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The Breit interaction is reviewed with applications to heavy atoms in mind. Generalizations
of the Breit interaction which avoid expansion in powers of the electron velocities are dis-
cussed. Two-particle matrix elements of the Breit interaction and its generalizations are
given in a form convenient for numerical applications. Expressions are derived for evalu-
ating configuration-averaged atomic energy shifts for the Breit interaction and its generali-
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zations.

Numerical results for the energy shifts of atomic ground states are presented for

selected atoms in the range Z=2 to Z=102; interpolated values of the energy shifts are
given graphically for all atoms in the range considered. A breakdown of the interelectron

contributions to the Breit energy shift is given for Ne and for K electrons in Hg.

“Frozen-

orbital” calculations of Breit corrections to electron binding energies in Hg are given. The
binding of K electrons in W, Hg, Pb, and Rn including the generalized Breit interaction
with rearrangement are determined; when considered together with Lamb shift and corre-
lation effects, these calculations reduce the discrepancy between theoretical and experi-

mental K binding energies to about 0.1 Ry.

I. INTRODUCTION

The correction to the Coulomb repulsion between
two electrons due to the exchange of a transverse
photon is referred to as the Breit interaction. ™3
In recent Dirac-Hartree-Fock (DHF) atomic-struc-
ture calculations one finds various related versions
of the Breit interaction, leading to some confusion
as to precisely what form the Breit correction
takes in applications.

For example, Grant* takes the Breit interaction
to be the unretarded interaction between two Dirac
currents. Kim, 5 on the other hand, uses the re-
tarded interaction proposed in Breit’s original
paper. A third version of the Breit interaction,
derived from the retarded product of two four-cur-
rents, is used by Smith and Johnson. ®

It is the purpose of the present paper to examine
the various versions of the Breit interaction, both
analytically and numerically, in order to elucidate
the relations between the possible choices, and to
give numerical tables of the energy shift associated
with each possibility for free atoms.

Before proceeding further let us briefly review
the history of the Breit interaction. In 1929, Gaunt’
introduced a modification of the Coulomb interac-
tion to account for the fine-structure separation
in He. This correction, which we shall call the
Gaunt interaction, is the unretarded interaction be-
tween two Dirac currents, and may be written®

Hy=-(a/R) & @y, (1)

where « is the fine-structure constant, R is the in-
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terelectron separation, and El,z are the usual Dirac
matrices.

Later in 1929 Breit! pointed out that retardation
effects on the charge-charge interaction, which
are also of second order in the electron velocities,
should be considered in parallel with the Gaunt in-
teraction. The retardation interaction is given by

Hrct=(a/ZR)(_&l'-&z_-&l'ﬁ-&a'ﬁ) ’ (2)

where 7 is a unit vector along R. The resulting
interaction proposed by Breit is the sum of the two
interactions given above:

Hge=—(a/2R)(ay* Gy + 0ty + D 0p+ 1) . ®3)

In 1932 Breit® applied the interaction given in
Eq. (3) to the problem of He fine structure and was
as successful as Gaunt in predicting line separa-
tions.

In their studies of He, both Gaunt and Breit used
the Pauli approximation to the two-electron Dirac
equations. The Breit interaction in the Pauli ap-
proximation reduces to the familiar sum® of spin-
orbit, spin-other-orbit, spin-spin, velocity-vel-
ocity, and Darwin terms. The corresponding de-
composition of the Gaunt interaction gives identi-
cally the same spin-dependent terms but different
velocity-velocity and Darwin terms. For the pur-
pose of computing fine-structure separations in
light atoms both interactions are therefore equiva-
lent, explaining Gaunt’s success in calculating He
fine structure without retardation.

Using the Gaunt interaction to evaluate total en-
ergies in atoms is, of course, incorrect since the
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expectation of H,, is generally nonzero. We shall
see, however, from our numerical studies that Hg
is typically an order of magnitude more important
than H,,, and even though retardation is not in-
cluded in the Gaunt interaction, it still provides a
useful approximation to the Breit interaction.

The Breit interaction can be understood from the
point of view of quantum electrodynamics. The
electromagnetic field is quantized in the transverse
gauge, and the instantaneous Coulomb interactions
are treated as classical fields. Neglecting the
transverse field in the zeroth approximation, one
constructs a DHF self-consistent field consider-
ing the mutual Coulomb interaction between elec-
trons and the static nuclear potential. In the zeroth
approximation one has the usual independent-par-
ticle description of the atom; the DHF energy of
the atom is subject to the usual corrections due to
Coulomb correlation effects.

Treating the transverse electromagnetic field in
lowest-order perturbation theory, one may show
that the interaction between any two atomic elec-
trons due to the exchange of a single transverse
photon is given by the nonlocal generalization of
the Breit interaction, °

r
Hpp=— a0y oy,

8%  coswR -1 :], @

R
X [5u e ok

R "ok, oR,
where w is the energy transferred by the virtual
photon. The first term in square brackets is the
retarded version of the Gaunt interaction, while the
second term is the retardation correction to the
charge-charge interaction.

In direct two-electron matrix elements of Hy . the
photon energy w =0; one sees by carrying out the
limiting value of Eq. (4) that Hg, reduces exactly
to Hy,. In exchange matrix elements w=¢€; —¢€,,
the difference in orbital eigenvalues of the two elec-
trons.

To the neglect of terms of order w? (i.e., of
fourth order in the electron velocities) the trans-
verse interaction is identical to the Breit interac-
tion. Thus, Hg, provides the correction to Coul-
omb’s law to lowest order in the fine-structure
constant a arising from the exchange of a single
transverse photon, while Hg, provides an approxi-
mation to HY, appropriate to the study of light atoms
where electron velocities are small. For the in-
ner electrons in heavy atoms, where electron ve-
locities are of order @Z~ 1, one expects to find
significant differences between matrix elements
of Hy, and Hg,.

An alternative version of Hy, which is somewhat
more convenient for computational purposes is
given by10~12
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HY.= - (a/R)[ @, a5 coswR + (1 - coswR)] . (4")

One can show that two-electron matrix elements
of Hy. and H{ are identical whenever the unper-
turbed electron orbitals satisfy Dirac equations in
a local potential. Such situations arise, for ex-
ample, when the electron-electron interaction can
be neglected compared with the electron-nucleus
interaction or when a local approximation to the
electron-electron interaction such as the Dirac-
Hartree-Fock-Slater (DHFS) approximation can be
made. It must be emphasized, however, that Hg,
rather than Hy; is the interaction appropriate to
the DHF description of the unperturbed atom, and
that the matrix elements of H{, and Hg, are not
identical when evaluated using DHF electron or-
bitals.

In the above discussion the Breit interaction is
seen to follow from quantum electrodynamics in
fivst-ovder pevturbation theory. Using the inter-
action to determine the self-consistent field, or
using the interaction in second- or higher-order
perturbation theory, is incorrect and has, in the
past, led to both logical®® and numerical®® dif-
ficulties.

We are now in a position to comment on the prob-
lem posed at the beginning of the paper. First, it
is clear that the transverse interaction Hg; of Eq.
(4) is the version of the correction to Coulomb’s
law appropriate for use as a perturbation in DHF
calculations. For light elements, where aZ<<1,
the Breit interaction Hg, of Eq. (3) is expected to
be in error by terms of relative order (aZ)?. To
the extent that such errors are negligible in atomic-
structure calculations, the Breit interaction may
be used to replace Hi.. This is the situation in
the atomic-structure calculations of Kim.?®

The Gaunt interaction of Eq. (1) neglects retarda-
tion effects which influence exchange matrix ele-
ments only. As mentioned previously, the energy
shifts resulting from H; are larger by an order of
magnitude than those due to retardation. The Gaunt
interaction used by Grant! thus provides an approx-
imation to Hy, suitable not only for fine-structure
calculations but also for the approximate evaluation
of magnetic energy shifts.

The interaction Hg,, which was used in the atom-
ic-structure calculations of Smith and Johnson, 8
is the version of Hg, appropriate to an unperturbed
theory involving a local potential. In particular,
this version of the interaction provides a useful ap-
proximation for the study of the inner electrons of
heavy atoms where the nuclear potential dominates
the interelectron interaction.

It should be mentioned in passing that Grant* and
Smith and Johnson® use the Breit interaction to de-
termine the self-consistent field. As pointed out
above, such a procedure is incorrect; Kim’s treat-
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ment of Hy, in first-order perturbation theory rep-
resents the correct procedure for handling Hy, in
applications.

To discuss the energy shift induced in atoms by
the Breit interaction we must compute matrix ele-
ments of the operators in Egs. (1)-(4) above. Such
calculations already occur for H; in Grant’s paper*
and for H,, in Kim’s paper.® In Sec. Il we give an
alternative derivation of the matrix elements of
Hg, Hg, and Hg, which parallels the previous cal-
culations of Refs. 4 and 5. The technique developed
in Sec. II is applied in Sec. III to evaluate matrix
elements of Hi, and Hy,. Interestingly, we are
able to extract from the matrix elements of
expressions for the matrix elements of H,,, ap-
plicable in the case of a local potential, which are
considerably simpler than those given by Kim. ®

In Sec. IV we apply the formulas derived in Secs.
II and III to the study of the Breit interaction in
atoms. We find for light atoms energy corrections
due to the Breit interaction which are different
from those given by Kim.® For heavy atoms it is
found that the Gaunt interaction dominates the Breit
interaction and that the differences between the
Breit interaction and its generalization Hy, are
significant for the heaviest atoms.

II. MATRIX ELEMENTS OF BREIT INTERACTION

We consider the decomposition Hy,=H; + Hy and
evaluate separately the DHF matrix element of each
term. There are two reasons for proceeding in
this fashion. First, as we show in the numerical
calculations of Sec. IV, the energy shift associated
with Hg is larger than that associated with H,,; by
an order of magnitude. Second, in the previous
literature separate calculations of Hg %5 and H,g, °
appear, which provide useful checks on the present
work.

In the previous calculations some rather difficult
questions of angular momentum recoupling were
faced, leading to expressions for the magnetic and
retardation energies involving Racah coefficients
and 9-j symbols. It is the purpose of the present
section to illustrate a technique for calculating the
interaction energy without explicit use of the Racah
algebra. This technique is then applied in Sec. III
to evaluate the matrix elements of Hy,.

A. Matrix Elements of H;

Since H, is a two-electron operator, the energy
shift for an atomic system is the sum over pairs
of two-electron matrix elements ES;. Each two-
electron matrix element is in turn the sum of a
direct and an exchange term. We write

I;(kamy, Kp mB)=f QIAmA Yiu QanB s

Eﬁa =K23 + ng s (5)
with

KGy=-a [ TrLTs (41,3, ua) " G Bptn)
®)

d®r,d% - -
LS, = az’/.—lR—a (h ayuy) @l azug),

where u, and ug designate four-component DHF
orbitals of electrons A and B.
The DHF orbitals have the central field form

_1 i Gr) ()
u(F) (F(r)n-m<r>> @

The radial functions G(r) and F(r) are the large
and small components, respectively, of the Dirac
wave function #(7); they are assumed to satisfy
central field radial DHF equations.* The symbol
2, (7) is used to designate a spherical spinor!® of
angular momentum j, projection m, and orbital
angular momentum /; the parameter k =¥ (j +3) for
j=1+3. The one-electron orbitals are completely
specified by giving the value of k and m together
with a principal quantum number #n.

We are faced with the evaluation of vector ex-
pressions such as @} @u,). To facilitate calcula-
tions with such expressions we expand in terms of
vector spherical harmonics. Let Y,;;,(#) designate
the vector spherical harmonic!® formed by combin-
ing a unit-spin spherical basis vector with a spheri-
cal harmonic of order L to give angular momentum
J=L, L+1. Writing

h Q) =~3 2 Crpul) ¥rau(), ®)
one finds
Crrem=I; kgmy, kg ms)[J/(y+1)]1/2PAB("') ’
Coou=I;(-Kksmy, Kgmp)
X (kg +Kkg) [J(T+ )] V2V, (%), (9)
Crrom=I;(kamy, kg mp)
X [(F+1)/(2d +1)]2Q,5(1) ,

with
Pup(7)=Uup(r)+[(kp ~ k4)/J] Vas(7),

Quan(7)==Usp(7) +[(kg = 1,4)/(J +1)] V5 (7) (
10)
UAB('V)=GA('V)FB(‘V)-‘FA(7’) Ga("’) ’

VAB('V)= GA('V)FB(’V)+FA(’V) GB(’V) .

In the above we have used
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3 1/2
(-1 >J*fs-’A(Ml@l‘Lﬂl) Clin Tia; 4 0) Clin Tin; mn Mimy)T1 (1 T1p)

a7 (2.7A+1)

"The Clebsch-Gordan coefficients occurring in Eq.
(11) guarantee that j, +jp = J>1j4 —j5| and that
M=m, —mp, while the factor

)1 for I, +J +1g even
(2, J15) "{o for I, +J + 15 odd

restricts the allowed J values by parity conserva-
tion. When « is replaced by -« in either argument
of Eq. (11), the values of J permitted by the parity
selection factor change by one unit since I( - k)
=1k)£1.

All of the complications of angular momentum
recoupling are now contained in the one coefficient
I;(kamys, Kgmg).

Let us apply the expansion (8) to evaluate the di-
rect contribution to the magnetic energy. We write
12)

(u:{ 51 uA) == Z 7 (ry) Y.r.ro(ﬂ) ’

(o} @, u3)=ia 2. D} (”z) Y1), (13)

Y2 g

where D% and D% are obtained from the general ex-
|

T" N J+1

J
Lyg=0a %: {bJ’(KA My, Kg ma)[zJ 1

where

© © rJ-l
rig [ an [Can S Pat) Pty
0

© o 7J+1
T4 = f de ary ;JSTz' Qup (7)) Qup(ry) , (18)
0 0 5

© © J
”
T =./0. d"’ll dar f.n‘l Vap (ry) Vap(7s) ,

and where
by (kg my, kg mp)=4mQ2J+1) 1% (kg my, kg mp) .
(19)
The three terms in brackets in Eq. (17) correspond
to the three possibilities L=¢, J+1.

At this point we are able to make a direct com-
parison of our expressions for the matrix element
of the Gaunt interaction with that given by Grant.*
We find that Egs. (14) and (17) provide a rearranged
version of the corresponding expressions in Ref.

4, with the virtue that averages over atomic sub-
shells are now extremely simple.

B. Matrix Elements of H_t ot
We now turn to the somewhat more involved prob-

T27+3

1)

I

pansion (9). Notice that the vector harmonics for
L=J+1 are absent from expansions (12) and (13),
and that only the M =0 terms contribute.

Substituting Eqs. (12) and (13) into the expression
(6) for the direct magnetic energy, and making use
of the well-known expansion of 1/R in spherical
harmonics, one finds

KaKp

KAB——CVZ Cy(Kkamy, kg ma)msma , (14)

where the Slater-type integral S4, is defined by

Sis =[ d”l/(; dary ‘;.?:‘1 Vaa(ry) Ve (73) ,  (15)

and where

crlkamy, kgmB)=4m@2JT+ 1)1 I; (= kg my, Ky my)

XI;(=kgmp, kgmg) . (18)

Parity selection limits J to odd values in Eq. (14).

Substituting Eq. (8) and its conjugate into the ex-
pression for LS, in Eq. (6) and performing the an-
gular integrations as before, we find

(kg + K )

Tﬁé‘hl} +by(= Ky my, Ky mp)

lem of evaluating the two-electron matrix element
of H.,;. We again decompose the corresponding
matrix element E%3 into a dlrect term K and an ex-
change term L; E‘”’t K33+ L5y, where Kt and L%
are given by expressions_ 51m11ar to Eqs (6) with

- @, *a,/R replaced by (@, - @ - @, -n @, -n)/2R.

We will show that the direct matrix element of
K% vanishes. Before we do this it is somewhat
more convenient to look at the exchange matrix ele-
ment L}%. To evaluate the exchange contribution
to the retardation energy we employ the identity

8 ;—n;n;  #R
R axy 0y,

#® cosuR-1

u_z R ’ (20)

==2lim
n-0 9%y 9%y

where the x;; are components of the coordinate of
particle 1. We may then write

L3t= afdsrl @l @ up) 1imV, (3, -J) , (21)
un=0
where
- - - cosyuR~-1
3G w=f a0 Ty LR )
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Now making use of the expansion (8), and expressing

cos(R)/R in terms of spherical harmonics,!”
we find

J (Fy, p)=4m J;M Rypulry, 0) Yyou(7y), (23)
where
Ry y(ny, ﬂ)=‘“1—a‘/; vy Cy i (73)
J
J? 7,741

ret _ __ —_—
LAB" a§bJ(KAmA’ KBmB){(2J+1) (ZJ_l)TAB

where the angular coupling coefficients b, and the
Slater-type integrals T 43;* have been previously de-
fined, and where

s © " P I
Xap=] dan f ary P S $77) Qup (1) Pag(72) .
0 0 5 5
(26)

To see that the direct matrix element K §% van-
ishes let us apply the identity (20) to the retardation
matrix element. We obtain an expression similar
to Eq. (21),

Kig=— a[da,,l(u; -&1”3) -lim 61 (61 J), (21)
n-0

where J is given by Eq. (22) with (u}; & u,) replaced
by («} @u,). Expanding J in vector spherical har-
monics as in Eq. (23), we find now [see Eq. (12)]
that only the terms L=J, M=0 contribute to the
summation. Using the fact that V «f(#) Y ;4(#) =0,
one immediately sees that K33 =0.

The expression (25) for the retardation energy
can be compared with the corresponding expression
given by Kim.® Again, we arrive at a rearranged
version of the results of Ref. 5 which may be av-
eraged over subshells in an essentially trivial
manner.

We have now arrived at expressions for the two-
electron matrix elements of the Gaunt and retarda-
tion interactions in terms of Slater-type radial in-
tegrals and angular coupling coefficients. Next,
we turn to the problem of developing expressions
for the energy shift of an entire atom by summing
the two-electron contribution to the interaction en-
ergy over all pairs of atomic electrons.

C. Spherically Averaged Breit Interaction

The two-electron matrix element of Hy, has been
decomposed into three terms,

Br _ -G G ret
Exp=Kip+L4ip+ Ly .

In our applications we consider situations in which
the radial Dirac functions are independent of the

projection quantum number m. For such cases we
are interested in the average of the Breit interac-

L
X [ujL(W<)yL(M>) +-(2—Ll+—1) %T:l: (24)

jrand y; being spherical Bessel functions of the
first and second kinds.

Carrying out the differentiations and the limit in-
dicated in Eq. (21), one arrives at the following re-
sult:

J+1)?

@7+1) 2T73) (25)

+

v JU+1
Ty ‘+‘§T1) Xia},

tion over subshells with a fixed value of » and «.

If electrons A= (n,, k,, m,) and B= (ng, kg, mp)
are in distinct subshells »n, #n5 or k, #kg, one has
for the average two-electron interaction

Ep=[2ja+1) @i+ D] 2 Eu;p,
MA,MB
where the summation extends over the 2;j+1 pos-
sible m values.

For two electrons in the same subshell, ng=%,
and kz=kK,, one has for the average interaction en-
ergy

Epa=[2ja @ja+ DI 2 Eyp.

mA,mB

@7

(28)

The resulting average interaction energies are
functions of the subshell parameters » and « only.

One easily establishes that K$;=0; i.e., that
the direct contribution to the Gaunt interaction van-
ishes upon averaging over subshells. This follows
from the fact that

22 ¢y (g my, kymg)=0 .
ma

(29)

One further establishes that

2. by (kg my, kgmp)=(2j4+1)As(ky, k5) , (30)
ma

where

Ay, kp)= (275 +1)" C* (judjp; 20) 1 (14 JIg) .
(31)

Notice that the allowed values of J for + k, and — k4

differ by one unit because of the parity factor II.

The factor A, (k,, kp) is related to the corresponding

angular coupling coefficient I';, ; ip used by Grant?

to evaluate electrostatic interactions by

Ay, Kp) = ér,A“B (1, Jl5) . (31"

We may now write the spherically averaged Breit

interaction energy for an atomic system as

EB:‘: 27 94 98 (fﬁa+f§3§
[A1,[B]
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2]A+ 1 +¢

Lgs - (32)

+3 2 qa(gs—1)
LAl
The first summation over dlstmct subshell pairs
[A]=(n,, Kk4) and [B]= (g, k) represents the inter-
shell contributions to the energy shift, while the
|

second summation over [A] gives the intrashell con-
tributions. The symbols g, and gz represent the
number of electrons in shells [A] and [B]. The av-
erage values of the Gaunt and retardation contribu-
tions are given by

TG _ J I I J+1 .r..th - (kq+ Ka) ’
Lag=a A‘T-A{AJ(KA, KB)[ZJ 1 Tas " +57.3 Tap" " |+ Ay (= Ky, Kp) JT+1) T3y (79
and
_ 72 (J+ 1) J(J+1) ,
rt__ o3 S — R JRE b
Lig== a2 Aslk KB)[(ZJ D@I~1) L4 *@u+1) @27+9) togel X4s 257)

In Eq. (32) we have dropped the term L%}, which
is easily seen to vanish. The corresponding aver-
age of the Gaunt interaction within a shell is

N "

o
L=« Z As(= Ky, ko) J(_J-;LIT
In Sec. III we apply the techniques developed above
to the problem of evaluating the matrix element of
Hf,.and Hy,.
III. MATRIX ELEMENTS OF GENERALIZED BREIT
INTERACTION

A. Reduction of Hy,

In parallel with the decomposition Hg .= Hg + H,,
we write Hy,= H¢ + Hby,, with

Hi=-(a/R) @, @, coswR ,
33)
o 82  coswR-1
2/ 8R, R, w?R

’
Hyi=—aay

To evaluate direct two-electron matrix elements
K,$ and K5 we set w=0, and recall from the dis-
cussion following Eq. (4) that Hy, reducés to Hy,.
We therefore have

K5=KSp, K5'=Ki5=0. (34)
Iret

For exchange matrix elements L,§ and L}%¢,
where w =€, — €5, we proceed in the manner out-
lined in Sec. II. In evaluating Lfff, the principal dif-
ference which arises is that one must replace the
expansion of 1/R into spherical harmonics with the
corresponding expansion of cos(wR)/R. The result
of such a replacement is that the factors r&/rit
which occur in the Slater integrals 7,3 are now
replaced by products of spherical Bessel functions:

L
SET = - WL+ iz @7 ys(r) . (35)
is given by Eq. (17), with the
of Eqs. (18)
We express

It follows that L,$
proviso that the Slater integrals TJ3F
be modified by the replacement (35)

|
this symbolically as

Li5=LEs (TA5"),

Tt =T [re/ri'= - w@L+1)j, (07

x yp (wn)] . (36)

One easily shows that the limiting value for w = 0
of the rlght -hand side of (35) is exactly » £/»Z*!,
Thus, L,5 reduces to L§; to neglect of retardation
effects on the current-current interaction.

To obtain the exchange matrix element of H,,, we
notice that L %%t is given by Egs. (21) and (22) pro-
vided the parameter u is replaced by w and the
limit in Eq. (21) is disregarded. By following the
steps outlined after Eq. (22) of Sec. IIB, one is led
to a modification of Eq. (25) which can be expressed
symbolically as

L,Z';'— &5 (T4, X45) , 37)
where T.% 1s given in terms of 743" as in Eq. (36),

and where X /5 is given by the fouowmg rather
complicated generalization of Eq. (26):

© '1
X "fs'-‘[ d"'l'/; dar, {" 2 (ij-l (W7 ¥ g4y (W73)

2J+1
o2

+

J
;%) Qup (7)) Pap(7,)
>

=205 (Wr) ¥y (W) Pyp(7y) Qup(#2) } (38)

As w -~ 0 the expression (38) reduces identically to
(26) and L;%* reduces to Li%.

All of the formulas of Sec. IIC for the average
energy shifts apply to the present case also provided
the unprimed quantities are replaced by the corre-
sponding primed expressions.

B. Reduction of Hy,

We now turn to the problem of evaluating matrix
elements of the modified interaction Hg,, which, as



4 BREIT INTERACTION IN MULTIELECTRON ATOMS 47

noted in the Introduction, is equivalent to Hy, for
cases in which the unperturbed orbitals u, (v) satisfy
local-potential Dirac equations. We again write
Hy.=H¢ +Hp,, with

Hi=H¢=—(a/R)Q, " a,coswR ,
(39)
H?,=(a/R) (coswR-1) .

Since Hg =H(, one has immediately that the direct
and exchange matrix elements of Hg (K4S and LX)
are identical to those of Hg:

Ki3=K,5=K3s, Li§=LJ%, (40)

and we need only evaluate matrix elements of Hy,.

Direct matrix elements of H,,, vanish, as ex-
pected, since in direct terms w=0 and the operator
H\=0. Thus

K t=0, (41)

To obtain the exchange matrix element of H,,,
one uses the expansion

1
whus)=—5 21, (ky my, kg mp)
L]

XWup(#) Y 5(7) , 42)

with W,5=G, Gg + F4 F5. Expanding (coswR-1)/R
in terms of spherical harmonics and carrying out
the angular integrations, one obtains

Lizt=a Z; by (Kama, Ky mp) Y45 , (43)

where the Slater integral Y 3 is given by
© © ”’J )
YxB = dv, ars 7]&{+ w(2J + 1).71,1(0-’7'<)
0 0 >

xys(w 7’>):| Wyp () Wap () . (44)

The integral Y {; has the form of an electrostatic
exchange integral with » J/»J*! replaced by the
more complicated expression in square brackets.
Equation (43) has obvious computational advantages
over the corresponding expression (37) and should
be used whenever the local-potential assumption is
satisfied.

As w ~0 the integrand in Eq. (44) vanishes and
we have no retardation. Expanding the integrand to
lowest nonvanishing order in w, we find

Y“_———_[ drlf drz[(zJ 1771

W] Wap (7)) Wap(rs) . (45)

Substituting Eq. (45) into Eq. (43) gives a simple
alternative to Eq. (25) for LY applicable in local-
potential cases.

Again we may take over the results of Sec. IIC
for average interaction energies, now replacing
unprimed expressions by the corresponding double-
primed quantities, provided we replace LI by the
average of L 5, which is given by

Lirt=0a2 ;A (ka, k) Y5 . (46)

In Sec. IV we present numerical studies of Eg,
and EB, for the ground state of various atoms, to
illustrate the size of the magnetic energy shift as
well as the range of atomic numbers for which the
Breit interaction Hg, provides an accurate approxi-
mation to Hy .

IV. NUMERICAL STUDIES OF BREIT INTERACTION

To apply the Breit interaction to particular atoms
it is first necessary to have the unperturbed radial
DHF wave functions G, and F, of Eq. (7) for the
various subshells of the atoms under consideration.
In the studies presented below these unperturbed
wave functions were generated numerically using
a computer program written by one of us (J. B, M. ).
A discussion of the formulation and solution of the
radial DHF equations is given by Mann and Waber.
Several points concerning the unperturbed wave
functions should be kept in mind when viewing the
numerical results below.

First, it should be noted that the nuclear poten-
tial used in the DHF problem includes nuclear finite
size effects; the potential is determined from a
Fermi-charge distribution with parameters given
by electron scattering data. The resulting zeroth-
order energies and inner-shell binding energies are
reduced in magnitude from the corresponding point
nucleus DHF values; the reduction in size is par-
ticularly noticeable for the heavier elements. The
radial wave functions G, and F4 for the finite nu-
cleus potential do not have the characteristic Cou-
lomb singularity at »=0.

A second point which should be kept in mind is
that the value of the fine-structure constant o used
in the unperturbed DHF calculation of Ref. 18, and
below, is an older value, a~'=137.039. Since both
the Gaunt and retardation energies are proportional
to @? in the lowest approximation, one expects
changes in the relative size of both energies of
AE/E=2Aa/a due to changes in the value of a.
Using a more recent value, !° @"1=137. 0360, one
therefore expects an increase in the relative mag-
nitude of the various Breit interaction energies
presented in the following tables of approximately
4.4x10% the same increase is also expected in the
relativistic part of the unperturbed DHF energies.

The Breit interaction and the general transverse
interaction were evaluated for various J=0 atomic
ground states from He (Z=2) to No (Z=102) using
the formulas developed in the preceding sections.

18
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In Table I we present the results of this numerical
evaluation. Column 3 gives the DHF energy, which
of course includes the effects of the (finite) nuclear
potential and of the electrostatic interelectron in-
teractions. The last two columns list the Gaunt and
retardation contributions to the Breit interaction.
One sees the increase in relative importance of
these magnetic and retardation effects with increas-
ing Z. It is interesting to note that the energy shift
due to retardation is about 10% of the Gaunt energy
shift throughout the range considered, and that the
Gaunt and retardation contributions are of opposite
signs. This can be compared with a free-electron
gas in which the retardation energy is —# of the
Gaunt energy.

The present Breit interaction results for He, Be,
and Ne can be compared with the values given by
Kim®: E®(He)=0.00016 Ry, E™(He)=0.0; E¢(Be)
=0.00232 Ry, E™(Be)=-0.000008 Ry; and E¢(Ne)
=0.0262 Ry, E™(Ne)=-0.0024 Ry. While the sign
and magnitude of our terms agree with those of
Ref. 5, the actual numerical values are in serious
disagreement except for E™!(Be) (see Ref. 19a).

Columns 4 and 5 of Table I give our results for
the transverse interaction energy. It is seen that
the effect of the higher-order oZ terms is to reduce
the magnitude of both the Gaunt and retardation en-
ergies. For atoms with Z <48 the Breit and trans-
verse energies agree to within 1 eV, while the dis-
crepancy becomes increasingly more significant
for larger atomic numbers.

The rate of growth of the various terms listed in
Table I can be seen clearly in the graph of energy
versus atomic number in Fig. 1. The DHF energy
is found to grow approximately as Z%*; both the
Gaunt and, for high Z, retardation contributions to
the transverse interaction are approximately pro-
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FIG. 1. DHF, Gaunt, and retardation energies for
the ground state of atoms. The DHF energy behaves
approximately as Z%4, while the Gaunt and retardation
energies vary approximately as Z5.8,

portional to Z3-6,

To understand the size of the various contribu-
tions to the Gaunt and retardation energies we list
in Table II a detailed breakdown of the average in-
teraction for all subshells of Ne and for the K shell
of Hg. In column 2 we list LS, the average value

TABLE I. Comparison of Breit interaction energy with transverse interaction energy for the ground states of

selected atoms. The value Epgy is the unperturbed DHF ground-state energy.

Energies in Ry units.

Transverse interaction

Breit interaction

_Element z Epgy E} Ely Eg E o

He 2 -5,7236 0.00013 -0. 0.00013 -0

Be 4 -29.1518 0.00141 -0.000008 0.00141 —0.000008
Ne 10 —257.3838 0.03507 -0.00179 0.03508 —0.00180
A 18 —1057.3673 0.286 36 —-0.02194 0.286 86 —-0.02214
Zn 30 - 3589.2244 1.66728 —-0.14980 1.676 30 —-0.15345
Kr 36 -55677.7193 3.13165 -0.29278 3.15621 —-0.30272
Cd 48 —11186.6381 8.43566 —-0.82064 8.55182 —0.86784
Xe 54 —14893.7970 12.66281 —-1.24193 12.88098 —1.33080
Sm 62 —20858.7635 20.33356 —-1.99349 20.78612 —-2.17872
Yb 70 —28135.4602 30.78699 —-2.99219 31.63882 —3.34297
W 74  —32312.6826 37.32466 —3.60309 38.46143 -4.07289
Hg 80 —39298.1672 49.006 31 —4.66990 50.706 59 -5.37678
Pb 82 —41827.9999 53.46107 —5,06815 55.39151 —-5,87256
Rn 86 —47204.9084 63.29303 —5.93143 65.758 45 —6.96351
Pu 94 —59315.6687 87.08065 —7.92786 90.949 99 —9.56536
No 102 —73486.7522 117.51891 -10.31582 123.318 54 —-12.80277
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TABLE II. Average interaction energy between elec-
tron pairs for all subshells of Ne and for K shell of Hg.
The Gaunt and retardation contributions are those re-
ferredtoin Eq. (32). Both contributions are evaluated
using the transverse interaction Hf.. The orbital sub-
scripts = are used for j=l+3, respectively. Energies
in Ry units.

Subshell Gaunt Retardation
Ne

lg+ 1s+ 0.0118569 -0
2s+ 6.000596 2 -0.0000597
2p— 0.000796 4 -0.0001257
2p+ 0.0004389 -0.0001252

25+ 25+ 0.000069 6 -0
2p— 0.000057 4 -0.0000040
2p+ 0.0000679 —-0.0000040

2p— 2p— 0.000 1065 -0
2p+ 0.0000379 -0.0000000

2p+ 2p+ 0.0001057 -0

Hg

1s+ 1ls+ 7.507 796 2 -0
2s+ 0.830069 9 —-0.1102817
2p— 1.612099 2 ~0,1754834
2p+ 0.5999387 ~0,1656224
3s+ 0.1813190 -0,0258415
3p— 0.3293214 -0.0367268
3p+ 0.1317365 -0.0383767
3d— 0.008 620 6 ~-0.0011038
3d+ 0.0035957 -0.0011921
4s+ 0.044 996 2 -0,0065107
4p~ 0.0775976 -0.0087006
4p+ 0.031 2848 -0,0092203
4d—- 0.0022161 -0.0002850
4d+ 0.0009203 -0.,0003081
4f— 0.0000055 -0,0000007
4f+ 0.0000022 ~0.0000008
S5+ 0.002 3991 -6.0012488
Hp-~ 0.0130100 - 0.001 4604
S5p+ 0.0050045 —-0.0614786
5d— 9.000 2196 -0.0000283
5d+ ¢.000 086 2 -0,06000283

8s + Q.000727 5

=-0,2001057

of the generalized Gaunt interaction between elec-
trons in subshells A and B, and in column 3 we list
the retardation interaction Z%3'. One sees that the
dominant contribution to the Gaunt erergy both for
Ne and for Hg is the 1s-1s interaction. It should
be mentioned that our evaluation of the 1s-1s Gaunt
interaction for Hg (2L}, .=+ 15.02 Ry) agrees with
the corresponding result quoted by Grant?

[ F7(1s, 1s)=+15.04 Ry ]. It is seen that, even
though the K-electron interactions dominate the
Gaunt erergy shift, the neglect of the remaining
contributions is by no means justified.

In DHF calculations a convenient technique for
estimating binding energies is the “frozen-orbital”
method in which atom-ion energy differences are
evaluated by approximating ion orbitals with atom

orbitals, i.e., by neglecting the effect of charge
rearrangement on the ion orbitals. Koopmans’s
theorem? tells us that the resulting electrostatic
binding is given by the DHF eigenvalue. The cor-
responding frozen-orbital approximation of the
Breit contribution to binding energies is seen from
Eq. (32) to be

A€ = 2 qp(L3s+L%H)
[B1#A)

+(ga- 1)~~-—2-’z".+1 LS,. ()

Ja

The Gaunt and retardation contributions to the
frozen-orbital energies are listed separately for
all of the subshells of Hg in Table III. In column
2 of Table III we list the DHF eigenvalues. The
Gaunt and retardation contributions evaluated using
the transverse interaction are listed in the last two
columns.

To include properly the effects of rearrangement
on the binding energies it is of course necessary
to evaluate separately the atom and ion energies and
to identify the atom-ion energy difference with the
electron binding energy. Contributions of the DHF
and transverse interactions to the binding of K
electrons in W, Hg, Pb, and Rn are listed in Table
IV. Rearrangement effects on the transverse in-

TABLE III. Frozen-orbital contributions to electron
binding energies for Hg (Z=80). The Gaunt and retard-
ation energies are evaluated using Hj,. The electric
energies are given by the DHF orbital eigenvalues. The
entries give the respective contributions to nnz-electron
birding encrgies assuming that reavrangement offects

Subshell DHF Gaunt Retardation
(Hy) 1s+ ~ 8148, 6546 144 2548 —1.6064
28+ — 11003281 3, 4562 —~0.3697
2p-  —1053.7019 5.3248 ~0,5107
2 -910,3115 3.5144 —0.4902
3s+ -- 266, 2319 0.8127 —0.0976
ap— — 245, 2758 1.1892 -0.,1257
3p+ ~213.0895 0. 7887 -0(.1158
3d— ~178.8730 0.6990 ~0.0875
3d+ ~172.0400 0.5628 —-0.¢850
4s+ - 61,2979 0.2137 ~0.0285
4p— - 52,2476 0,2935 —0,0342
4p+ — 44,3769 0.1907 -0.0302
4d— - 29,5933 0.1492 -0.0206
4d+ ~ 28,1050 0.1185 —0.0199
4f— —~8.9458 G. 0650 —0,0090
4f+ —8.6234 0.0527 —-0.0088
Hs+ ~ 10,2064 0.0424 -0.0058
5p~ -7.0787 0.0501 —-0,0060
5p+ ~5.6839 0.0308 —-0.0050
5d— —-1.3001 0.0142 -0.0020
5d+ —1.1493 0.0106 —-0.0019
6s+ —-0.6561 0.0036 —-0.0005
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TABLE IV. K-electron binding energies for various heavy elements. The electric, Gaunt, and retardation contri-
butions are given by the atom-ion energy differences. Energies in Ry units,
Element Epur Eg Efot Eys? Eyot Eopt”
w —~32312.683 37.325 - 3,603
W*(1s?) - 27176.698 19.311 - 2,426
A -~5135.985 18.014 -1.177 8.65 ~ 5110, 50 ~5110.46+0.02
Hg —39298.167 49.006 - 4,670
Hg*(1s') —33156.521 25,678 -3.187
A —-6141.646 23.328 —-1.483 11.28 --6108.52 —6108.39+0,06
Pb —41828.000 53,461 —-5,068
Pb*(s?) - 35323.199 28.122 —3.474
A —6504.801 25.339 -1.59%4 12.27 - 6468,79 -~ 6468.67+£0.05
Rn — 47 204,908 63,293 - 5,931
Rn*(1s?) -39929.538 33.536 - 4,102
A ~7275.370 29.757 -1,829 14.43 ~7233.01 —17233.08+0.90

*Includes electron self-energy and vacuum polariza-
tion together with an estimated — 0. 08~Ry correlation

energy (Ref. 21).

teraction energies of Hg, determined by comparing
the results of Tables III and IV, are seen to de-
crease the magnitudes of Gaunt and retardation
energies by several percent.

To make comparison with experiment possible it
is necessary to estimate the effect of the Lamb shift
and of correlation on the K-electron binding ener-
gies. We take the Lamb-shift corrections from the
recent calculation of Desiderio and Johnson® and
use the empirical estimate of Cowan® for the cor-

bReference 23. Photoelectric work functions have been
added to the published values.

relation energy. Using the transverse interaction
(rather than the Breit interaction used in Ref. 21),
the discrepancy with experiment is reduced from
about 0.4 to approximately 0.1 Ry.

In light of the existence of the precise electron-
spectroscopy-for-chemical-analysis (ESCA) data
currently available® for electron binding energies,
it would be desirable to extend calculations of the
type presented in Table IV throughout the Periodic
Table.
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Light shifts and line narrowings due to real transitions in alkali atoms have been calcu-
lated for well-resolved Am =0, AF =1 transitions between ground-state sublevels. The
shifts vary in a systematic way for the various Am =1 transitions. Resonant increases in
the magnitude of the shift occur in the neighborhood of certain critical magnetic fields. The
calculations are in excellent agreement with the recent experimental results of White, Hughes,

Hayne, and Robinson.

1. INTRODUCTION

Optical-pumping experiments are often charac-
terized by extremely narrow magnetic~resonance
linewidths., For example, linewidths on the order
of 1 Hz have been observed in alkali atoms. Be-
cause of these narrow linewidths, the transition
frequencies of optically pumped vapors have been
used as precise frequency standards®’ 2 and for
precision measurements of atomic parameters. *
However, small shifts of these transition frequen-
cies can be caused by many external factors, and
such shifts can be an annoying experimental com-
plication. Some of the more common sources of
frequency shifts are the following: pressure shifts,
which can be caused by collisions of the pumped
atoms with other atoms or molecules®; wall shifts,
which occur as a result of collisions of the pumped
atoms with the container walls® spin-exchange
shifts, which occur as a result of the collisions of
the pumped atoms with each other or with other
pumped species™ ®; Bloch-Siegert shifts, which are
caused by nonresonant rf or microwave fields®;
and light shifts, which are caused by the pumping
light, 1

The light shifts were first studied in detail by
Barrat and Cohen-Tannoudji, !° who recognized
that shifts of two basic types occur. One type of
light shift, which is referred to as the shift due to
virtual transitions, is really just the mean Stark
shift of the atomic sublevels in the oscillating
electric field of the light wave.'' Such shifts have
been studied in some detail for the mercury iso-
topes, 1% 13 for the alkali'atoms, *’!* and for meta-
stable helium.!® Shifts resulting from virtual
transitions can be much larger than the magnetic-
resonance linewidths.

A second type of light shift, referred to as the

shift due to real transitions, is caused by the fol-
lowing mechanism: The absorption of a photon will
transform a precessing ground-state atom to a
precessing excited-state atom whose initial polar-
ization at the instant of absorption is related to the
ground-state polarization. The precession fre-
quency of the excited atom will, in general, be
greater than or less than the ground-state preces-
sion frequency. Consequently, when the polarized
excited atom decays, a polarized ground-state
atom will be generated, but the ground-state polar-
ization will be rotated forward or backward with
respect to the polarization of the atoms that did

not absorb a photon. The net result of many such
processes is a slight increase or decrease in the
effective ground-state precession frequency.

This coherence carry-over has a second inter-
esting consequence. Since the atoms return to the
ground state with a nonrandom polarization, the
net rate of destruction of ground-state polarization
is decreased by the process of coherence carry-
over, Thus, light shifts due to real transitions
are accompanied by a narrowing of the magnetic-
resonance lines. In contrast to the shifts due to
virtual transitions, the shifts due to real transi-
tions are always less than, or of the same order
of magnitude as, the light-induced part of the
magnetic-resonance linewidth.

The only detailed study of shifts due to real
transitions has been made by Cohen-Tannoudji'®
for Hg'®®, The agreement between theory and ex-
periment was excellent, both for the shift and for
the relaxation rates. Although light shifts are
easily observed experimentally in many other sys-
tems besides Hg'®®, no extensive comparisons be-
tween experiment and theory have been made.

For high-spin Zeeman multiplets the theory is
rather complicated, since many degenerate tran-



