
NONTHERMAL SAHA EQUATION AND PHYSICS. . . 3V3

to Dr. H. P. Broida for providing the plasma after-
glow sources and excellent laboratory facilities.
Informative discussions with Dr. H. P. Broida,

Dr. M. Butler, and Dr. Stanton Peale were most
useful in formulating the model to explain the
population distribution.

*Work supported in part by the Advanced Research Pro-
jects Agency and the V. S. Office of Naval Research.

~E. Hinnov and J. G. Hirschberg, Phys. Rev. 125,
795 0.962).

J. A. Thornton, Litton Publication No. 11-68-190,
1968 (unpublished).

3C. B. Collins and W. W. Robertson, J. Chem. Phys.
40, 2202 {1964).

4E. E. Ferguson, F. C. Fehsenfeld, and A. L. Schmel-
tekopf, in Advances in atomic and Molecular Physics
(Academic, New York, 1969).

SA. F. Kuckes, B. W. Motley, E. Hinnov, and J. G.
Hirschberg, Phys. Rev. Letters 6, 337 (1961).6¹ D'Angelo, Phys. Rev. 121, 505 (1961).

7J. L. Dmm, Ph. D. thesis (University of California at
Santa Barbara, 1966) {unpublished).

E. U. Condon and G. H. Shortley, The Theory of
Atomic Spectra (Cambridge U. P. , London, 1963).

W. C. Martin, J. Res. Natl. Bur. Std. 64A, 19 (1960).
~OL. Goldberg, Astrophys. J. 90, 414 (1939).
~~W. L.Wiese, M. W. Smith, and B. M. Glennon,

atomic Transition Probabilities, Vol. I (U. S. Depart-
ment of Commerce, Washington, D. C. , 1966),
NSRDS-NBS 4.

~ C. B. Childs, Appl. Opt. 1, 711 (1962).
I3D. R. Bates and A. Dalgarno, in atomic and ~olecN-

lar Processes, edited by D. R. Bates {Academic, New
York, 1962), Chap. 7.

~ Lyman Spitzger, Jr. , Physics of Ellly Ionized Gases

(Wiley, New York, 1962), Chap. 5; Monthly Notices
Roy. Astron. Soc. (London) 100, 396 {1940).

~5Donald W. Marquardt, J. Indian Soc. Appl. Math. 11,
No. 2, 431 (1963).

~~This means that a linear fit to the data for small n
mould yieM a value for T2 which is higher than that ob-
tained by using Eq. (10). For the present experiment,
it was about 15% higher.

~VS. R. Byron, R. C. Stabler, and P. I. Bartz, Phys.
Bev. Letters 8, 376 (1962).

The possibility that the high-temperature electrons
originated from the cathode or discharge region was
eliminated because it was found that the temperature of
these electrons was independent of the potential applied
to the cathode between 300 and 1500V.

There most likely exist in the afterglow small mono-
energetic groups of electrons at 24. 6 and, perhaps, 20eV.
The former group originates from recombination and the
latter from collisions with metastables. These groups
will contribute some energy to the high-temperature elec-
trons.

B. S. Tanenbaum, Plasma Physics (McGraw-Hill,
New York, 1967).

C. B. Collins and W. W. Robertson, J. Chem. Phys.
40, 2208 (1964).

M. S. Manalis, Ph. D. thesis (University of California
at Santa Barbara, 1970) (unpublished).

3Kerson Huang, Statistical Mechanics (Wiley, New
York, 1963).

PHYSICAL REVIE W A VOLUME 4, NUMBER 1 JULY 1971

Observation of Quantum Phase Fluctuations in Infrared Gas Lasers~
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By heterodyning together the outputs from two stable He-Ne 3.39-p lasers, we have measured
the power spectrum of the laser field over a wide range of output powers. By combining this
high-gain laser transition with a very lossy laser cavity, the quantum phase noise contribution
to the laser linewidth could be made dominant at low output powers. The laser spectrum was
then found to be nearly Lorentzian with a bandwidth inversely proportional to output power, in

good agreement with a modified form of the Schawlow- Townes laser linewidth formula. Weak
quantum-noise-excited sidebands were also observed in the beat spectrum of a He-Xe 3.508-p
laser. These were identified with a resonance in the He-Xe laser amplitude-fluctuation spec-
trum.

I. INTRODUCTION

Even in a high-quality stable single-frequency
laser oscillator, the instantaneous laser phase
and amplitude will retain some noise fluctuations.
These are usually caused in practical situations by

various external disturbances sometimes called
"technical noise, "' referring to microphonics,
structural vibrations, plasma oscillations, and
other environmental disturbances. In addition, as
a fundamental or ultimate limiting source of noise
there are quantum amplitude and quantum phase
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fluctuations that arise from the basic process of
atomic spontaneous emission in the laser medium.
The technical- and the quantum-noise sources can
be experimentally distinguished, since the tech-
nical-noise sources usually result in a Gaussian
laser spectrum, while the quantum-noise sources
give a Lorentzian spectrum to the laser. The
short-term Gaussian spectrum contributors to-
gether with long-term thermal and pressure drifts
can always be reduced, at least in principle.
Quantum noise, however, provides a limit beyond
which no additional quieting of the surroundings
can reduce the fluctuations of the laser or narrow
its spectrum. Quantum-caused amplitude fluc-
tuations in lasers have previously been measured
in extensive detail with remarkable agreement be-
tween experiment and theory 6. Quantum phase
fluctuations have also been observed to some ex-
tent previously, but with some limitations on
the scope of the experimental results. The purpose
of this work was to measure in detail the quantum
phase fluctuations in a gas laser, and to compare
the measurements with theory.

Theoretical discussions to date have arrived at
the following prediction for the quantum-noise con-
tribution to the above-threshold oscillation line-
width of a homogeneous laser tuned to atomic line
center:

vhf(& f,) N2

Po))t NR (fS g1)N1

where &f, is the full Lorentzian linewidth, N2 and

N& are the populations of the upper and lower laser
level, P,„,is the laser output power, f is the os-
cillation frequency, and &f, is the "cold cavity"
bandwidth. ~' Because Eq. (1) multiplied by 2 yields
the linewidth originally predicted by Schawlow and

Townes, this expression is generally known as the
Schawlow- Townes formula. '

Early interferometric measurements put rather
broad upper bounds on the laser linewidth, and es-
tablished that a laser cannot be described merely
as a linear amplifier of narrow-band Gaussian
noise. ' Some more detailed phase-fluctuation
measurements were made earlier in this laboratory
by heterodyning the outputs from two extremely
stable 6328-A He-Ne lasers. » In the best
of these experiments, the technical noise gave the
lasers a predominantly Gaussian line shape with a
bandwidth of approximately 3. 5 kHz, compared to
a Lorentzian quantum linewidth contribution of,
at most, a few hundred Hz. Because of their dif-
fering statistical properties, the Lorentzian quan-
tum fluctuations could still be separated from the
Gaussian background and measured under these
conditions, but the laser spectrum was still pre-
dominantly Gaussian when viewed with a spectrum
analyzer in all cases. The Lorentzian line shape

caused by quantum phase noise was later directly
observed by Hinkley and Freed in a Pbp SQ Sn0 f2 Te
diode laser. ' The measurements on this laser,
however, covered only a very small power range.

This paper presents first the results of a sim-
plified quantum theory of the laser oscillator. '
The predictions of this theory are then compared
to experimental observations on 3.39-p. He-Ne
and 3.508-p, He-Xe lasers above threshold over a
wide range of output power.

II. THEORETICAL RESULTS

Using a model proposed by Lax, " together with
a density matrix technique, '

~ '7 one of us has de-
rived an expression for the power spectral density
of the E field of a single-mode laser oscillator
above threshold. " The theoretical prediction for
the full bandwidth at half-maximum of the laser
spectrum &f, depends on the statistical properties
assumed for the Langevin spontaneous-emission
noise sources. If 6-correlated (white) Langevin
noise sources are assumed, "'' we recover the
Schawlow- Townes formula of Eq. (1) in the form

mh f(&f,) N'2

where A~ is the upper-level population with the
pump on, 4N0 is the population difference above
threshold, and n'= (e ' " —1) ' is the thermal-
equilibrium blackbody photon number. For most
lasers this last factor is negligible.

For an inhomogeneously broadened laser gain
medium, the Schawlow- Townes formula may be
given the modified form'5

vhf(& f,) P~ +n'
Out 0

If exponentially correlated (band-limited) Langevin
spontaneous -emission noise sources are assumed,
with correlation times equal to the atomic dephasing
time T2 due to soft collisions, then"

where &cd& is the Doppler-broadened linewidth of
the laser transition, and the function z is related
to the plasma dispersion function Z by

1 (4ln ' (41n2)
8 , &cog =-i ' Z i

T2 +OPS T~ +co~ T2

This formula goes to 1 in the homogeneous case
&~~-0, and to zero in the inhomogeneous limit.
As a result, the factor P lies between 1 and 2,
with P - 2 corresponding to the homogeneous limit
and P- 1 to the inhomogeneous limit. For our
He-Ne 3.39-p. lasers, P =1.5.
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I ax has observed that for a homogeneous me-
dium, &f, should increase off the atomic line cen-
ter according to"

(6)

where 00 is atomic line center and -co, is the cavity
frequency. This occurs in essence because the
frequency-pulling effect of the atomic transition
couples a portion of the quantum amplitude fluc-
tuations into the phase equation, thus increasing
&f,. Presumably there will be a similar increase
in n f, off line center in the inhomogeneous case.

III. EXPERIMENTS WITH He-Ne 3.39-p LASER

The quantum contributions to laser spectral
width can be enhanced relative to the technical and
environmental contributions by using laser transi-
tions with a high gain per unit length together with
a low-Q laser cavity. Therefore, our measure-
ments were carried out using two particularly high-
gain gas laser transitions, primarily the He-Ne
3.39-p. transition and to a lesser extent the He-Xe
3.508- p, transition.

A. Experimental Arrangements

Direct observations of the laser spectrum were
accomplished by heterodyning together the beams
from two highly stable He-Ne 3.39-p. lasers.
Figure 1 shows the essential features of the mea-
surement apparatus. Both laser cavities consisted
of a 100%%uo reflecting 300-cm-radius mirror plus a
flat variable-ref lectivity output mirror, and a

Brewster -window plasma tube. Plasma tubes and
mirror mounts were bolted firmly to polished Invar
slabs 1x5&18 in. in such a way that the invar alone
determined the 30-cm mirror spacing. All intra-
cavity air paths were sealed. One of the lasers,
called the signal laser, had a low-reflecting out-
put mirror and thus a particularly low-Q cavity.
It used a cold-cathode plasma tube with a bore
diameter of 2. 75 mm filled with 10%%uo Ne and 90%%uo

He to a total pressure of 2. 4 Torr. The other or
local-oscillator laser used a standard Spectra-
Physics model No. 130 plasma tube (bore diameter
equal to 2. 5 mm) and an output mirror with 70%%uo

ref lectivity, yielding about VOO p'tI%t on line center.
Both lasers operated in the TEM«mode.

The two lasers were positioned on a stable table
consisting of a 6000-lb granite slab resting on a
6000-lb base of bricks in alternate layers with rub-
ber rug pads. The entire assembly floated on 18
small rubber inner tubes in an underground vault.
The vault temperature stayed at (16+0.2) 'C for
the duration of the experiment. All power supplies,
electronics, and measuring equipment were located
in a separate control room connected to the lasers
by shielded cabling. Particular care was taken to
ensure that the plasma-tube power was well regu-
lated and filtered.

The laser beat spectrum itself was the most
sensitive measure of any disturbance. For ex-
ample, in spite of all attempts at acoustic shield-
ing, the fundamental frequency of the engine noise
of passing automobiles was clearly visible in the
laser beat spectra. For this reason, all data was
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Fgo. 2. Power spectrum (on log scale) on the 190-knz beat between two He-Ne 3.39-p lasers at three different output
power levels of the signal laser, compared with computer-calculated curves. Laser output mirror reflectivity ~ 3.5%,
laser tuned to atomic line center.

taken at night. The low Q of the signal-laser cavity
also made it particularly susceptible to backscatter
coupling from the beam splitter and the detector.
The radiation scattered back from these elements
was minimized by (a} maximizing the distances to
the elements, (b} using a high-quality beam splitter
consisting of a two-layer dielectric coating on a
thin quartz flat, and (c} rotating the linear polariza-

tion of the signal and local-oscillator beams by 90'
until both beams reached a 45' polarizer located
just before the detector.

The lasers were allowed to equilibrate for ap-
proximately 10 h with the vault sealed before a
data run. Piezoceramic tuning stacks allowed the
frequencies of bpth laser cavities to be tuned at
-l MHz/V. Different beat frequencies between
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lasers were used in different experiments, de-
pending on the particular detector, amplifiers,
and frequency discriminator employed. In each
experiment the dc-coupled output from a beat-fre-
quency discriminator provided the error signal
for a simple automatic-frequency-control (AFC)
circuit with a time constant of -1 sec.' Both lasers
could generally be relied upon to stay within the
24-MHz-wide locking range of the AFC system for
several hours.

To make a series of measurements, the signal
laser was tuned to approximate line center and the
AFC loop closed. %'ith the beat locked and steady,
the pump power to the signal laser was varied in
small steps, allowing the system to equilibrate a
few minutes each time. The beat spectrum was
displayed on a spectrum analyzer and photographed;
the video output spectrum of the frequency dis-
criminator was recorded using a wave analyzer;
and the beat power level was recorded. In order
to avoid interaction between measuring devices,
only one such device at a time was connected to the
beat output. For each data run the detector sen-
sitivity was calibrated with an Eppley thermopile,
and the lasers were checked to ensure single-fre-
quency operation.

In initial experiments the laser-threshold plas-
ma current, even with an uncoated quartz output
mirror (ref lectivity -4%), was only - l. 8 mA,
which was dangerously near the minimum current
required to sustain the plasma discharge in this
tube and therefore was in the region of plasma re-
laxation oscillations. Therefore, a number of
permanent magnets were fixed to the outer wall
of the plasma tube so as to somewhat reduce the
laser gain at 3.39 p, without noticeably altering the
output power versus frequency line shape. The

laser-threshold current using an uncoated output
mirror was shifted up in this way to -5.5 mA,
while the threshold for a 40% reflecting output
mirror was moved up to -2 mA.

B. Experimental Results

Two output mirror ref lectivities on the signal
laser, and a variety of frequency settings within
the inhomogeneously broadened atomic line, were
studied using several different beat frequencies.
Each set of data represents a more or less in-
dependent check of the theory. Photographs of
the laser beat spectra are compared in each case
to computer-generated plots of the spectra pre-
dicted by the analysis.

l. Output Mirror Reftectivity = & 5'%%uo on Atomic
Line Center

The beat frequency in this case was 190 kHz,
with an Hewlett-Packard 5210A frequency meter
as the discriminator. The beat spectrum was dis-
played by a Singer Metrics model No. SPA-3 spec-
trum analyzer on the log&0 setting. The detector
was a modified Texas Instruments InSb photocon-
ductor cooled to 77 'K. Hjppresentative photographs
of the spectra are reproduced in Fig. 2, and a
plot of &f, versus output power, using measure-
ments from all photographs taken, appears in
Fig. 8. The linewidth Af, was obtained by mea-
suring the full bandwidth of the photographed spec-
trum at —20 dB and making use of the relation
4f(-20 dB) ~104f„which is valid for Lorentzian
spectra. The error limits were determined by
overlaying the photographs with a transparency on
which nine Lorentzian curves were drawn and es-
timating between which two curves the photographic
spectrum lay.
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The detector was a biased InAs pho o io e
L4530) at room temperature. In thisIn this case the
power spec ra ensit l d ty of the discriminator video

t S (&u) was measured with an Hewlett-outpu
Pac ark d 302A wave analyzer, as illustra

r out ut. 4. These measured discriminator ou p
spectra showed 1/f' dependence up to -500 H,Hz
which indicates that the laser spectrum had a

bandwidth oftechnical-noise -induced Gaussian
3-5 kHz. oveAb 500 Hz however, the discrim-

s white up to 50 kHz, theinator output spectrum was w
'

p
1 t f our apparatus. The white portion of S& colml 0 ~

s the contribution of the Lorentzxan beat-measures e con
hase noise.spectrum characteristic of quantum p ase

kHz

FIG. 4. Power spectral density, as recorded by a
d 302A wave analyzer, of the video outputHewlett-Packar

of a frequency discriminator whose input is e
b tw the two He-Ne 3.39-P lasers. The spectrum

is white above z.1 kH Laser output mirror reflectivi y
= 3.5/o, laser tuned to atomic line center.

The value of S~(!d) in the flat portion is related to
the full quantum-noise bandwidth 4f, by

Sq((u) K—q t!f~ /2!!, (&)

Hz.where & ~s eK th discriminator constant in
er ou utThe resulting data for &f, versus laser outpu

power rom esf th e measurements are plotted in
Fig.Fi . 5.

St'll ther set of data was taken an at a beat fre-
1No. DT3006quency of 30 MHz using an RHG model No. 0

d the same Philco L4530 detector.
The measurements in this case were also ma e y

the discriminator video output spectrummeasuring e
S~(!d), but this time we used only a single ar i
ily chosen frequency (30 kHz) well out into the

ortion of the S,(&d) spectrum. In taking this
data, the wave analyzer was set a z,
wave-analyzer output plotted on an x-y recorder

A se arate measure-versus laser pump current. separ
t f laser output power versus laser pump cur-men o as

The datat taken immediately afterwards.ren was
been lottedfrom these measurements have also een p

in Fig. 5.

2. Output Miriam Reflectivity = 3 5/0, &un««
Edge of Atomic Line

In order to test for the expected increase in sf,
off line center, measurements wereere taken using a
30-MHz beat frequency with the signal laser de-
tuned -220 MHz off the atomic line center. The
beat spectrum ln sthi case was displayed directly
on a Polarad mo e o.d 1 N . 2992A spectrum analyzer

1and photograp e . yh d B means of a 30-MHz crysta
oscillator and mixer ethe spectrum was also hetero-
dyned down to 455 kHz, displayed on the Singer
spectrum analyzer and p o og photo ra hed. Simulta-
neously, the quantum linewidth bf, was measured
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off line center.

using the discrimjnator method described above.
Representative photographs of the spectra appear
in Fig. 6, and the measured linewidth versus out-
put power is plotted in Fig. V. The homogeneous
theory predicts a factor gf 1.84 increase in line-
width for this amount of detuning off line center,
in agreement with the increased linewidth experi-
mentally observed.

3. OutPut Mirror Reftectivity = 3V. 5%, near
Atomic Lime Center

With this higher output mirror ref lectivity, the
laser oscillation-threshold current with the cavity
tuned exactly to line center (- l.3 mA} was so low

that plasma relaxation oscillations were encoun-
tered. Therefore, the signal laser was tuned

-100 MHz off line center to increase the threshold
current. Measurements wexe made using a 30-
MHz beat frequency and the same apparatus as
described above. The basic data, in the form of
wave-analyzer output level versus laser plasma-
tube current or laser power output, is plotted in

Fig. 8. These results expressed as laser line-
width versus laser power output have also been
included in Fig. V. Again, the measured data lie
very close to the homogeneous off-line-center cor-
rection.

IV. EXPERIMENTS WITH He-Xe 3.508-p LASER

A. Experimental Arrangements

The 5d[3—', ]s —Gp[2 2]z transition in xenon (Racah
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notation) employed in the He-Xe laser provides
GQ8 of the highest-gain lasex' systems known
%'ith 3-mm-bore-diam natural-abundance Xe plas-
ma tubes %'8 x'Gut1nely achiev8d ga1ns of j.20
dB/m. Because of its high gain, the He-Xe laser
may be operated with an extremely low-Q laser
cavity. It is, therefore, an attractive candidate

l25-, ,

fox' quantum-noise experimentation. The x'f ex-
citation was chosen for our experiments because
it is believed to produce a generally' quieter plas-
ma. One major experimental difficulty is that
He-Xe lasers often egibit lifetimes of only a few

hours because of too rapid xenon cleanup. To
overcome this cleanup problem, our lasers mere
provided with sidearms and heavily overfilled with
X8. The sldearxns were ins8x'ted into special
temperature-control units heM at - 90 'K. The
temperature-control units were cooled by liquid-
nitrogen baths at VV 'K. The differential resis-
t1v1ty of two germanium diodes» on8 1n the llquid-
nitrogen bath and one attached to the laser tube
sidearm, provided an error signal for a servo-
system which maintained the sideaxm temperature
fixed at (BV. 5+0.1) K, At this temperature most
of the xenon in the plasma tube crystallizes on the
walls of the sidearm, leaving a vapor pxessure of

19 to 22 mTorr Gf xenon» together with 2 TO1x'

of He~, in the laser tube. These pressures are
near optimum fox' la81ng.

Two such lasers were constructed and a bvo-
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I I. . I I

I I ~~ I I
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FIG. 8. Wave-analyzer output at 30 kHz (in the flat
portion of Fig. 4) vs laser current and laser output power.
He-Ne 3 39-glasers. 30-MHz beat. output mirror reflec-
tivity ~ 37.5%; tuned - 100 MHz off line center. These
data are also plotted in Fig. 7.
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laser heterodyne quantum-noise exp9gi955 %@9
attempted. The need for frequent rofilling of tlat
Iitluid-nitrogen Dewars, and large bsolNcattsr
coupling obsexved between the Wo 1RQerQ, N, MO
this experiment unsuccessful. As a simpler ex-
periment, a single laser oscillator followed by a
He-Xe lasex' amplifier was set up as shown in
Fig. 9. The xenon pressure and the mode-control
irises in the laser oscillator were ad)usted until
a scanning Fabry-Perot showed that the lasex os-
cillator was supporting only two modes. The mode
pattexns and the frequency separation between
modes indicated that these were the TEN«and
TENT modes of the oscillator. Photographs of
the intermode beat spectra between these two
modes were than taken as the TEMOI mode was
driven to its threshold by tuning this mode close
to the edge of the atomic-gain curve. The use of
two modes in a single laser to study oscillation

iinSWidthS in thiS faShiOn haS been pr«i«»y die-
ousssd by others. " The $0-om-Iong He-« laser
slnpiifisr was used as s, preatnp]ifjer between the
1@ger 06ciQg,for god the detector. This laser am-
pbfier had a Measured SNall-signal gain of 130
dB/m, and its use substantially improved the sig-
It,al-to-noise ratio of the dete~tion system. Both
the thoro-mode laser oscillator and the amplifier
were driven by the same carefully regulated 20-
MHz rf supply. This supply was continuously
monitored by one of our spectrum analyzexs to
ensure that its output, the laser pumping signal,
was free of unwanted modulation.

8. Experimental Results

Figure 10 shows representative photographs of
the intex'mode beat spectrum at - 53 MHz as the

TEMO& mode was driven to threshold. Substantially
the same spectra xesulted whether this was ac-
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complished by tuning the cavity length and thus the
cavity frequency, or by reducing the pump level.
Some broadening of the beat spectrum is apparent,
but more striking are the appearance of sidebands.
The frequency spacing of these sidebands tuned
linearly with the output level of the beat note.
The upper-half of Fig. 11 illustrates the method
of tuning the TENT mode to the edge of the atomic-
gain profile, while the lower half of Fig. 11 is a
plot of the observed sideband frequency spacing
versus beat level. We interpret these sidebands
as representing amplitude fluctuations in the laser
output, caused by a "ringing" or coupled oscilla-
tory behavior of the atomic populations and the
oscillation signal level in the laser cavity. As
such, these sidebands are essentially identical to
the amplitude-ringing and "spiking" effects more
commonly seen in solid-state lasers. The time
constants of the He-Xe system are such that this
type of behavior is theoretically expected.
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FIG, 12. Comparison of Gaussian and I orentzian
power spectral densities with the same half-width when
plotted on a log intensity scale.

The TEN&q mode power couM not be measured
independently of the TEMOO mode power in these
exyenments. The TEM» mode power also changed
with frequency tuning, so that it did not provide a
constant-amplitude local oscillator, and a cor-
rection was required. Intermode frequency pulling
effects between these modes were also clearly ob-
served in our experiments, indicating that the two
modes were not entirely independent oscillators.
For these reasons the above data constitute only
a qualitative check of the laser theory. The gen-
eral behavior of the amplitude-fluctuation side-
bands was, however, as predictedby theory, i.e. ,
the sidebands became more prominent and moved
closer to the center beat frequency as the TEMp~
mode approached its threshold.

V, GAUSSIAN SPECTRAL BROADENING AND
BACKSCATTERING EFFECTS

0.5
AMPLITUDE FLUCTUATiON RKSONANCK FREQUENCY t MHz)

FIG. 11 {a) Illustrating how the TEMp~ mode can be
brought arbitrarily close to threshold by piezoelectrically
tuning both the TEMpp and TEMp~ modes across the atomic
linewidth. {b) Hesonance frequency of the am sidebands
in Fig. 10 as a function of the TEMp~ power level. The
theoretical curve is fitted to the data at one point.

The measurements of the quantum-noise line-
width &f, reported above were made in the pres-
ence of Gaussian spectral broadening of the lasers
due to a variety of technical-noise sources. The
true laser spectrum is, therefore, more accurate-
ly represented as the convolution of the Lorentzian
quantum-noise spectrum with a Gaussian frequency-
fluctuation spectrum having a bandwidth, in our
case, of a few kHz. Figure 12 is a computed plot
of Gaussian and I orentzian power spectral densi-
ties having the same linewidth at half-maximum as
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2 ft
tLo ts x~s tBs t~ r„a»=- ye a&o (8)

where a« is the oscillation amplitude inside the
local-oscillator laser. The various x and t coef-
ficients are defined as in Fig. 13, and y and 8
summarize the amplitude and phase of the net
backscatter coefficient. A first-order estimate
of backscattering effects in the signal laser is then
obtained by substituting [a+@e'"a"' a»] for the
signal-laser amplitude a in the laser analysis.
From this it can be found that the amplitude of the
signal-laser oscillation a is affected very little by
the backscattered radiation. However, the phase
cp(f) of the signal-laser oscillation becomes modu-
lated according to the Adler equation~

j&(t) = (u~ sin[(os f + rp (t) —e], (9)

they would be displayed by a spectrum analyzer on
the log«setting. The Gaussian linewidth must be
more than ten times the Lorentzian linewidth before
the Gaussian can mask the wings of the Lorentzian.
in such a display. Nonetheless, the Gaussian
technical-noise contributions will dominate in prac-
tical experiments unless particular care is taken
to reduce these contributions. Thus, in order to
reduce the Gaussian linewidth contribution below
1 kHz in our experiments, all technical-noise
sources had to be reduced until the effective rms
motions of the laser mirrors were less than 0.03 A

in our 30-cm-long lasers. With sufficiently rigid
structures, vibration isolation, sealed intracavity
air paths, and a quiet plasma, this stringent re-
quirement could be met.

A. Backscatter Laser Coupling Effects

The low ref lectivity of its output mirror makes
the signal laser in our experiments particularly
susceptible to backscattered radiation from other
optical elements. Backscatter of its own output
radiation into a laser causes frequency instability,
especially if the backscattering elements move and
thu's change the yhs. se of the backscattered radia-
tion. An even more serious problem is backscat-
tered radiation from the much stronger local-os-
cillator laser into the signal laser. This back-
scattered radiation causes frequency pulling and
injection-locking effects in the signal laser. The
signal laser is particularly susceptible to injec-
tion-locking effects at the smaller beat frequencies
employed in these heterodyne experiments.

Figure 13 is a schematic showing the principle
optical elements relevant to a backscatter analysis
of the 3.39-p, two-laser system. Here r and t are
complex voltage reflection and transmission co-
efficients subscripted to identify the optical com-
ponent. For weak backscattering, the local-os-
cillator radiation scattered back from the detector
into the signal-laser cavity is given by
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POLAR IZ ER
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l~ ji
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Flo. 13. Schematic of the significant optical elements
to be included in an analysis of the backscatter sensitivity
of the two-laser heterodyne experiments.

where ~z, =a»y/2a&, is the locking frequency,
i.e. , the minimum beat frequency between the
two lasers below which the backscattered local-
oscillator radiation will i+ection-lock the signal
laser.

The solution to the Adler equation given by
Johnson" is

(&uq/~~) sin(p+ 5) —1

(&us/ei, ) —sin(p + 5)

(10)

where p = ((gs —~z) (f —fo), sing = —(gg/(ge,2 i/2

f, is chosen so that +sfp+q(to) = e. As ~s ap-
proaches &~ from outside the locking range, the
beat waveform should distort dramatically from
a sine wave just before the signal laser jumps into
lock and the beat note disappears entirely. The
shape of the beat waveform depends on the relative
phase 0 of the 'backscattered signal, and this de-
pends in turn on the total optical distance from the
output mirror of the IOcal-oeoillator laser through
the backscattering pa)h to the output mirror of the
signal laser.

In pracgice the phase angle 8 can be seen to vary
through one cycle or one infrared wavelength in a
few tenths of a second, due to changes in the total
backscatter path, which is some 6 m long. Figure
14 is a single-trace photograph showing the beat
between the two 3.39-p. lasers going into lock at
a locking frequency ~z/2m ~ 9 kHz. This photo-
graph was obtained by servolocking the lasers at
a low beat frequency, and then lowering the dis-
criminator center frequency until locking was ob-
served. The distorted beit waveform just before
locking occurs is in excellent agreement with the
"cosine" waveform predicted by Eq. (10) as illus-
trated by the calculated waveform in the lower part
of Fig. 14. From the known power levels of the
two laser oscillators and the known transmission
and reflection coefficients of the laser mirrors and
beam splitter, we can deduce that the observed
locking behavior can be accounted for by a back-
scattering from the detector surface as small as
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BEAT GOING INTO LOCK AT eL/2v 9 kHt.

(WAVEFORM FAEQUENCY IS ~ 5 kWx)

~e&+$'t t ~ e2 WAVEFORM, = I.lo"2

FIG. 14. Experimental observation of the two lasers
going into lock as the beat frequency between the lasers
approaches the locking frequency; and a theoretical pre-
diction from Adler's equation of the distorted beat wave-
form to be expected just on the edge of the locking range.
The beat goes into a fully locked condition at ™3 divisions
from the left-hand edge. of the oscilloscope tracing.

l&&l & &. 5~&0 4. The corresponding pomer reflec-
tivity is -77 dB.

Backscattering of the signal-laser's output into
itself can also occur, causing frequency' pulling and
frequency jitter in the signal laser. The backscat-
tered signal amplitude due to this effect is given by
t&t~& t~ x„a= y' e' a, and the resulting phase jitter
in the signal laser is given by

ap(t) =F(t) -p, = —[(y'/2r, ) sine'] t,
where yo is the initial value of y(t), and r, is the
signal cavity lifetime. The phase 8' changes ran-
domly with time owing to random changes in the
backscatter path length. Assuming that 8' is uni-
formly distributed in [0, 2w] and calculating the
mean square change in cp(t) over many intervals of
length 7' leads to

[b,cp (r)],„=(y' /8r, ) r = (8.8x 10 ) r

The numerical value is obtained by using the ex-
perimental backscatter amplitude deduced from the
locking result of Fig. 14.

But, a mean square phase jitter [4y ],„

that in-
creases quadratically with ~ implies a Gaussian
line broadening for the oscillation with a standard
deviation in frequency oz given by (2wot) = y' /8r„
and a full oscillation. linewidth given by (8 ln2) ~ ~
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FIG. 15. A representative example of the long-term
laser beat spectrum at -32 kHz between the two He-Ne
3.3g-g lasers, fitted with a theoretical convolution of
Gaussian technical-noise and Lorentzian quantum-noise
line-broadening contributions.

Conssgttsntiy, froth our detector backscattering
ss tnsasured by the locking data above, we

may expect a Gaussian line-broadening contribd-
tion with a linemidth of approximately 9 kHz for
our low-Q signal laser. Experimentally, the
Gaussian 1inemidth was found to be 3 to 5 kHz un-
der the quietest conditions. Some narrowing of
the spectrum could be attributed to the AFC loop,
but in vie+ of the approximate nature of the cal-
culations and the variable nature of the backscat-
tering and the room disturbances, the agreement
is remarkable.

Nhile searching for the dominant backscattering
contributions, me locked the lasers at a convenient
beat frequency and gently tapped the various optical
components while observing the beat frequency.
The beam splitter mas found to be relatively in-
sensitive, but any disturbances of the detector,
indeed, produced a large response. In early ex-
periments, rapidly damped sinusoidal transients
appeared intermittently in the instantaneous beat
frequency. It was found that these transients
corresponded to the barely audible bursting of
nitrogen bubbles in the liquid-nitrogen Dewar of
the cooled detector. Loosely packing the Dewar
with cotton to reduce the bubble size caused these
signals to disappear. Other isolation techniques
to reduce backscgttering mere also tried; but, in
general, any additional optical elements added to
reduce the detector backscattering would them-
selves give rise to even more serious backscat-
tering problems. The serious difficulties caused
by backscattering, both as a source of technical
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TABLE I. List of relaxation times.

Medium

He-Ne

He-Ne

Wave-
length

3.39 p

6328 A

Longitudinal
relaxation
time 2'&(sec)

- 2x10

2x10

Transverse Doppler
relaxation linewidth
time &2(sec) (MHE)

1.28 x 10 9 315

1.59 x10 9 1300

He-Xe 3.508 p 1x10" ~ 4. 5x10 107

noise in the signal-laser spectrum and as a source
of coupling between the signal and local-oscillator
lasers, is clearly indicated.

rough estimate indicates that the excess-noise
factor in our experimental situation might increase
from a threshold value of 1.56 to -2.0 at the max-
imum power level. This would give a deviation
from a strict inverse power dependence in the
Schawlow- Townes formula. Such a deviation is
suggested by the experimental data in Fig. 7, but
it is not possible to confirm this within the experi-
mental error of the measurements.

For the He-Xe 3.508- p, laser a value of 1.6 for
the excess-noise factor has been reported by
Kluver.

8. Possible Extention of Measurements through Threshold

B. Long-Term Laser Spectrum

In order to investigate the long-term 1aser spec-
tral width in more detail, the two 3.39-p. lasers
were locked at a beat frequency of - 32 kHz. The
beat spectrum was then scanned and recorded in
-2 min using the Hewlett-Packard 302A wave ana-
lyzer. Figure 15 is one such recording. The ob-
served spectrum is neither purely Lorentzian nor
purely Gaussian and ia best fitted by a convolution
of the two. The theoretical curve in Fig. 15 was
obtained using a Gaussian linewidth contribution of
4 kHz together with a Lorentzian quantum-noise
linewidth contribution of 1.5 kHz.

VI. DISCUSSION

A. Relaxation Times and Excess-Noise Factor

Table I lists the relaxation times used in this
study. The He-Ne data are available in the litera-
ture, +'3 and the He-Xe data are taken from re-
cent work in our laboratory. '

In calculating the theoretical linewidths for Figs.
3, 5, and 7, a value must be assigned to the ex-
cess-noise factor. We have used the value

N'p/4NO Ng(N2 —Ng) = l—.56,

as determined by spectroscopic methods for a
He-Ne 3.39-p. amplifier by Paananen and co-
workers. The unsaturated gain coefficient in
their experiments was very close to the value re-
quired to reach threshold in our lowest-Q laser,
so that the level populations in our lowest-Q laser
oscillator may not be greatly different from their
results.

One might expect that the excess-noise factor
should increase with pump current or with laser
output power in a given laser, since the upper-
level population will increase with increasing cur-
rent, while the population difference must always
stay constant at just the threshold value. A very

The signal-to-noise ratio for optical heterodyne
detection may be written as

S/N= 2P P, [D+(~)j'/A. a,
where PL& and P& are the local-oscillator and sig-
nal power levels, respectively, A is the effective
area of the detector, B is the bandwidth of the de-
tection system, and D*(X) is the detectivity of the
detector. Given typical values of D*(A.) for our
detectors, we calculate that we should be able
to maintain a 20-dB signal-to-noise ratio for sig-
nal powers as low as 10 -10 9 W. At these low
powers the signal laser would be below threshold,
and one might be able to observe the predicted
factor of 2 increase in laser spectral width as the
oscillator passes from above threshold to below
threshold. However, our present AFC systems
generally fail to maintain locking below signal
powers of -10 W. This occurs because of back-
scatter coupling and injection-locking between the
local-oscillator and signal lasers when lower beat
frequencies (below 500 kHz) are employed. For
higher beat frequencies where injection-locking
would be less serious we have used a room-tem-
perature InAs detector followed by a narrow-band
(250 kHz) amplifier. The detectivity of the InAs
detector is not good enough, and the amplifier
bandwidth is too narrow to pass the entire beat
spectrum at lower laser power levels. With a
sufficiently sensitive detector operable at a beat
frequency of at least several MHz if not higher,
and a sufficiently wide amplifier bandwidth, one
could hope to maintain frequency lock and to mea-
sure the signal-laser spectral width at much lower
output power levels, including through the thresh-
old region.
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Boundary Energy of a Bose Gas in One Dimension*
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By the superposition of Bethe's wave functions, using the Lieb's solution for the system
of identical bosons interacting in one dimension via a ~-function potential, we construct the
wave function of the corresponding system enclosed in a box by imposing the boundary con-
dition that the wave function mus t vanish at the two ends of an interval. Coupled equations for the
energy levels are derived, and approximately solved in the thermodynamic limit in order
to calculate the boundary energy of this Bose gas in its ground state. The method of super-
position is also applied to the analogous problem of the Heisenberg-Ising chain (not the ring).

I. INTRODUCTION

I et us consider the system of N identical bosons
in one dimension interacting via a two-body 5-func-
tion potential of strength 2c. In the repulsive case

c & 0, the extensive properties are obtained by en-
closing the system in a finite region of space. In

one dimension, the simplest way of enclosing the
system is to put the N particles on a circle of
length I., avoiding boundary considerations, which










