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This method has the great advantage of insensitivity
to errors in two quantities directly entering the
evaluation: mass-absorption coefficients and ab-
sorption jumps. All their values are clearly below
the curve (S). The deviation of their carbon value
from the value vz =0.0035measured by us is greater

than is to be expected from the given errors. We
are not able to state a reason for this great discrep-
ancy. We think, however, that our result is cor-
rect, and that we have given good reasons. It must
be reserved for further work to bring greater clari-
ty into this field.
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A procedure is given whereby for simple diatomic molecules the rotational g factor can be
determined from transport measurements alone. The values so obtained agree to within 15%
with those obtained from molecular-beam techniques. For N2 and CO, the values of g~«ob-
tained are —0.285 and —0.301, respectively, to be compared with, respectively, —0.2593 and
—0.2691 as obtained from molecular-beam magnetic resonance.

I. INTRODUCTION

That all polyatomic molecules possess a mag-
netic moment due to their rotational motion has
been known since the classic work of Wick' and
Ramsey. As for electronic and nuclear magnetic
moments, the rotational magnetic moment is char-
acterized by a quantity called the rotational (Lande)
g factor. The determination of this rotational g
factor g„t has lain in the realm of molecular-beam
magnetic resonance since a molecular beam of

essentially pure rotational states can be prepared.
Until the last decade, it appeared that the deter-
mination of such a molecular parameter was re-
stricted to molecular-beam measurements. With
the advent of studies of the Senftleben-Beenakker
(SB) effect, ~ a second possible experimental source
of g values became available. The use of these
effects was not, however, trivial insofar as the g
factor occurred together with certain collision
cross sections and, in order to extract the g value,
independent determinations or estimates of the
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cross sections must be available. Certain of the
SB measurements have already proven very useful
in this respect because, although the determination
of the magnitude of g & is nontrivial, the deter-
mination of the sign of g & is quite trivial, being
directly related to the direction of transverse heat
or momentum transport in the presence of a mag-
netic field. The situation is reversed in the case
of molecular-beam measurements since then' the
sign must be inferred by comparison with molec-
ular hydrogen (for which the sign is known to be
positive from theoretical work), from a second-or-
der asymmetry of the experimental curves, or it
must be obtained from separate experiments which
employ a rotating field.

Recently, Scott, Smith, and Fry have attempted
to extract values of g~, for molecular gases from
measurements of the thermomagnetic torque, a
rarefied-gas phenomenon closely linked' with the
aforementioned SB effects. In employing the
thermomagnetic-torque, shear-viscosity, or
thermal-conductivity SB measurements, care must
be taken to ensure that the kinetic collision cross
section entering into the calculation is the correct
one for the transport or relaxation process being
considered. The procedure employed in Ref. 6
makes use of their thermomagnetic-torque results
for a variety of molecular gases. The relationship
used to extract the g & values from the experimen-
tally obtained positions (on an H axis) of the torque
maxima was obtained on the basis of the mean-free-
path description ' of these effects. However, the
mean-free-path description is inadequate for more
than a qualitative understanding of the field-de-
pendent transport phenomena occurring in poly-
atomic gases: This has been conclusively demon-
strated by Knaap and Beenakker. ' One of the
major difficulties arising from the mean-free-
path picture is the introduction of the (basically)
elastic- collision cross section which determines
the ordinary (field-free) shear viscosity of the

gas. The authors of Ref. 6 have been careful to
point out that when the collision process is mainly
an inelastic one, their description would break
down and, in particular, they note that such a
simple picture is clearly inadequate for the hydro-
gen isotopes.

A more refined description of the gas torque
phenomenon, based on the Waldmann-Snider" kin-
etic equation shows that the thermomagnetic torque
can be explained as a Burnett effect depending upon
the presence of a second temperature gradient
V V' T which is found in the cylindrical geometry
of the torque experiment. Since the largest part
of the torque seems to be due to such a (bulk)
Burnett contribution of the form given by the above-
mentioned theory, '" the thermomagnetic torque
can be calculated once the various parameters en-

tering into the SB effects have been determined
from experiment. In particular, one of these pa-
rameters is characterized by the rotationalgfac-
tor for the molecule divided by an inelastic colli-
sion cross section. Now, if the g factor is avail-
able from another source, such as a molecular-
beam magnetic-resonance experiment, the inelastic-
collision cross section can be determined from the
measurement of the position on the H/P axis at
which the shear-viscosity field effect attains half
its saturation value. This is, in fact, the procedure
employed by the Leiden workers for the extraction
of this particular inelastic-collision cross section
for molecular gases. ' It has been shown' that
the major contribution (of the order of 70%) to the
Burnett torque comes from one of the two trans-
verse shear-viscosity coefficients appearing in the
field-dependent shear-viscosity scheme (the so-
called double-frequency coefficient p4 of the
deGroot-Mazur' scheme) so that the position of
the thermomagnetic-torque maximum on an H/p
plot is largely determined by the shear-viscosity
SB effect. Because of this, it will be seen that,
in principle, it is not possible to obtain the mag-
nitude of g & from measurement of the shear-vis-
cosity field effect and of the thermomagnetic torque
alone unless further information is fed in. Indeed,
these two experimentally measurable effects do
not, in fact, constitute independent measurements.

The authors of Ref. 6 found order-of-magnitude
agreement between g &

values obtained from stat-
ic-field transport properties and those obtained
from molecular-beam magnetic-resonance mea-
surements. This agreement is due to two factors.
In the first place, Smith and Scott found it neces-
sary to introduce a relatively ad hoc factor Q
(taken in Ref. 6 to be 4m) of the order of 10, relat-
ing the molecular precession frequency due to the

applied magnetic field to the collision frequency.
In the second place, it happens that for many of

the heavier diatomic and most polyatomic mole-
cules, the inelastic- collision cross section entering
into the more refined theory of the shear-viscosity
field effect is of approximately the same order of
magnitude as the elastic cross section determining
the ordinary shear viscosity, e. g. , for N2 the
relevant numbers are 22. 5 vs 35 A, and for CF4,
61 vs 63 A . To some extent, the first factor can
be considered to be an attempt (because of the
limitations of the mean-free-path approach) to cor-
rect for the second factor. Interpreted in this
perhaps crude fashion, the quantity Q can be given
some physical justification. However, in this in-
terpretation, Q will be only approximately constant
since the ratio of the two cross sections is not

fixed�.

This paper is concerned with giving a more re-
fined procedure to be employed in extracting g
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values from static fi-eld SB measurements . The
procedure developed here is mainly concerned
with diatomic and linear molecules since it is for
this class of molecules that the most work on colli-
sion theory has been carried out to date. In prin-
ciple, similar procedures could be carried out for
nonlinear polyatomic molecules and, considering
that molecular collision theory is presently ad-
vancing rapidly, such work should be promising.
As the present procedure involves a number of ap-
proximations which are difficult to overcome short
of ab initio calculations, it seems highly unlikely
that any procedure used to obtain g values from
static SB measurements will ever have the accur-
acy to be found in the molecular-beam magnetic-
resonance measurements. It is possible, however,
to obtain agreement to within 15%%uo of the g values
found by other methods.

It should be mentioned that it is also possible to
perform SB measurements with a combination of
a static and an alternating magnetic field. Both
cross' and collinear '" static and alternating
fields have been employed. Of these two possibil-
ities, the collinear fields allow the simpler de-
termination of rotational g values. The theoretical
expressions for the "time-dependent" transport
coefficients and torque involve infinite series of
Bessel functions ' and are hence quite compli-
cated. However, in an experiment for which the
alternating field frequency matches the static-field-
induced molecular precession frequency, a reso-
nance is observed, and it is possible thereby to
determine the molecular precession frequency and
hence the gyromagnetic ratio of the molecule con-
cerned. This procedure promises to be almost
as accurate as the molecular-beam magnetic-res-
onance method.

II. CALCULATION OF g, 1
FROM SB DATA AND FIELD-

FREE TRANSPORT COEFFICIENTS

The experimental quantities necessary for the
determination of g & in the present paper are:
and rlo, the field-free thermal-conductivity and
shear-viscosity coefficients, the ratio of the posi-
tions on the H/P axis (magnetic field strength and
pressure) of the thermal-conductivity and shear-
viscosity SB effects &At/Xo and 6112/110 and, final-
ly, the position on the H/p axis and the saturation
value for the shear-viscosity effect. With these
data, together with certain approximate and exact
relations among the various collision cross sec-
tions occurring in the theoretical expressions for
these quantities, reasonable values of g, can be
obtained.

Expressed in terms of collision cross sections
defined recently, ' the relevant transport coeffi-
cients are as follows. The field-free thermal con-
ducitivity Xo is given by'

= (V tel )0 [ (1010)G(1001)— (1001)]y

with (v, )0 being an average relative velocity

(v„,)0= (8f2T/0 p, )"',

(2)

p, being the reduced mass of the pair of colliding
molecules. The field-free shear viscosity qo is
given by

no=»[&v..l&0&(goooo)1 ', (4)

while the SB quantities required are given by

(H/p)1 i 2.1„oo(120o)
(H/p)02 o(0200 )

02 o 2(2000 )
i 0 sat O (2000) + (0200)

2000 0200

(h and tl& have their standard meanings).
Upon first examination, it would appear that the

task of obtaining values of g t is a quite formidable
one since, in addition tog &, these five experi-
mental quantities contain seven collision cross sec-
tions. The saving grace is provided by recent
advances which have been made in collision theo-
ry for molecular gases. ' In particular, for
gases in which the anisotropic part of the inter-
molecular potential can be described by a simple
P,-type interaction, ' there are a number of
useful approximate relations which can be em-
ployed. These relations make possible the cal-
culation of g t from the quantities given above.
The specific relations employed can be found in
Table I. Using Table I, the following results are
obtained:

O(1010)—2 (2000) +V (~3)O(0200)

TABLE I. Relations between genera. lized cross sections
(see Ref. 24).

(1010) ~i~5 (2000)

+(1010) 3+(2000) 6 +(0010)
1010 2 2000 5 0010

0 (0010) 3 (~ 30 ) 0 (0200)

(1010) 5 ~3 (2000)

00(1200) 0 0 (1200) 6 0 (0200)
1200 (0) 1200 7 0200

(1001) (0) (1200) + 7 ~0 (2000)

5kT
&0=2 ~ Io(lo~oi)+2~ '0'(loot)+& '&(lolo)], (1)

where k, T, and m have their usual meanings of
Boltzmann's constant, temperature, and molecular
mass, respectively; r is the ratio 5k/2c„t with

c&,& being the heat capacity per molecule associated
with internal states; the a's are collision cross
sections; and &' is given by
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TABLE II. Relevant data for N2 and CO.

Gas

N2

CO

10 g0

(p)

1.76
1.75

(2000)

35
35

(kOe/mm Hg)

3 5"
4. 2d

1p3 ~3 02

2.70"
3.65"

!
&a

i i 22k(I

QOe/mm Hg)

7 Pc

7.7'

1p 3RD

(cgs)

2 68Pc
2. 600'

~From the q0 values listed in the Handbook of Physics
and Chemistry (Chemical Rubber Publishing Co. , Cleve-
land, 1964).

H. Hulsman, E. J. van Waasdijk, A. L. J. Burgmans,

H. F. P. Knaap, and J. J. M. Beenakker, Bef. 4.
L. J. F. Hermans, J. M. Koks, A. F. Hengeveld,

and H. F. p. Knaap, physica 50, 4),O (1970).
~Reference 6.

o (1001)—Y ~3o (0200)

& (1001) o.(0) (1200) 7 (~30)& (2000) (10)

in Table III. The solutions of Eq. (14) for N2 and
CO then give o'(0,00) = 22. 5 A' and o (0p2o~o) = 28. 0 A,
respectively. The value of g t can now be ob-
tained from Eq. (6), expressible as

oo (1200) (l" () ) o F0200)

o(2oto)=kT'/(r)0(~ 1)o)

&(0200) [ (+ )3/ )0) t o(2000) o (00200)] (13)

Substitution of the results given in Eqs. (8)-(13)
into Eq. (1) leads toacubicequationinx= [o(oogoo)]'~2,

t I
=0 045 15o(0~2~0o)/(If/)0)1/2 n3 ~ (21)

where o(0200) is expressed in A and (H/p)ti2 „ is
expressed in kOe/mm Hg. A comparison of the
results obtained in this work with those given pre-
viously in the literature is also contained in Table
IV.

&x + Px + yx + 6 = 0, (14) III. DISCUSSION

in which

t2 =fr (&30 )(it -z)ttt)to ("rei)0&/k'

3((1 3)e + e( )3/)0) t () 0)

r=r(~30)[e —-'-v(vl0)3' '-v. 3''l&

(15)

(16)

~ = —3 «(2000)-2 2000

with e the Eucken factor given by

e = om)to/kt)0

and $ given by

[ (gt) /1) )02 o(2000)]1/2 (2o)

As Takayanagihas shown, the P2-type potential
can be considered to be probably the dominant part
of the intermolecular potential for simple homo-
nuclear diatomic molecules such as H2, D2, and

N2. For the moment it is not advisable to use this
procedure for the hydrogen isotopes until it is
certain whether or not the approximations inherent
in the derivation of the relations of Table I are
correct for these molecules. Since CO is only a
very weakly polar gas it should also be reasonably
well approximated by a P2-type potential. For
diatomic molecules, the value (&)'~ can be used
for x '. This, together with the data of Table II,
when substituted into the expressions for the coef-
ficients of Eq. (14), leads to the values tabulated

As can be seen from examination of Table IV,
it is possible to obtain values of g t to within
10-15/z accuracy purely from the measurement of
transport coefficients. The procedure outlined
above requires a set of relations among the various
collision cross sections which occur in the ex-
pressions for the transport coefficients. So far,
it has been possible to obtain theoretically a set
of such approximate relations for simple homo-
nuclear diatomic molecules. Before this pro-
cedure can be utilized for more complex molecules
such as spherical or symmetric top molecules, a
similar set of relations will be needed. In view of
the reasonable success obtained for diatomic mol-
ecules, research in this direction promises to be
fruitful. Of course, other procedures can be ap-
plied to the calculation of rotational g factors. In
particular, for certain gases such as N2, D2, and
other molecules carrying nuclear spins of mag-
nitude 1, the dominant mechanism in nuclear spin
relaxation in the gas phase is the quadrupolar re-
laxation. As is well known, ' the quadrupolar
term is related to the collision cross section

TABLE III. Values of the coefficients entering into Eq. (14).

Gas Q y
(A-~) P (A) (~')

N2 2.05 2.00 0.307 0.0458 0.374 —0.786 -9.33
CO 2.00 1.83 0.357 0.0411 0.302 —P. 980 —9.33
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TABLE IV. Cross section 0(0200) and g,«values.

Gas This work
I grot~'

Mol. beam Ref. 6
+(0200)

N2

CO
0.285
0.301

0.2593"
0. 2691

0.39
0.32

22. 5
28. 0

Sign of g factor for both N2 and CO is negative; see,
e.g. , Bef. 4.
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Calculations have been made of the energy levels and other properties of the states n ~S,

n 3S, n P, and n 3P, n =2 to 5, for atoms belonging to the helium isoelectronic sequence up to
Z =10, and also for the higher excited S states of helium. The theoretical term values, in-
cluding the contributions from the mass-polarization correction and the relativistic effects of
order n are listed. A detailed comparison with the experimentally determined energy differ-
ences between S and P states for He z up to Fvxrr shows a satisfactory agreement in almost
every case, provided that we include an estimate of the Lamb-shift correction to the S-state
energy level when considering transitions involving the 1 S, 2 S, or 2 3S states.

I. INTRODUCTION

In this paper, we shall present the results of a
systematic calculation of the energy levels and

other properties of the low-lying S and P states
for two-electron atoms up to Z=10. We have also
calculated f values for transitions between these
states, and the results will be presented in a forth-
coming paper. '

On the experimental side, high-precision mea-
surements of the energy difference between S and
P levels in two-electron atoms were made as long
as three decades ago. Since that time, the ac-
curacy of the experiments bas been further im-
proved, and many more lines have been mea-
sured. Laser-produced plasmas have recently
proved to be a fruitful source of heliumlike ions. '

The advent of extraterrestrial spectroscopy has also
led to quite a number of observations of two-elec-
tron spectra, " " and the accuracy of measure-
ments from this source will no doubt improve in
the future. The observations on two-electron spec-
tra now extend from the infrared to the x-ray region
around 15 A.

The method used in our calculations is basically
the same as that employed for helium, the wave-
function being expanded in a triple series of La-

guerre polynomials of the perimetric coordi-
nates. ' The expansion includes the interelec-
tronic distance explicitly, and is thus particularly
appropriate for the low-lying states, where the
correlation effects are important. The effective-
ness of the method decreases as the order of the
excited state is increased. We have therefore car-
ried out the calculation by this method for the 16
lowest excited states n'S, n S, n P, and n P,
n= 2, 3, 4, 5. In the case of He, we have carried
our calculation up to the 15 'S and 1V 3S states,
which cover all of the observations. ' However,
the determination of the higher excited states by
the present method necessitates the use of very
large expansions (containing up to about 2000
terms), and these calculations were therefore not
repeated for other atoms. The results presented
here, and in a paper in preparation, represent
therefore the maximum which we think could be
achieved by the present method using the current
generation of computers.

In Sec. II, we describe the method used in the
calculations, and the numerical results obtained
are listed in Tables III-XXII of Sec. - III. In Sec.
IV, we list our final theoretical term values and
compare the results with experiment. Our com-
parison underlines the need for a calculation of the


