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Calculations have been made of the energy levels and other properties of the states S,
73S, n'P, and n°P, n=2 to 5, for atoms belonging to the helium isoelectronic sequence up to
Z =10, and also for the higher excited S states of helium. The theoretical term values, in-
cluding the contributions from the mass-polarization correction and the relativistic effects of
order a? are listed. A detailed comparison with the experimentally determined energy differ-
ences between S and P states for He 1 up to Fvirr shows a satisfactory agreement in almost
every case, provided that we include an estimate of the Lamb-shift correction to the S-state
energy level when considering transitions involving the 1 1S, 218, or 23S states.

I. INTRODUCTION

In this paper, we shall present the results of a
systematic calculation of the energy levels and
other properties of the low-lying S and P states
for two-electron atoms up to Z=10. We have also
calculated f values for transitions between these
states, and the results will be presented in a forth-
coming paper.’

On the experimental side, high-precision mea-
surements of the energy difference between S and
P levels in two-electron atoms were made as long
as three decades ago.>"* Since that time, the ac-
curacy of the experiments has been further im-
proved, and many more lines have been mea~
sured.’~'? Laser-produced plasmas have recently
proved to be a fruitful source of heliumlike ions.'*~'*
The advent of extraterrestrial spectroscopy has also
led to quite a number of observations of two-elec-
tron spectra,’>™'® and the accuracy of measure-
ments from this source will no doubt improve in
the future. The observations on two-electron spec-
tra now extend from the infrared to the x-ray region
around 15 A.

The method used in our calculations is basically
the same as that employed for helium, the wave-
function being expanded in a triple series of La-

guerre polynomials of the pevimetric coordi-
nates.'®~?* The expansion includes the interelec-
tronic distance explicitly, and is thus particularly
appropriate for the low-lying states, where the
correlation effects are important. The effective-
ness of the method decreases as the order of the
excited state is increased. We have therefore car-
ried out the calculation by this method for the 16
lowest excited states n'S, #3S, »'P, and n°P,
n=2, 3, 4, 5. In the case of He, we have carried
our calculation up to the 15'S and 1738 states,
which cover all of the observations.®*® However,
the determination of the higher excited states by
the present method necessitates the use of very
large expansions (containing up to about 2000
terms), and these calculations were therefore not
repeated for other atoms. The results presented
here, and in a paper in preparation, represent
therefore the maximum which we think could be
achieved by the present method using the current
generation of computers.

In Sec. II, we describe the method used in the
calculations, and the numerical results obtained
are listed in Tables III--XXII of Sec. III. In Sec.
IV, we list our final theoretical term values and
compare the results with experiment. Our com-
parison underlines the need for a calculation of the
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TABLE I. Convergence of the nonrelativistic ionization energy J,; as the number of terms in the expansion is increased. J,.(C) and Jyr(D) are the values obtained

using type-C and -D expansions, respectively, and £, is the optimum value of £ for the type-D expansion.

Cv NeIx

Joe(D) em™)

He
Jor(D) (em™)

4. (D) em™) Eopt

e (0) em™?)

gOm

I (C) em™Y)

Eopt

Iy (C) (em™?)

State

5.07182
5.94323

2259400.76

2.91715 2259358.59

3.43217

707 027,52

706 978.76

0.69152
0.81157
0.92911

31975.15

31922, 17

20

21S order

2259497.67

2259485.31

707 113,41

707100. 18
707115.32
707117.95

32029, 18

32012.20

56
120
220

2259500, 44
2259503, 02

32 032.83

32 028,44

32031.91

4.82324
5.44366

2.76351 2341432.08 2341432.17

750734.12
750734.73

750734.03
750734.69
750734.75

38452,74 0.65307

38452.61

20
56

23S order
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2341432.83

2341432.80

3.15274

0, 77430
0.88498

38453.09

38453.03

2341432.86

38453.13

38453.11

120

38453.12

220

1.83118
2.07152
2.31899

358008.72
358042. 05
358050, 06

358007.71
358 035. 46
358045.44
358049.33

1.02665
1.17865
1.32529

111066, 14
111097.13
111104.50

111064.74
111090, 34
111099.76
111103.53

0.21549
0.25789
0.29582

4623.65

4621.58

56
120
220

51S order-

4640.44

4635.35
4641.32

4645.54

4644.17

364

1.83195
1.93817
2,17933

362450.73 362451, 17

1.03125
1.09649
1.24111

113441.81
113446.73
113 446.77

113 440.98
113 446.67
113 446.76
113446.77

8

0.24793
0.26555

)
0

0.22

4956.12

4952,48
4962.61

56
120
220
364

535 order

.52

362455.58
362 455. 60

0
e}

3624

4963.36

362 455. 60

4963.58

4963.50

4963.58

Lamb-shift correction, at least for the 2'S and 23§
states. If even a rough order-of-magnitude esti-
mate for this correction is included, the agreement
between theory and experiment is found to be satis-
factory in almost every case.

II. COMPUTATIONAL METHOD

The methods used to compute theoretical values
for the ionization potential ofan Sor P stateof atwo-
electron atom or ion have been described in detail
in previous publications. =242 It will, therefore,
suffice to give here only a brief description of the
main steps involved.

The Schrodinger wave equation for a two-electron
atom with an infinitely heavy nucleus

VR + VR + 2AE+(Z/7)+(Z/75) = (/%) =0 (1)

is first solved to obtain the so-called “nonrelativis-
tic energy” E and the corresponding wave function
y for the given state. In this equation, V% and V3
denote the Laplacian with respect to the coordinates
of electron 1 and electron 2; 7, and 7, are the dis-
tances of the two electrons from the nucleus; and
73 denotes the interelectronic distance. The energy
E is given in a.u. Relativistic effects, up to order
a?, are taken into account by computing the so-
called “relativistic corrections,” which take the
form of the expectation values of various operators
evaluated over the nonrelativistic wave function ¥.
Corrections are made for the finite mass of the nu-
cleus by using an appropriate value R, for the Ryd-
berg constant, when converting the energy from

a. u. into cm™, and by the addition of the so-called
“mass-polarization correction,” which again takes
the form of the expectation value of a certain op-
erator evaluated over .

The solution of Eq. (1) is obtained by solving an
equivalent variational problem, the variation inte-
gral being taken over the six-dimensional coordi-
nate space of the two electrons. Since the Hamil-
tonian is invariant with respect to rotation about
any axis through the nucleus, the angular depen-
dence of the wave functions may be determined
a priovi, and integration over these coordinates
carried out immediately. The dependence of the
wave function on the three coordinates 7,, 75, and
73 remains to be determined. These three variables
have to satisfy the triangle condition, and in order
to avoid the resulting inconvenient limits of integra-
tion, a transformation is made to the “perimetric
coordinates” u, v, and w which are linear combi-
nations'® of 7, 7,, and 7;, so chosen as to all
range from zero to infinity. In terms of these co-
ordinates, the wave function is assumed to be of
the form

¥= (£ Pe 2Ry o, w), (2)

where for the case of the S states the expansion
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TABLE II. Convergence of the nonrelativistic ionization energy J,, for P states as the number of terms in the
expansion is increased (method D).
He Cv Nei1x
-1
State £ Iy (em™) Jor cm™?) 3 Jpr (em™?)
21p order 20 0.696 27166.016 3.116 678857, 544 5,442 2206 882,376
56 0.77 27176.090 3.434 678876.161 6.008 2206904, 397
120 0.834 27176. 640 3‘.752 678 876. 833 6.572 2206905,178
220 0.90 27176.683 4,064 678 876.878 7.124 2206905,230
364 0.96 27176.688 4,36 678876, 882 7.65 2206905,235
23P order 20 0, 7252 29210, 757 3,070 707 045,136 5.314 2264358.523
56 0.7914% 29221.792 3.411 707 051,171 5.924 2264364.532
120 0. 845* 29222,133 3.732 707 051,376 6,478 2264364.749
220 0,912 29222.152 4,034 707 051,390 7.014 2264364.763
364 0.98* 29222,154 4.32 707 051,391 7.54 2264364.765
51P order 20 0,197 4348, 047 0.994 109 282,321 1.794 354 699,531
56 0.221 4355. 840 1.084 109 320,613 1.927 354746.771
120 0.260 4364.002 1.24 109 353.455 2,182 354786.248
220 0.295 4367,208 1.37 109361.184 2.406 354795, 188
364 0.33 4368, 020 1.49 109362,378 2.62 354796.508
560 0.36 4 368.202 1.60 109 362, 554 2,80 354796, 697
53P order 20 0.206 4 473,342 1.016 110934.774 1.818 357980.567
56 0.241 4493. 186 1,132 111 004. 909 1.991 358059, 648
120 0.280 4505.607 1.263 111 026,460 2.207 358082,758
220 0,309 4509, 011 1.373 111029, 548 2,395 358085, 875
364 0.34 4509. 695 1.47 111029, 868 2.55 358086, 176
560 0,37 4509, 811 1.57 111029, 902 2.70 358086.208
2See Ref. 27.
F= 23 P(l, m, n)L,(u)L,(v) L,(w) (3) corresponding to expansions containing 20, 56, 120,
Lymyn 220, and 364 terms, respectively. The maximum
is assumed, and for the P states, Q used was 22, .correspor.ldmg t_o 2300 terms.
The exponential factor in (2) is of the form
r1mre arlier ich we ca
F=7 cosb, b QU, m, Wutv™w" (4) e . In the earlier method, which we call

lymyn

where 6 , is the polar angle of electron 1. The use
of Laguerre polynomials in (3) is advantageous be-
cause of their orthogonality properties. However,
they were not used in the case of the P states be-
cause of the complexity of the resulting equations.
Substitution of the form (2) into the variational in-
tegral and application of the variation conditions
leads to a homogeneous set of simultaneous linear
equations for the coefficients P(I, m, n) or
Q(, m, n), and the requirement that the determinant
of coefficients should vanish yields eigenvalues for
the energy E. Each eigenvalue corresponds to a
state of the given symmetry, and the corresponding
vector of coefficients P(I, m, n) or Q(I, m, n) gives
a representation of the wave function for this state.
In the actual computation, truncated expansions
containing all terms for which the sum (I+m+n) is
less than a given number © were used; the con-
vergence of the eigenvalue as @ is increased giving
an indication of the accuracy achieved. In most
cases, we used the values =3, 5, 7, 9, and 11,

method C,% 1 was taken to be equal to the atomic
number Z, while £ was given the value (- 2E - Z%)
These values give the correct asymptotic be-
havior as one or other of the electrons goes to
infinity. It was found, however, that the con-
vergence was improved considerably if the pa-
rameter £ was also allowed to vary, and its value
chosen so as to make the energy E a minimum for

a given number of terms in the expansion. We shall
refer to this scheme as method D.?* For the 2'S
state, computations were also carried out using
method B,? in which the expansion is of the form

1/2

Y=e W2 55 B(l, m, n)Ly(u)L,(w)L,w), (5)

1ymyn
where the exponential factor has £ =7 =( -E)‘/ Z,
Because of the greater symmetry of this wave func-
tion, the matrix whose determinant has to be evalu-
ated has a much greater proportion of zero elements
than in cases of methods C and D, thus enabling
expansions containing a much larger number of
terms to be used. However, this method was
found® to yield poor results for the higher excited
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TABLE XXI. Ionization energies for the higher excited 'S states of He. Jpr denotes the nonrelativistic ionization
energy, E;— ¢y the contribution from the mass-polarization and relativistic corrections, and Jy, the total theoretical

ionization energy. The results are given in units of cm=!.

State 61S 718 8ls 91s 1018 11!s 121s 131s 141s 151s
Jye (method C) 3195.48  2331,44  1775.72  1397.34  1128.2 929.8 779.6 663.0 570.7 496.4
Jy, (C, extra- 3195.78  2331.75  1776.07  1397.71  1128.5 930.2 780.0 663.4 571.1 496.8
polated)

Jyr (method D) 3195.78  2331.75  1776.08  1397.74  1128.5 930.2 779.9 663.3 570.9 496.7

Jyy (D, extra- 3195.79  2331.77  1776.10  1397.76  1128.6  930.3 780.1 663.4 571.2 496.9
polated)

Jyp (value 3195.79  2331.77  1776.10  1397.76  1128.6  930.3 780.0 663.4 571.2 496.9
adopted)

E;—¢€y 0.01 0.01

Jtheor 3195.80  2331.78  1776,10  1397.76  1128.6  930.3 780.0 663.4 571.2 496.9

states, owing, no doubt, to the inadequacy of the
use of equal values for the screening constants £
and 7n for the two electrons.

The relativistic and mass-polarization correc-
tions are all of the form [ 0, ¥dT,dT,, where
is the solution of (1), and O,is anoperator. As
before, the integration over the angular coordinates
may becarried out directly, and we are left with
an integration over 7;, 7;, and 7;. For the S
states, these integrations were also carried out in
terms of the perimetric coordinates. For the P
states, the expressions involved would have been
too complicated, and the expression (4) for the
wave function was therefore first converted int.o
a triple series in powers of 7, 75, and 7;. Even
in terms of these coordinates, the integrals involved
were of considerable complication, and an interpre-
tive programming scheme was designed in order to
evaluate them on the computer.

The total theoretical ionization potential, which
we denote by Ji00-, iS Obtained by adding these
corrections to the nonrelativistic value, and is com-
puted in the form Jypeor =Jyr +E5 — €, where all
quantities are in units of cm™. -¢y, and E; denote
the contributions from the mass-polarization and
relativistic corrections, respectively, and the non-
relativistic ionization potential J,, is given by J;,
= —(2E + Z%R,, where E is the eigenvalue of Eq.

(1) in a.u. Ry denotes the Rydberg constant for the
isotope in question.

III. RESULTS
A. Nonrelativistic Eigenvalues

For the S states, nonrelativistic eigenvalues and
wave functions were obtained for the eight states
n'S, n®S, n=2to 5 for the atoms Z=2 to 10, and
also for some of the higher excited states of He.

For the atoms other than He, type-D expansions
containing up to 220 terms were first used. It was
found that a loss of accuracy due to cancellation
prevented the determination of the eigenvalue and

corresponding wave function if the expansion con-
tained too many terms.

The loss of accuracy was most serious for the
lowest-lying states of a given ion, and the accuracy
also deteriorated for a given state as the atomic
number increased. Thus, for example, in the case
of the 5'S and 535 states, eigenvalues were ob-
tained without any difficulty for expansions contain-
ing up to 220 terms, whereas for the 2'S and 23S
states, the expansion could only be carried out up
to 120 terms in the case of Li*, and up to order 56
for Z>3. In view of these difficulties, it was de-
cided to repeat the computations for the S states
using method C, in which the parameter £ has
the fixed values (- 2E — Z%)'/2. The loss of accuracy
was found to be much less severe than in the case
of method D, and we were able to carry the expan-
sions up to order 364 in all cases except for the
2'S state, for which up to 220 terms could be in-
cluded, and the 23S state, for which up to 220 terms
could be included in the case of Li*, and up to 120
terms for larger values of Z.

The results obtained using a type-D expansion
converge more readily. Thus, for example, a
type-D expansion of order 220 for a given state
yields roughly the same result as a type-C expan-
sion of order 364. On the other hand, it was gen-
erally found that the slower convergence of the
type-C expansion is offset by the fact that one can
include a larger number of terms before loss of
accuracy sets in, so that the final eigenvalue ob-
tained is about the same in either case. These
points are illustrated in Table I, in which the val-
ues of J. obtained using C- and D-type expansions
are compared with one another for the 2'S, 235,
5'S, and 5°S states of He, Cv, and Ne 1x. The
table also contains the optimum values of £ obtained
for the type-D expansions.

In view of the particular importance of He and
Li*, we decided to carry out more extensive cal-
culations for these two atoms. In the case of the
n'S and »3S states, n=3, 4, and 5, the type-C ex-
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Jyr denotes the nonrelativistic ionization energy, E;— ¢, the contribution from the mass-

TABLE XXII. Ionization energies for the higher excited 35 states of He.

» and dJy,e, the total theoretical ionization energy. The results are given in units of cm-!,

polarization and relativistic corrections

1335 1438 1538 163S 17°3S

1238

1138

103S

93s

838

638

State

2442,398 1849, 284 1448,661 1165.407 957,785 801.059 679,851 584. 22 507,39 444,81 393. 06

3374.496

Jypr (method C)

1849, 285 1448.667 1165.426 957,811 801.111 679.941 584,32 507,53 444,95 393.25

2442,398

Jyr (C, extra-

polated)
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393.24

444.93

.53

801.108 679.938 584.32 5

2442,400 1849, 285 1448,666 1165.424 957.808

3374.498

Jyr (method D)

1448.666 1165.424 957.810 801.110 679.942 584.32 507.54 444,96 393,27

1849, 285

Jyr (D, extra-

polated)

801,110 679,94 584,32 507,54 444,96 393.27

2442, 40 1849, 285 1448.666 1165.424 957.810

3374.50

Jyy (value

adopted)

B —ey

0.023 0.016 0.01 0.01
1849.308

0.034

0.055

507.54 444,96 393,27

584,32

957.82 801.11 679,94

1165.44

1448.682

2442.43

3374.61

Jtheor

TABLE XXIII. Conversion factors used in the calcu-
lations. Ry is the Rydberg constant and m/M the ratio
of the mass of an electron to that of the appropriate
nuclear isotope.

Z  TIsotope Ry, a’ry, 2(m/M)R
2 Het 109722,267  5.842755  30.08387
3 Li’ 109728,727  5.843099  17.163109
4 Be? 109730.628 5.843200  13.3619
5 Bl 109731,840  5,.843264 10,9381
6 ch 109732,291  5,843288 10,0355
7 N4 109733,009 5,843327 8. 6000
8 olé 109733.544  5,843355 7.5290
9 Fi 109734.140 5, 843387 6.3387

10 Ne? 109734.297  5,843395 6. 0235

pansions were carried up to as high an order as
possible. Up to 1540 terms were included, with a
corresponding improvement in the accuracy of the
results. For He, we also decided to improve and
extend the previous calculations by one of us for
the higher excited states.?® As will be seen from
the results in Table I, the higher the excited state
lies, the poorer is the convergence of the eigen-
value. We nevertheless decided to extend the cal-
culations to as high an excited state as possible.
The previous work treated the states up to 9'S and
935 using expansions up to order 220. By using
type-C and -D expansions containing up to 2300
terms, improved results were obtained, and we
were also able to extend the calculations up to the
15'S and 17°S states. Again, the results using
type-D expansions were found to converge more
rapidly.

Calculations were also carried out for the 21!S
states for all values of Z using method B.% Ex-
pansions containing up to 1078 terms were used,
resulting in considerably more accurate eigenvalues
for this state than could be obtained using either
methods C or D. Method B is, however, not suit-
able for use in the case of the higher excited states.

In the case of the P states, the nonrelativistic
eigenvalues and the corresponding wave functions
were obtained using type-D expansions of order
20, 56, 120, 220, and 364 for each of the eight
states n'P, n®P, n=2 to 5 in the cases Z=2 to 10.
The expansion was also carried up to order 560
(2=13) in the case of He, and for the 5'P and 5°%P
states for other values of Z. For each state, the
eigenvalue was optimized with respect tothe param-
eter £ in the case of the expansions containing up
to 220 terms, and the optimum values thus obtained
were extrapolated approximately to obtain suitable
values of ¢ for use in the expansion of orders 364
and 560. Optimization with respect to £ for an ex-
pansion of order 364 or 560 would have been ex-
pensive in terms of computer time, and was not
felt to be necessary in view of the fact that the ei-
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1 level (listed in

The quantities Avy; and Avy are to be added to the total ionization energy Jypeo for the J

TABLE XXVI. Fine-structure splitting for the 3P states.

2 levels, respectively.

0and J=

Table XXV) in order to obtain Jipe, for the J

5P

AVzl
(em™)

43p

AVM

Avgyq

(cm-1)

33p

Avyy

AVZ‘
(cm™!)

23p

Avyy

State
z

AVzi
(cm™Y)

AVm
(em™?)

(cm™)

(em™Y

(em™Y)
- 0.98784
- 5,18997
— 11,5177
- 15.9797

-11.670

0.0048
-0.135
~0.94
-3.31

- 0.0556
-0.270

0.0090
—-0.264
—-1.85

-0.1103
—0.539
-1.11

0.02199
- 0.6258
—4.,39%4

-0.27063
—1.3460

0.07653

—2,08542
— 14,8420
—52.3959

- 134,799

S AND

w0

—-0.63
-0.0

—3.468

5

-18.2
—-34.4

-0.18 —-16.70

—39.728

— 84,85
-160.20
—276.91
— 447,81

o~

-

1

—287.958

11.241
65.513

166. 834
333.816

0
13.2

—-67.4

—116.

11.3

10

57.61

—543.638

P

w0
(AN}

—939.460
—1518.898
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—-96.3

24.9

—188.4

48.0

110.19

10

genvalue E is comparatively insensitive to small
changes in the value of this parameter. In order

to illustrate the convergence of the eigenvalue as
the number of terms in the expansion is increased,
we have listed the values of J,, for the 2'P, 2°P,
5'P, and 5°P states of He, Cv, and Ne 1x using
different lengths of expansion in Table II. The table
also contains the value of £ adopted in each case.
For the 2°P state of He only, the parameter 7 was
given values differing from n= 2.2

B. Mass-Polarization and Relativistic Corrections

Having obtained the nonrelativistic wave functions,
we could then compute the expectation values of
various operators, and hence calculate the mass-
polarization and relativistic corrections. Full de-
tails of the definitions, formula, and methods used
have been given in previous publications.'®?* For
the S states, the expectation values were computed
using type~-C wave functions of orders up to 364. In
the case of the P states, these calculations require
a large amount of computer time, and they were
therefore only carried out for wave functions of
orders up to 220, except for He and Li*, where ex-
pansions containing up to 364 or 560 terms were
used.

C. Total Ionization Energy

The final results obtained for the S states, apart
from the higher excited states of He, are listed in
Tables III-XI, and for the P states in Tables XII-
XX. The values of J., E;, — €y and Jye0r = Iy
+Ey —¢y are listed in cm™, and the expectation
values in a.u. The results listed in these tables are
those obtained using the largest expansion employed,
with the exception of those entries marked with an
asterisk, which are extrapolated values, i.e., the
values which would have been obtained if an infinite
number of terms were to have been included in the
expansion of the wave function. The other results
listed are estimated to differ by not more than 1,
or occasionally 2, in the last digit quoted from the
extrapolated value, unless otherwise stated. Er-
ror estimates have been included in the tables in
two kinds of situations. First, if the extrapolated
value is liable to differ from the value listed by 2
or more in the last digit quoted, but on the other
hand we do not wish to quote the results to one less
significant figure. In this case, the value is fol-
lowed by the estimated error. Thus, for example,
in Table XX, we quote the value 305+ 2 for E; for the
4'p state of Nerx. This means that the value 305
cm™! was obtained with the largest expansion em-
ployed, and we estimate the extrapolated value to
lie between 303 and 307 cm™'. Second, there are
cases where the behavior of the differences as the
number of terms in the expansion is increased does
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TABLE XXVII. Theoretical and experimental wavelengths for transitions from the ground state for Z=2 to 5, A,
denotes the nonrelativistic value, Aipeor the value including the mass-polarization and relativistic corrections, and Ay

the value including the Lamb-shift correction for the 11S level.
A theor Aot Aegot
Transition ?K) (.50 (A) (gs Ref.
He1 1ls-23p, 5913829 591. 4072 591.4119 {591°4121*°-°°°5 6
591.4117 25
1ls—2tp 584.3147 584.3298 584.3343 (584.3339+0. 0005 6
1584.3340 25
1is-31p 537.0114 537. 0260 537. 0299 {537-0293*0- 0005 6
537.0296 25
Lin 1ls-21p 199.2813 199.2760 199.2791 199.280+0, 003 2
1is-3lp 178.0162 178.0118 178, 0143 178,014 £0., 003 2
1ls-41p 171.57176 171.5734 171,5757 171,575 0., 004 2
o _ot 100, 2552 0, 0015 12
Be 11 1ls-21p 100, 2600 100, 2507 100.2535 100,254 0. 001 5
1ls-31p 88,3134 88.3054 88.3075 88.314 +0, 002 2
1ls-4'p 84,7588 84,7512 84,7532 84,758+0, 003 2
1ls-51p 83.2044 83.1970 83.1989 83.202 +0, 003 2
B1v 11s-23p, 61,0977 61.0869 61,0882 61,088 % 0,002 4
1ls-21p 60. 3224 60.3111 60.3135 60.3144+0, 0010 12
52,679 0. 002 2
1ls-31p 52.6876 52,6781 52,6800 52,682 =0, 002 4
52,6853 £0, 0020 12
115-41p 50, 4408 50,4318 50,4335 50,4347 +0, 0010 12
1ls-51p 49,4621 49.4533 49,4549 49,4549 +0, 0012 12
not enable us to extrapolate with any degree of con- quote the value 65 938. 34(+2) for J,, for the 435
fidence. In this case, we have listed the value ob- state of Be1rr. This means that the values 65 938.32
tained using the largest expansion, followed by the and 65 938. 34 were obtained from expansions of
difference, in brackets, between this value and order 220 and 364, respectively, but we cannot
that obtained with the aid of the expansion of next make a completely reliable estimate of the extra-
lower order. Thus, for example, in Table V, we polated value.

TABLE XXVIII. Theoretical and experimental wavelengths for transitions from the ground state for Z=6 to 9. Ap,
denotes the nonrelativistic value, Apeor the value including the mass-polarization and relativistic corrections, and A,
the value including the Lamb-shift correction for the 1 15 1evel.

Transition Nor AMtheor Atot Nexpt Ref,
(A) (A) (R) (R)
cv 1ls-23p; 40,7397 40,7277 40,7299 40.7306+0.0006 12
1ls-2lp 40,2774 40. 2650 40,2671 40.2679+0.0008 12
1is-31p 34.9811 34,9707 34,9723 34,9728 +0.0008 12
115-41p 33,4343 33.4244 33.4259 33.4257+0.0008 12
1ls-51p 32.7622 32,7526 32,7540 32.7542+0,0010 12
Nvi 1ls-2°%P, 29,0948 29.0820 29,0840 29,084 0,002 4
11s-21p 28,7980 28,7848 28.7867 28.787+0.002 4
11s-3tlp 24,9098 24.8988 24,9002 24,898 +0.002 4
11s-41p 23,7806 23.7701 23.7714 23.771+0,002 4
ovu 11s-2%p, 21,8148 21.8015 21.8033 21.804+0.002 4
11s-21p 21,6133 21.5995 21.6012 21.6020 =0,0010 12
11s-3lp 18,6381 18.6266 18,6280 18.627 £0,002 4
11s-41p 17,7777 17.7668 17.7680 17.768+0,002 4
1ls-51p 17.4051 17,3945 17,3957 17.396+0.002 4
Fvin 115-2°%p, 16.9617 16.9480 16,9496 16.951+0.002 4
1ls-21lp 16,8188 16.8045 16,8061 16.807 +0.002 4
1ls-3lp 14.4690 14,4572 14,4584 14.458£0.002 4
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TABLE XXIX. Theoretical and experimental wavelengths for transitions of the type 21S—2!P and 235—23p,

S AND P STATES OF THE HELIUM. ..

533

Ayr denotes the nonrelativistic value, Ay, the value including the mass-polarization and relativistic corrections, and
Aot the value including an estimate of the Lamb-shift correction for the 21S and 23S levels.

Transition N Atheor Aot Nexot Ref.
(4) (&) &) &)
Hel 21s-21p 20590, 88 20586, 51 20586. 95 20586. 92 25
Lin 21s-2'P 9587.86 9583.43 9584.06 9584.04+0,10 8
Bemr 2ls-2'p 6149.1 6142.7 6143.5 6142.9 5
Biv 235-2°%p, 2834.39 2824, 55 2825. 25 2825.40 5
Cv 23%5-2°P, 2276. 89 2277.84 2277.96 11
Cv 235-23p, 2289. 20 2277.49 2278.44 2278. 63 11
Cv 23s-23p, 2270.52 2271.46 2271.59 11
Nvi 23s5-2°P, 1906. 30 1907.53 1907.87 9
Nvi 235-2°p; 1921.12 1905.89 1907.12 1907.34 9
NvI 235-2%P, 1895.49 1896.70 1896.32 9
ovir  235-2°P; 1638, 27 1639.82 1639.58 £0.08 10
ovia  2°s-23p 1655.56 1636.52 1638.06 1637.96+0.08 10
ova 2%-2°P, 1622.09 1623.60 1623.29+0.08 10

The results obtained for the higher excited states
of He are listed in cm™ in Tables XXI and XXII.
For each state, we list the value of J,, obtained with
the largest expansion used, as well as the extra-

TABLE XXX, Theoretical and experimental wavelengths for transitions between excited S and Pstates.

polated value, for both C- and D-type expansions.
For the 6°S state (C- and D-type expansions) and
the 73S state (type D), no reliable extrapolation
could be made, but the value from the next-lowest-

Aur denotes

the nonrelativistic value, Ae, the value including the mass-polarization and relativistic corrections, and A the value
including estimates of the Lamb-shift correction for the 21S or 23S states.

Transition A, A theor Aot Aexpt Ref.
I
&) (R) (&) (&)

Linn  3lp-als 5039, 3 5039.3 5039. 32 7
Lin  2'p-3is 1755.30 1755.33 1755.332 7
Lin  3lp-sls 3307, 24 3307.20 3307. 236 7
Lin 31s-41p 4157.40 4157,11 4157.619 7
Cv 21s-31p 247,437 247,310 247,316 247.31£0.02 11
Cv 235-3°p, 227.194 2217. 204
Cv 235-33%p, 227,370 { 227,195 227. 204 227.192+0,005 11
Cv 23s-3°p, 227,174 227.184
Cv 235-4%p | { 173.278 173. 283}

0, 173,392 . 173.281+0.005 11
Ccv 235-4°p, 173,273 173.278
Cv  2%-5%R, 156. 322 {156- 226 156. 230} 156.233+0,01 n
Cv 235-53%p, 156.223 156. 228
Cv 2%P;-338 260.152

. .1 .
Cv  2%P-3 35} 260,180 {260.144} 260.1360.01 1
Cv 23P,-335 260. 235 260.229+0.01 11
Cv 335-43P 4 {672 06}
) 672.51 . 672,01, 11

Cv 335-43p, 671.98 +1.0
Cv 33P)-43s 756.84
Cv 3%P-43s 756.91 {756. 83} 756.0+1,0 11
Cv 33P,-43%s 757.06
ovir  2%-33p 120.3432 120.3516
ovn  2%-3%p, 120.5064 120.3396 120, 3479} 120.331 5
ovir  2%-3°%P, 120.3164 120.3248
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TABLE XXXI, Comparison of theoretical and experi-
mental values for the fine-structure splitting of the 2P
level of He-like atoms. Avgy and Avy; are the quantities
which have to be added to the ionization energy of the
J=1 level in order to obtain the energies for the J=0
and J=2 levels, respectively.

Avgem=1) Avyy(em™!)
Atom Theory Expt Theory Expt Ref.
Lin -5,190 ~-5.179 -2.085 -2.093 7
Be 11 ~ 11,52 - 14,84 -14,8 5
Biv -15.98 -16.0 -52.40 -52.3 5
Cv ~11,7 -13 -134.8 - 136 11
Nvi +11,2 +15 —288.0 - 305 9
Ovir +65.5 +60 —543.6 - 552 10

order expansion used differed from the value listed
in the table by only 1 in the last digit quoted.
J,» (value adopted), the final value adopted for the
given state, is based on the result for the largest
expansion used and on the extrapolated value, and
is believed to be accurate to within an error of not
more than 1 in the last digit quoted. The final
values for E; - €, and J;,.. are also listed. Where
no value is given for E; — €, in the table, this cor-
rection is assumed to be small enough not to affect
the value of Jy,,, to the number of digits given.

In computing the values listed in Tables III-XXII,
three auxiliary constants are used for each ion.
Ry is used to obtain the ionization energy in cm™!
from the eigenvalue of Eq. (1), which is in atomic
units of energy; a®R,, is used to obtain E; in units
of cm™; and the constant 2(m/M)R, where m/M de-
notes the ratio of the mass of an electron to that
of the appropriate nuclear isotope, is used to com-
pute €,. The values adopted for these three con-
stants in each case are listed in Table XXIII.

IV. COMPARISON WITH EXPERIMENT

In order to facilitate comparison with the experi-
mental values for the energy difference between S and
P states, we have listed our final values for Jueqp,
the total theoretical ionization energy in cm™,
in Table XXIV for the singlet states, and in Table
XXV for the triplet states. As before, the results
listed are estimated to be correct to within 1 or
occasionally 2 in the last digit quoted, unless other-
wise stated in the table. The error estimates given
represent the estimated inaccuracy in the last digit
quoted. The entries are followed by the sign + ?
in the cases where we have no completely reliable
estimate of the accuracy. They are, however, be-
lieved to be accurate to within not more than 2 or
3 in the last digit quoted. (We have quoted re-
sults in this category to one less significant digit
than the values listed in Tables III-XX. )

The results listed in Table XXV for the triplet
PstatesarefortheJ =1 level. The values of Jpe0r
for the J=0 and J =2 levels may be obtained with
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the aid of the Table XXVI, whichlists the fine-struc-
ture splitting for the triplet P states. In this table,
Avg and Av,, are the values (correctly signed)which
have to be added to Jyy,,, for the J =1 level to obtain
the values of Jy ., for the J=0 and J =2 levels, re-
spectively. Thus, for example, in the case ofthe
23p state of O vII, Jypeo fOr J=1 has the value
1376 669. 28 cm™, while Avg, =65.513 and Av,, =
- 543.638. Thus, Jipor= 1376734.79 cm™ for the
J=0 level, and 1376125.64 cm™ for the J=2 level.
The values of Avy and Apy in Table XXVI include
the effect of the o® quantum electrodynamic cor-
rection, but not the singlet-triplet or higher-order

corrections. 28
A considerable number of accurate measurements

of the energy difference between S and P states of two-
electron atoms with high values of Zare now available,
and they afford an excellent test of the validity of our
calculations. We have already made a preliminary
comparison between the calculated and observed
wavelengths for some of these transitions, anda more
complete comparison is made® in Tables XXVII-XXX.

In Tables XXVII and XXVIII, we list the transi-
tions from the ground state. A, denotes the non-
relativistic value for the wavelength of the given
transition, and Ay, the value obtained by including
the mass-polarization and relativistic corrections.
Aiot, the final theoretical value, includes also the
Lamb-shift correction for the ground state.!®* The
early but accurate experiments of Robinson? have
been supplemented by those of Herzberg® for He,
and by Svensson’s accurate remeasurement'? of
some results of Tyrén.* The experiments are of
high accuracy in all cases, and it will be seen that
in most cases the value of \;.; agree with the ex-~
perimental values to within the estimated uncer-
tainty of the latter. Only for the 1'S-3'P and 1'S-
4'p transitions in Be mris the discrepancy be‘ween
theory and experiment substantially larger than the
experimental error. The results given in the
tables show that the Lamb-shift correction for the
1'S state has to be included in order to match the
experimental accuracy. They also confirm the
value adopted for this correction in the case of He,
and show that the correction is at least of the right
order of magnitude for the other values of Z.

In Table XXIX, we make a comparison between
theory and experiment for the 2'S-2'P and the
235-23%P transitions. As the energy difference for
transitions of the type n'S-n'P and n3S-n3P is
particularly small, the experimental values are
subject to only a very small (absolute) error. On
the theoretical side, the nonrelativistic energies
of the S and P states are almost equal, and largely
cancel one another out when computing the energy
difference for the transition. Thus, the relativ-
istic, mass-polarization, and Lamb-shift correc-
tions will make a far greater relative contribution
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to the energy difference than in the case of transi-
tions of the type m 'S-n'P and m *S-n®P for which
m is different from n. These points are illustrated
excellently by the values listed in Table XXIX. A
comparison of A . and Ay, , respectively, with the
measured value shows the large improvement ob-
tained by including the mass-polarization and rel-
ativistic corrections. With the aid of a calculation
of Dalgarno,® the Lamb-shift correction for the
2'S and 23S states of Li* has been estimated to have
the values -0.69 and —1.14 cm™!, respectively.?
The value for the 2'S state has been used in obtain-
ing the value of X, forthe secondtransitionlisted

in the table. No estimates of the Lamb-shift cor-
rection for these states are available for higher
values of Z. However, one can make a very rough
order-of-magnitude estimate of the effect of this
correction by utilizing the fact that the most im-
portant term behaves as a constant times the fourth
power of the atomic number Z. Using the values
quoted for Li* and scaling up by Z*, we have made
a rough estimate of this correction for other values
of Z, and hence we obtained the values of A, listed
in the table. In all cases except for the 2'$-2'P
transition in Bemr, the value of A, is far nearer
to the experimental result than A,,,... The degree
of improvement resulting from the inclusion of so
crude an estimate of the Lamb-shift correction may
possibly be fortuitous. The results do, however,
indicate that an estimate of this correction has to
be included before we can match the high experi-
mental accuracy which is currently being achieved
for transitions of this type.

In Table XXX, we compare theoretical and ex-
perimental wavelengths for some other transitions
between S and P states for which accurate experi-
mental results are available. The values quoted
for A, were obtained by estimating the Lamb-shift
correction for the 2'S and 23S states through a z*
extrapolation as described above. A considerable
number of lines in the Li* spectrum have been mea-
sured by Herzberg and Moore.” We have not been

able to make an accurate comparison with their
results for transitions between triplet states, as
our calculations do not include the contribution from
the interaction with the nuclear magnetic moment,
which gives rise to the hyperfine structure of the
triplet levels. (For the Li’ ion, the hyperfine
splitting is of the same order of magnitude as the
fine-structure splitting.7) The accurate measure-
ments for Cv are new ones made by Edlén and
Lofstrand.!’ We have also included results which
they quote for the 335-43P and 3%P-43S transitions
in this atom. These latter measurements were
made by Girardeau ef al.,' and they confirm the
identification of the line at 756 A as belonging to
the transition 33P-43S. The agreement between
theory and experiment in Table XXX seems to be
satisfactory, except for the 3'S-4'P line of Li".

To summarize, the results listed in Tables XXVII
to XXX show our theoretical term values to be in
satisfactory agreement with experiment in almost
all cases. The results also underline the need for
a reliable calculation of the Lamb-shift correction,
at least for the 2'S and 23S states, in order to ob-
tain term values with an accuracy which matches
that of the experimental data currently being
achieved.

Our theoretical values listed above for the fine-
structure splitting of the 23P states of Li* to O viz
are compared with the experimental values in Table
XXXI. The agreement with experiment may be
considered to be satisfactory in view of the fact that
the contributions from the singlet-triplet and high-
er-order quantum electrodynamic corrections have
not been included in our caiculations.
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Corrections to the Hartree-Fock (HF) theory which arise as a result of electrostatic
configuration interaction are calculated for a heavy ion Pr®*. The effect of configuration
interaction upon the 4f 2 configuration is represented by effective two-body operators of the

ki

form 3}, ,a, C(1 ’C(zk’. These operators are evaluated using perturbation theory and graphical
methods. The effect of the operators of even rank is to depress the values of the Slater F*

integrals below their HF values.

The two-body operators of odd rank do not appear within the

ordinary HF theory. The Trees parameter « is the coefficient of an operator of this kind.
It is found that the corrections to the Slater integrals converge slowly. The contributions to
the operators of odd rank converge properly, however, and we obtain the values a=28, B

=-616, and y=1611.
y="728.

This may be compared with the empirical values a=24, B=-—586, and
The value of ¥y is determined empirically by the position of a single level, 's. Itis

suggested that the free-ion 'S level has not been properly identified.

I. INTRODUCTION

The most accurate first-principles calculations of
the properties of rare-earth ions have been carried
out within the framework of the Hartree-Fock (HF)
or self-consistent-field method. Extensive HF cal-
culations have been reported by Freeman and
Watson, ! Froese Fischer, 2 Mann, ® Clementi and
Raimondi, % and others. More recently a number of
relativistic Hartree-Fock (RHF) calculations have
been reported. *~1°

The optical and magnetic properties of the heavy
elements are due mainly to the outer electrons,
which are usually quite nonrelativistic. The fact
that the RHF calculations of interaction constants of
the outer electrons are often significantly more ac-
curate than the nonrelativistic HF calculations may
be attributed to differences in the relativistic and
nonrelativistic Hamiltonians. For instance, the
spin-orbit interaction is contained implicitly in the
Dirac Hamiltonian which is used in relativistic self-
consistent-field calculations, while it is added as a
first-order perturbation to the nonrelativistic HF
calculations. This is probably the reason that rel-
ativistic calculations of the spin-orbit constant of
5f electrons'® are often considerably more accurate

than nonrelativistic calculations. On the other
hand, the effects of electrostatic configuration in-
teraction are not included in HF or RHF calcula-
tions, and may be expected to give rise to the same
kind of discrepancies in both cases. Figure 1
shows the energy levels of Pr®*, which has two 4f
electrons moving outside a xenon core. There is an
obvious correlation between the HF and the experi-
mental levels. However, the energy scale is differ-
ent in the two cases, and there are a number of
crossovers. If instead of using HF values of the
integrals we regard them as parameters, we may
fit the experimental levels. Table I shows the HF
and the empirical values of the Slater integrals.

The fact that the HF integrals are much larger than
the empirical values corresponds to the fact that the
HF energy-level scheme is expanded with respect
to what is actually found experimentally. The fit is
improved considerably by adding to the Hamiltonian
effective operators of odd rank.!! The qualitative
features of these discrepancies may be understood
in terms of configuration interaction. The HF cal-
culation assumes that the ground configuration is

a pure 4f2 configuration, but the 4f electrons spend
part of their time in higher-lying configurations
where they move in large orbits and interact less



