for all
values of 7. These results suggest that if in a

TABLE IV. Depeudence of the calculated widths on the
assumed values of the potential phase shift 6 in methods
(i) and (i) of Miller.

n=1.0 n=10 n=20
@) (ii) (V] (ii) ) (ii)
exact® 0.001372 0.001494 0.1722 0.1747 0.7226 0.7721
0.1635 0.1689 0.7409 0.7734

—0.27 0.001372 0.001494 0.1724 0.1734 0.7727 0.7152

)

0.0 0.001304 0.001326

*The values of the exact &, for each 7 are given in Table L
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problem the correct 5, is not known, Miller’s for-
mula should be computed for a number of stable
roots (if available) and then §, should be varied un-
til all the roots yield essentially the same I'. The
validity of this procedure for the calculation of T’
and 5, will be examined in a future paper.'® For
comparison with the other approximations, we list
the widths calculated with method (ii) for §,=5, in
column F of Table I.

V. CONCLUSIONS

We have completed the discussion of all results
presented in Table I. What, if any, conclusions
are we able to draw concerning the comparative
validity of the approximation methods tried? For
small coupling, for which a small width is expected,
a Feshbach calculation which neglects the continu-
um of QHQ (i.e., the potential giving rise to the
resonance) gives satisfactory resonance param-
eters. On the other hand, as the coupling increases,
additional work is necessary to obtain accurate val-
ues of E, and . The adiabatic method (approxi-
mation E), when feasible, seems (from Mucker-
man’s work and the work here) to give better re-
sults than other approximation methods which in-
volve the same amount of effort (e.g., approxima-
tion C here). The two methods described in Sec.

II, which use information from the stabilization
procedure, give reliable values for E,. For the
problem considered here, approximation A4, in-
volving explicit use of the square-integrable eigen-
vectors, gives more accurate widths; obviously,

we are not in a position to generalize this conclusion
to more complicated systems.

We conclude with final remarks about the stabil-
ization procedure. The observations made in I for
single-particle resonances in potential scattering
are found to be valid for compound-state reso-
nances occurring in elastic scattering as well. In
particular, when the exact H is diagonalized in a
large enough set of square-integrable basis func-
tions, those eigenenergies below excitation thres-
hold appear for which the exact open-channel func-
tion has a node at the “wall” defined by the basis
set. Furthermore, the square-integrable eigen-
functions are good approximations, apart from a
normalization factor, to the inner parts of the ex-
act scattering wave function at energies equal to the
corresponding eigenvalues in both the.resonant and
nonresonant energy regions. Rootsoccurringnear
the exact resonance energy are stable; the corre-
sponding eigenfunctions represent the quasibound
or resonance state. Since for sufficiently large
basis sets the addition of type-1 (open-channel) ba-
sis functions affects only the asymptotic region, we
were able to derive expressions relating the reso-
nance parameters, E, and I', to the variation in the
stable root with increasing basis sets. The coinci-
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dence of a node in the exact open-channel function
with the wall defined by the basis set will hopefully
enable us to extend the formalism to resonances oc-
curring in inelastic scattering.
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APPENDIX A

In order to derive Eq. (2.2), let {®;}and {¢; } be
the N eigenvectors and eigenvalues resulting from
the diagonalization of H in the orthonormal basis
set {#;}i=1,...N, and let {x; } and {W,} be the cor-
responding quantities from the diagonalization in
the set {¥,;}i=1,...N+1. If we define the projec-
tion operator

Mx
QM:tZﬂWﬂ(ZPi‘

for any M, then Qy is equivalent to 3 L, 1®;)(®; | and

Q= +| ¥ yat) Py - (A1)
The eigenvectors x; satisfy
(Wi‘QN.uHQNn)Xi:O . (A2)

By taking the scalar product of &; with Eq. (A2) and

then using Eq. (Al) with the relationships (®;H®;)

=0;,€;, and (®;®;) =0, i, <N, we obtain
Wid®;Xi) = €;{P; X3) ={®; HYyu1) ¥y Xi) =0 . (A3)

If we define A€'¥*V= W, —¢;, then the rearranging
of Eq. (A3) for i=j yields Eq. (2.2).

APPENDIX B

In the usual Feshbach formalism, if we define
Q= Ix,){X,| and P=1~@, then the solution of

(E —H)¥3=0

gives
Quse X)X QHPEE)
E-W,-A,+5il
As usual,
T= 21 (x, QHP &3)| ®
and

@
8= (0 QHP 5o PHQX,)
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where P& is the solution of
(E - PHP) P®; =0 .

For elastic scattering from a spherically symmet-
rical potential, we expand

Ui = (k)Y 2100 R, () Y, o7 ) (B1)
where
Ry (r) — i’ e'® sin(kr + 6, —517) . (B2)

o0

For a resonance with angular momentum L we take
(F l Xe) = rt x(r) Yo (;') ’
<;| Pyar) =y Va1 () Yo (';’) .

If we assume that ¥y, contributes only in the asymp-
totic region, then using Eqgs. (2.3), (B1), (B2), and
(B3) we obtain

(Pya1 Xp) = (2/RT L)Y 2(E —E, +5iT;)iPe n-0n)], |
: (B4)

(B3)

Here
7
I = fo dr sin(kr + 6, =S L) by, (7),

and ¢y, is the phase of (x, QHP®;). Again evoking
the Breit-Wigner expression in Eq. (2.7), we take
8, = 0% + 0L where

tano? =T, /(E, -E) ,

so that

L
E-E,+5iT,=—-e"% %0 [(E-E,)%+ GT,)2V 2.
(B5)

To ensure reality of (P, X,), we take o =&} for
L even and &y, =8; -3 7 for L odd. Then substituting
Eq. (B5) together with the definitions

Sy = f:dV sinkr Py(r) , Cy= f:dr coskr Py (7)

into the expression in (B4), we obtain, for L even,
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Wy Xe) =(2/kTL )2 (B - E,)(Syy cosd; +Cy,;sind})
+3 T (Sy.18indf = Cy,; cosd?)]

and, for L odd, .

(¥nax,) =(2/kTL)" 2 [(E - E,)(Cy,, coSE - Sy, sin )

+3 T (C .1 5ind} + Sy, cosdl)] .

A remark should be made concerning the sign of
Xr- The eigenvectors produced from a diagonaliza-
tion of H are unique only within a sign. It is evident
from Eq. (2.2) that Ae"*? is independent of the
sign of X, or &,; this must also be true for Eq. (2.5).
In theory, the proportionality factor between X, and
Q¥%, whose sign is affected by the choice of o,
determines the over-all sign of the eigenvectors to
be used in Eq. (2.5). For the model problem, con-
sistency between Eqs. (2.2) and (2. 5) was main-
tained by choosing the signs of X, and ®, such that
(@, X, >0.

APPENDIX C

For an harmonic oscillator of mass u centered
around x =a,, the relationship between the classical
turning point x,, and m for the mth harmonic-oscil-
lator function is given by

20, —ag)?= (m -5) w .

In this case, an expression for de€;/dm is obtained
from Eq. (2.8)

de : 2 — 1/2
a;/f =—2€j/[ao<w.(%1_)> +(2m__1)

2r

+m [Ze,h’w(Zm—l)]Uz] . (c1)

Here the criterion of validity is generalized to

1/2
range of potential < x,, < 2?;5 < g‘?) .

In the model problem, where M odd harmonic-os-
cillator functions comprised the basis, the number
m in Eq. (C1) is replaced by 2M.
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(®; ;) = (S s{y + ({0 8§y =0, i#j
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