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The impulse approximation is used to describe the inelastic cross section for high-energy
neutron scattering from superfluid helium in terms of a ground-state momentum distribution
of the helium atoms as given by existing variational calculations. The predicted shape of
the cross section is compared with recent experimental data and with a previous theory which
approximated the noncondensate contribution to the dynamic structure factor by a single-Gaus-
sian function. In contrast to conclusions obtained using the single-Gaussian approximation,
our predicted inelastic cross section omitting a condensate contribution provides an acceptable
fit to the experimental data. This fit is worsened by introducing a contribution from a con-
densate fraction in the amount consistent with the variational calculations, namely 11%. If
the condensate fraction is arbitrarily reduced from this value, it is found that a much smaller
value, with an upper limit of about 3%, is consistent with the available experimental data. It
appears that unique assignments of condensate-fraction contributions to inelastic neutron
scattering, for the range of neutron energies presently available, will require an improved
theory of final-state effects on the shape of the condensate contribution.

I. INTRODUCTION

Central to microscopic superfluid theory is the
concept of the existence of a condensate fraction of
helium particles having zero. momentum. ' Re-

cently, experiments in high-energy scattering of
neutrons from superfluid helium have been carried
out, ' the aim being to measure the momentum dis-
tribution of the individual He atoms and thus the
strength of occupation of the zero-momentum level. '
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Ideally, one expects a scattering cross section ver-
sus energy transfer in the form of a very sharp
zero-momentum contribution riding on the top of a
much broader background contribution from the
noncondensate fraction. Unfortunately, only a sin-
gle broad peak has been observed in the experi-
ments limited so far to neutron wave-vector trans-

0
fers of the order of 15 A ' and to energy resolutions
of the order of 4 meV. This circumstance has
forced interpretation of the data into considerations
of how the over-all shape of the scattering cross
section as a function of energy transfer might be
modified by a lifetime- and resolution-broadened
condensate contribution. Clearly, accurate pre-
diction of condensate-induced shape changes re-
quires a reliable picture of the energy shape of the
inelastic cross section without a condensate contri-
bution. Previous analysis has assumed a single-
Gaussian energy dependence of the scattering cross
section (apart from kinematic factors) for both con-
densate and noncondensate contributions. That
theory has two free parameters: the average kinet-
ic energy per helium particle, which fixes the en-
ergy width of the noncondensate contribution to the
cross section, and the fraction of particles in the
zero-momentum condensate, which fixes the ampli-
tude of the narrower lifetime-broadened condensate
contribution. The experimental energy widths were
found to be somewhat smaller than that of the theo-
retical noncondensate contribution, and the required
sharpening in energy of the theoretical cross sec-
tion could be reproduced with a condensate fraction
of about 6%.

The work in Ref. 6 is a phenomenological treat-
ment, and as such, provides no detailed relation
between the assumed shape of the scattering cross
section and the momentum dependence of the indi-
vidual He atoms. To go beyond that phenomeno-
logical approach, one would like to solve the cen-
tral problem of constructing the energy dependence
of the cross section from the momentum distribu-
tion. In this paper, we do not solve this problem,
but rather explore the results obtained from an ap-
proximation which does supply a connection between
cross section and momentum distribution. This is
the impulse approximation, asymptotically valid for
high-energy and high-momentum transfer. Physi-
cal arguments in support of the validity of the ap-
proximation in the relevant experimental region are
advanced in Sec. III. Lacking a convincing formal
proof of the validity of the impulse approximation,
we regard this work as exploring predictions of that
approximation, rather than solving the central
problem described above.

We make use of existing theoretical predictions
of the momentum distribution n~ from variational
calculations of the ground-state properties of liquid
helium. Unfor tunately, corresponding equivalent

calculations of n~ at arbitrary temperatures do not
seem to be available, so we are restricted in this
comparison to temperatures low enough for the
ground-state properties to be the dominant factor in
the momentum distribution of the helium atoms.
We believe this region to encompass at least the
lowest temperatures at which neutron experiments
have been conducted, namely about 1.2 K, for rea-
sons enumerated in Sec. III.

Within the impulse approximation, a single-Gaus-
sian energy dependence of cross section also im-
plies a single-Gaussian momentum dependence of
n~. Since variational predictions for n~ differ from
Gaussian shape, we expect to find a scattering
cross section differing from that of Ref. 6. Of
course, no conclusions concerning the adequacy of
the Gaussian approximation of Ref. 6 can be legit-
imately drawn from this, because, as already re-
marked, the phenomenological treatment there
given provides no connection between momentum
dependence and cross section, and also because the
validity of the impulse approximation is not rigor-
ously proved.

We feel there is available sufficient theoretical
evidence that n~ for the ground state is not accu-
rately given by a single-Gaussian function of P, as
it is significantly altered from such a form in two
momentum regions. At small-P values, corre-
sponding to the phonon branch of the excitation

0
spectrum in helium, e. g. , P 0. 2 A ', n~ is ex-
pected to vary inversely with P, and to be directly
proportional to the condensate fraction. This vir-
tual phonon contribution to the ground-state mo-
mentum distribution, although it plays a relatively
minor role in our results, does have the effect of
narrowing the theoretical inelastic scattering cross
section for an assumed nonzero value of the conden-
sate fraction, over and above the narrowing pro-
duced by the lifetime-broadened condensate itself.
A more important effect on theoretical cross-sec-
tion predictions evolves from the fact that for val-
ues of P associated with the roton minimum of the
excitation spectrum, 2 A '

p & 3 A ', n~ is much
larger than the Gaussian fit to n~. This effect re-
sults in a ground-state distribution in momentum

n~ different from a Gaussian (see Figs. 2 and 3) and
consequently leads to a predicted inelastic cross
section in the absence of a condensate whose depen-
dence on neutron energy transfer is different from
the previously assumed Gaussian shape (Figs. 5
and 6). This alteration produces somewhat the
same effect as introducing a condensate contribu-
tion into the Gaussian analysis as described above,
namely a narrowing of the central portion of the in-
elastic cross section due to scattering from atoms
not in the condensate, and also produces an in-
crease in the wing contributions. In this way one
gets a creditable fit to the experimental data with-
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out a condensate contribution. Adding a condensate
contribution from a condensate fraction of 11%%uQ,

which is the value predicted by ground-state varia-
tional calculations, produces a theoretical cross
section whose maximum is too high compared with
experiment (Fig. 7). This discrepancy is amelio-
rated by arbitrarily reducing the condensate frac-
tion, and suggests an upper limit of about S%%uQ on the
condensate fraction (see Sec. II).

In Sec. II the scattering cross section in the im-
pulse approximation is developed, showing its con-
nection with the momentum distribution n~. Some
model predictions of the behavior of n~ for the heli-
um ground state are given, as well as predictions
obtained from variational calculations. A fit is
made to the variational results, utilizing two Gaus-
sian functions and a modified hyperbola. The dy-
namic structure factor S(k, v) which follows in the
impulse approximation from this n~ is compared
with that predicted by the single-Gaussian approxi-
mation (see Fig. 5), and the inelastic scattering
cross sections which follow from these two forms
of the structure factor are compared with experi-
mental results (see Figs. 6 and 7).

Section III contains a discussion of the approxi-
mations used here, and some possible implications
of this work for further experimental investiga-
tions.

II. INELASTIC CROSS SECTION IN THE

IMPULSE APPROXIMATION

The inelastic scattering cross section for neu-
trons on He liquid is given in the Born approxima-
tion by

d o oqkg

~ad., =4.kk, '" "' (1)

where 5k=8k; —5k& is the momentum transferred to
the helium, I co = &, —&& is the energy transfer, and

o& is the helium-atom cross section o&= 1.13 b.
The dynamic structure factor S(k, &u) is the Fourier
transform of the density-density correlation func-
tion

S(k, (u) = (2mp)
' fd r dt e " ' ' ""

x[(p(r, t) p(0, 0)) —p'] (2)

and contains information on the properties of the
helium liquid which govern the shape of the inelas-
tic scattering cross section. The average value for
the density-density correlation function in Eq. (2)
is in general over a canonical ensemble in equilib-
rium at temperature T. We will restrict ourselves
to T=O, due to the aforementioned limitation of
available theoretical momentum distributions to the
ground-state distribution.

In the impulse approximation the interactions be-
tween helium atoms (during the neutron-helium in-
teraction time) are neglected; the neutron can be

I~Q=k k /2m . (4)

Helium atoms with nonzero momentum in a direc-
tion parallel to the neutron momentum transf er pro-
vide a spread in neutron energy loss symmetrically
distributed about @coo. Since there will be no scat-
tering unless the conditions of Eq. (2) are satisfied,
we expect S(k, &u) to be given by a 6 function with
argument Ke —k k /2m -Nk p/m, multiplied by n&,
the number of atoms having momentum P, and then
summed over all P:

N S(k, &u) =Z &nP(&u —kQ/2m —k p/m) (5)

(we put k =1 in this and subsequent relations).
Equation (5) is correct for k- ~ in the impulse ap-
proximation, as is easily verified by calculating the
density-density correlation function for a free-par-
ticle system. However, we assume, in accordance
with our previous remarks, that n~ in Eq. (5) is the
momentum distribution of the individual interacting
helium atoms in the ground state. Thus, we take
the struck helium atom to respond to the neutron as
a free particle, with the effect of helium-helium in-
teractions as providing an initial momentum distri-
bution peculiar to the ground state. Our crucial as-
sumption is that of extrapolating the region of valid-
ity of the impulse approximation from k- , in
which limit the incoming neutron cannot distinguish
between condensate and noncondensate He atoms at
all, to the range of experimental k values used in
Ref. 4. This assumption is discussed in Sec. III.

Replacing the sum in Eq. (5) by an integral, and

integrating over the angle between neutron momen-
tum transfer k and helium-atom momentum p one
gets

S(k, (u) =SQ(k, u))+S,(k, (u),

where SQ(k, ur) is the condensate contribution, omit-
ting lifetime effects for the time being:

SQ(k (d) = nQ &(rd (d Q) (7)

Here nQ=NQ/Nis the condensate fraction. The non-

pictured as striking a helium atom between colli-
sions of the helium atom with other helium atoms.
This simple-minded picture allows us to find the

form of S(k, v) in the impulse approximation. Con-

servation of energy and momentum in the neutron-

helium collision gives the relation between energy
loss and momentum transfer:

k(u = (I'k'/2m) + (Sf' p/m), (2)

where m is the helium atom and p is its momentum
before collision. One sees that the neutron energy
loss Sw depends on the distribution of helium mo-
mentum p parallel to the neutron momentum trans-
fer Sk. Atoms in the condensate have P = 0 and give
rise to neutrons having suffered the unique energy
loss
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condensate contribution S,(k, &d) is given by

S,(k, Id) = (m/4II'kp) J, p n, dp. (8)

Here P;„is the magnitude of the smallest helium
momentum parallel to k which will give the neutron
the energy loss (d:

l (d —('d() t

Pml n k/

For fixed momentum transfer k, this minimum mo-
mentum increases linearly with the deviation of the
energy loss e from the value no= k /2m. Thus, for
~ = no, all the helium atoms with nonzero momenta
contribute to S,(k, ro). As the neutron energy loss
(d departs from (do, the lowest-momentum helium
RtorQS Qo longer pRx'tlclpRte ln the scRttellng, Rnd

as the energy loss departs significantly from the
value (do only the higher-momentum helium atoms
make a contribution to the scattering. As Eq. (8)
indicates, the slope of S,(k, ur) as a function of &u for
k fixed measures the product P n~ evaluated at P &„.'

sSI(k, CLI) m
4II'k P

Equation (10) provides confirmation of our previous
remark that a Gaussian &u dependence of SI(k, ~) im-
plies a Gaussian dependence of n~ on p: If S,(k, &d)- 6 " "o', then nI,

- 6 '~, with cI =am /k . This
form may represent a reasonable dependence of n~

on p Rt temperature coD81dex'ably Rbove the ~ terQ-
perature. However, in the ground state, n~ should
reflect the general characteristic peculiar to boson
ground states, namely, that of containing zero-point
oscillations of the excitations. In the small-p re-
gion one expects R 81gnlf1cRnt contribution to 0&

from zero-point oscillations of the low-lying phonon
modes. In the region around the roton minimum in
the excitation spectrum, one may again expect a
contribution to n~ from the zero-point oscillations
of these relatively low-lying modes. Admittedly,
this argument has no rigorous foundati. on when ap-
plied to real helium. The distribution n& measures
the strength of the poles of the one-particle Green's
function G,(P, &u), while the excitation spectrum
$ (p) Cle'tel'1111118Cl by i1181RS'tlC 11611'tl'011 sCRttel'lllg
locates the &-function peaks of S(P, &u), related to
the poles of the two-parti. cle Green's function. For
the low-momentum limit, there are arguments that
the spectrum of density fluctuations should corre-
spond to the spectrum of single-particle exeita-
tions. However, there is no a Priori reason why
this correspondence should extend to the highex'-
momentum roton region, so that the argument given
above can have only a suggestive character applied
to real helium. This suggestive character is re-
placed by a precise connection between nI, and $(p)
1D two Dlodel theories for whicll the poles of the
one- and two-particle Green's functions do eoin-

eide. One of these is the Bogolyubov theory of a
dilute superfluid system, for which

:(mc )'
2$(p) [$(p)+p'/2m mc']

Here e is the speed of sound in the dilute system.
In the phonon region, $ (P) varies linearly with P,
and Eq. (11)predicts the dependence n~- 1/p. The
elementary spectrum $(P) of Bogolyubov does not
produce the roton minimum. We attempt to correct
tllR't cleflclellcy lly uslIlg 111 Eq. (11) tile expel'lnlell't-
al $(p) curve obtained from neutron scattering' and
the value of c appropriate to liquid He. This yields
RD sp vs p Rs show'D 1Q Flg~ lq exhibiting R x'0-
ton bump in n& for values of P around 2 A '. Of
course, inserting the correct $(p) in a theoretical
approximation which itself is incapable of producing
it is questionable. However, since the low-density
superfluid theory has proven quite useful 1n a qual-
itative way when scaled to actual helium density,
we expect some validity to the qualitative result
that there are more atoms in the ground state with

0
mornenta around 2 A ' than would be given by a sin-
gle Gaussian in p, centered at p=0.

Another explicit connection between n~ and $(P)
is provided by a cell model of the superQuid ground
state which is not limited to low density. " This
~ode~, wh1eh pred1cts a condensate fract1on of at
least 6% for ground-state helium yields an n~-vs-P
curve with the same qualitative behavior as tha, t
obtained from Bogolyubov theory, with a somewhat
IQox'6 pl'onounced rotoD burQp.

These model theory results are presented simply
to give some additional supporting evidence for the
characteristics of n~ as found from variational cal-
culations of ground-state px'operties of liquid heli-
um. ' ' These latter calculations all yield a very
slrQ11Rx' depeDdeDce of Ã& on p, exc6pt 1D the phonon
region, where only Ref. 14 produces the 1/p de-
pendence for low-P values. In Fig. 2 we give the
resu]. t for z~ vs p as found in Ref. ].2.
will shortly modify the low-momentum dependence
shown in the figure to bring it into agreement with
the results of Ref. 3.4. The roton bump of the
model theories is clearly in evidence in the region
2&p& 3 A ' of Fig. 2, although the variational cal-
culations have subdued the bump into something
more like a shoulder. This shoulder may appear
to be a rather small contribution to the total mo-
mentum distribution, but atoms in this region,
estimated to be about 15%%u~ of the total number, car-
ry a much larger fraction, about 45% of the total
ground-state kinetic energy. ' (See Fig. 3, in
which p nI, is plotted versus p. )

Suppose, following the approach in Ref. 6, we
tl"y to fl't 'tile dynamic structure fRctol' SI(k~ co) wl'tll

R 81ngle GRusslRQ ceQtel"ed on QPo. TheD 1D the 1m-
pulse approximation, this is equivalent to fitting m&
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FIG. 2. Ground-state momentum distribution function
n& for liquid He4, as given by ref. 12 (long-dashed line);
empirical fit, as given by Eq. (13) (solid line); and single-
Gaussian fit, Eq. (12) {short-dashed line).

0
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2.5

FIG. g. Ground-state momentum distribution function

~ for liquid He as given by Bogolyubov theory, utilizing
experimental excitation energies h(p) in Eq. (11).

with a single Gaussian centered on zero momentum
and having the same kinetic energy per helium atom
as given by the variational calculations, about 14. 16
'K. Clearly, such a Gaussian will not contain the
requisite number of atoms near p- 2. 5 A ', and so
will have to be broader than the variational results
in order to produce the required kinetic energy.
In Fig. 3 we have compared the quantity P n~ for
such a Gaussian,

np ——0. 451 e (12)

with the corresponding quantity from the variational
calculations. The comparison shows clearly that
Eq. (12) overestimates the number of atoms in the
region from about 1 to 2 A ', as well as underesti-
mating the occupation for those atoms with momen-
tum about 2. 5 A '.

We have found it possible to get a good fit to Mc-
Millian's data, modified to give the 1/p dependence
at small-P values, with the following functional
form for n~:

n& (pgp) e-—'~~~c' +A e '~ +8 e- ~-~s (13)

The first term in Eq. (13) represents mainly the
contribution to the single-particle momentum com-
ing from the zero-point phonon oscillations. The
exponential factor in this term serves to cut off this
contribution as P increases above P, . The second
term is designed to reproduce the nonphonon part
of the momentum distribution out to values of P

0.3

CL

CV
C)

0.2

0.'I

0
0 0.5 1.5 2

p(K-')
2.6

FIG. 3. Quantity P n& for ground-state He: long-
dashed line, as given by Ref. 12; short-dashed line, from
the single-Gaussian fit, Eq. (12); and solid line, from
the empirical fit, Eq. (13).

near 1.5 A '. The third term reproduces the roton
bump.

The momentum Pp, which determines the strength
of the phonon contribution to n~, is given both by
perturbation theory and by variational calculations'
as

1
Pp= np2 mc,

where, as before, c stands for the speed of sound
in helium, and np the condensate fraction. The
corresponding dilute superfluid theory result which
follows from Eq. (11) correspondstoPc=2mc, con-
sistent with its fundamental assumption of negligi-
ble depletion, i.e. , np=1. Note that the condensate
fraction np enters the scattering cross-section for-
mula in both the unique condensate contribution ex-
pressed by Sc(k, o)) of Eq. (7) and the enhanced low-
momentum occupation n~, which contributes to the
noncondensate contribution S,(k, c)) of Eq. (8).

The numerical values of Pp and the other empiri-
cal constants were determined in the following man-
ner. In order to minimize theoretical inconsisten-
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cies, we used the same condensate fraction no=0. 11
and sound speed c = 26V m/sec as those calculated
by McMillan. ' For these choices, Po= 0. 0929 A '.

The remaining parameters were determined by
trial. In Ref. 12 plots of the nonphonon contribu-
tions to both n~ and P ~~ are presented. The second
of these shows more structure than the first and
thereby serves to establish more precisely the val-
ues of fitting parameters. We consequently tabu-
lated P n~ and then varied parameters to get a least-
squares fit. The variation was performed in two
stages. First, the roton-shoulder term was omit-
ted from Eq. (13); and the parameters P„A, and
a were varied independently until we obtained a best
fit to twelve points equally spaced over the momen-
tum interval 0. 7 & p & 1.8 A ' By this procedure we
found P, = 0. 77 A ', A = 0. 4832, and a = 0. 772 A .
Next, these values were substituted into Eq. (13);
and the parameters B, b, and P, were varied inde-
pendently. A best fit to seven points equally spaced
over the region 2. 3&p& 2. 9A ' was attained for
B=0.0118, b=7. 45 A, and P=2. 57 A '. Figure 4
shows the quantity pn~ as a function of ground-state
momentum P, both as determined by the single-
Gaussian fit, Eq. (12), and by the fit to the varia-
tional calculations, Eq. (13). As we have seen
earlier in Eq. (8), the quantity pn, determines the
&u dependence of S,(k, e) and hence the energy de-
pendence of the inelastic cross section. In addition
to those differences already noted in conjunction
with the discussion of Fig. 3, we see from Fig. 4
that the zero-point phonon contribution to v~ makes
the variational-based Pn~ nonzero at P = 0. Equa-
tion (10) then predicts a finite nonzero slope for
S,(k, ru) at v = ufo, contrasted with the zero slope
predicted by the single- Gaussian approximation.

S,(k, &u)= 2 P, P, erfc
4m kp ' p,

~min +—8 ~mi n
A g 2 B g(
20 2b

Here

erfc(x) = 1 —erf(x) = 2w
'~ f e ' dt, (16)

I2
—erfc(b' '~p;, —p, ~|, p „p,

Pmint Ps~
er«(&"'(p i.-p, )), Pmin Ps '

(1V)
To get the total dynamic structure factor, we

must add to S,(k, v) the condensate contribution
Sp(k M) ~ We will consider this contribution in two
forms. One form is the ideal & function of Eq. (V),
applicable for very short neutron-helium interac-
tion times so that He-He collisions play no role in
the scattering. The other form, which attempts to
account for the effect of the He-He collisions, is a
phenomenological lifetime-broadened So(k, v) intro-
duced in Ref. 5 and adopted in Ref. 6 in the form
of a Gaussian shape:

1/2
S (k (u) =e e '~ '" "o' .D 1 0 +(k) (18)

Here y, ' is a measure of the lifetime of atoms in
the condensate:

Thus the zero-point phonon contributions provide a
further sharpening in the shape of S,(k, e) and hence
of the inelastic cross section.

The noncondensate contribution to the dynamic
structure factor S,(k, &u) can be written utilizing
Eqs. (8) and (13) in the closed form:

~3
I I I

=1 2

4 ln2 (19)

where I"„ the full width at half-maximum of the
condensate peak, is taken to be

r, = pok/m. (20)

0
0 '|.0 'l.5 2.0

p (L-")
2.5 3.0 3.5

FIG. 4. Quantity pn& for ground-state helium: solid
line, from empirical fit, Eq. (13); dashed line, from
single Gaussian, Eq. (&~).

In Refs. 5 and 6 the He-He scattering cross section
o. was taken as 2&10 ' cm . However, both theory
and experiment seem to indicate a larger value,
0 = 4&& 10 "cm, "and we choose this latter esti-
mate. Equation (18) is discussed further in Sec.
III.

Combining Eq. (15) and either of Eq. (V) or (18).
yields the complete dynamic structure factor. The
structure factor is plotted in Fig. 5 as a function
of the variable P;, = l&u —&vol/(k/m) of Eq. (9) and
for fixed momentum transfer k. The solid curve
of Fig. 5 is obtained utilizing the lifetime-broad-
ened So of Eq. (18), with a, condensate fraction
equal to 0. 11. The line of long dashes in the figure
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FIG. 5. Theoretical dynamic structure factor S(k, a)
for ground-state helium vs variable pm«given by Eq. (9)
for fixed momentum transfer k. Solid line is obtained
using lifetime-broadened So(k, co), Eq. (18), and a conden-
sate fraction no ——0. 11. Long-dashed line corresponds
to S(k, cu) with condensate fraction contribution omitted.
Short-dashed line is the single-Gaussian approximation,
n, =-o.

is S(k, &u), omitting a contribution from the conden-
sate fraction. Since no= 0, Eq. (18) is inapplicable
here; this line represents the result of numerical
integration, according to Eq. (8), of a tabulation of
McMillan's n~.

The single-Gaussian n~ of Eq. (12), correspond-
ing to no=0, produces an S(k, &u) shown in Fig. 5 as
the line of short dashes. %e have chosen to nor-
malize the two curves in Fig. 5 corresponding to
no= 0 to an area of 0. 89, while the solid curve for
no= 0. 11 is normalized to unit area, so that the
lifetime-broadened condensate contribution to
S(k, &u) is given by the difference between the solid
and dashed curves in Fig. 5. As previously re-
marked, the condensate makes a contribution to
S(k, e) both through So(k, v) and also through the
zero-point phonon contribution to S,(k, e). In Fig.
5, at the peak of S(k, &u), about one-third of the dif-
ference between the solid (no= 0. 11) and dashed
(no=0) curves comesfrom the zero-point phonon
contribution and two-thirds of the difference is due
to So(k, &u). These particular fractional contribu-
tions to the sharpening of the structure factor de-
pend, of course, on the amount of lifetime broaden-
ing assumed for So(k, ~). For a sharper So(k, M),
the zero-point phonon contribution to the peak of
S(k, ~) would be fractionally smaller.

Comparing the two ~0=0 curves of Fig. 5, we
see, as expected, that the single Gaussian is a
somewhat broader function of p;„ than its counter-
part from the variational calculations, and lacks the
wing contributions given by the latter.

Finally, we compare our results with the experi-
mental measurements of Harling ' for neutrons of

where I'g is given in terms of the instrumental res-
olution ~E = 3.4 meV as

I's = (&E) /4ln2. (22)

To account for the experimental arrangement of
fixed scattering angle, rather than fixed momentum
transfer )t|, we use the kinematic relation giving k

as a function of energy loss & for fixed angle 6 and
incident energy &;:

k =-2m(2&, [1—cos8 (I-e/e&)' ] —e]. (28)
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FIG. 6. Inelastic cross section for neutrons on He4

liquid vs energy transfer h. Circles are the experi-
mental data from Refs, 4 and 16, with the vertical bars
indicating statistical accuracy. Single-Gaussian theory
(np —0) produces the dashed curve, and solid line is pre-
sent calculation with the condensate omitted.

initial energy 0. 1715 eV, scattered off liquid heli-
um at 1.265'K, with a fixed scattering angle of
154. 3 . The experimentally determined cross sec-
tion as a function of neutron energy loss is depicted
in Fig. 6. Using the single-Gaussian theory, Puff
and Tenn in Ref. 6 found a best sit to these data for
a condensate fraction no= 0.06. Vfe now wish to see
how this result compares with the predictions fol-
lowing from our fit to the variational calculations
for n~ T. o this end we utilize Eqs. (1) and (15) and
either of Eq. (7) or (18).

Experimental resolution broadening is accounted
for by convoluting the theoretical cross section
given by Eq. (1) with the experimental resolution
function R(e —&u') '6:

R(&u —e') = (&Fz) ' exp[- I's (e —v') ], (21)
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With these adjustments, we plot theoretical values for
the absolute cross section with no condensate contribu-
tion in Fig. 6. The dashed line is the prediction of the
single-Gaussian theory. This curve has a maxi-
mum which falls somewhat below the experimental
peak, is a little too broad, and gives insufficient
wing contributions to the scattering. It was pre-
cisely these deficiencies which could be improved
upon in Ref. 6 by the addition of a narrower conden-
se,te contribution.

For comparison, the solid curve in Fig. 6 repre-
sents the inelastic cross-section prediction of the
present theory with the condensate omitted, which
removes both the condensate contribution to So(k, &u)

and also the zero-point phonon contribution to
S;(I, &u). One sees from the figure that the above-
mentioned deficiencies of the single-Gaussian ap-
proximation compared with experiment are no
longer present, the experimental data being quite
well represented by the solid curve.

To see if the experimental data will support a
condensate contribution, we also show in Fig. 7 the
scattering cross section assuming a condensate
fraction no= 0. 11. The dashed curve of Fig. 7 uti-
lizes the 5 function So(k, &o), so that the condensate
contribution has the shape of the experimental res-
olution function, Eq. (21). The solid curve in Fig.
7 depicts the lifetime-broadened condensate contri-
bution for So given by Eq. (18). The smaller value
for the He-He scattering cross section adopted in
Refs. 5 and 6 would yield a scattering cross-section
shape near the peak intermediate between these two
shown in Fig. 7. In any event, it is clear that the
comparison with experiment is worsened by intro-
ducing a condensate fraction contribution corre-
sponding to no= 0. 11. The zero-point phonon con-
tribution to S,(k, v) represented by the first term in
Eq (13) pla. ys a relatively minor role in sharpening
the cross section peak. We calculate its contribu-
tion to the cross section at the peak to be about one-
third of the. t contributed by So(k, v).

Arbitrarily reducing the condensate fraction from
the value no= 0. 11 used to obtain the curves of Fig.
7 will of course reduce the discrepancy between
theory and experiment. It is clear from the figure
that a drastic reduction in no is required to bring
the dashed curve, which omits lifetime effects, into
agreement with experiment. The resulting value
for no is far too small to be significant. On the
other hand, the lifetime-broadened curve, shown
as a solid line in Fig. 7, requires a much smaller
reduction in eo. We estimate that the experimental
data are consistent with a lifetime-broadened con-
tribution from a condensate fraction of 0. 03. Con-
sidering that the broadening of So(k, e) due to final-
state interactions is probably overestimated by the
solid curve (see Sec. III), even this small value of
~f.„. -I-.u..t be regarded as an upper limit, so that its

significance is questionable.

III. DISCUSSION

2.6 ,

20—

~ 1.6
4s
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UJ

0
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0.6
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0.07 0.08 0.09 0.10 0.11

x~(ev)
0.12 0.13

FIG. 7. Effect of including a condensate contribution
to the inelastic neutron cross section for scattering off
liquid helium, Dashed curve includes an 80(k, &) given by
the ~ function of Eq. (7). Solid curve is for lifetime-
broadened So(k, co) given by Eq. (18). Condensate frac-
tion is no

——0. 11.

Central to our analysis is the impulse approxima-
tion which has provided a direct connection between
the momentum distribution of the atoms in the
ground state of superfluid helium and the inelastic
neutron scattering cross section. Therefore, some
indication of its validity under the experimental
conditions we have analyzed seems to be in order.
This is especially true since there is both theoreti-
cal and experimental evidence of the inadequacy of
the impulse approximation for neutrons scattered
with smaller momentum transfers than the value of
about 14. 3 A ' used by Harling, say k from 2 to

0

about 9A '. ' ' For this region of momentum
transfer the peak of the inelastic scattering cross
section was observed to occur at values of cu differ-
ent from the free-particle value &uo=K k'/2m, and
the widths of the scattering peaks were found to
oscillate about the pimple linear in k dependence,
which is expected for scattering in the impulse ap-
proximation. ' This behavior has been explained by
introducing the effect of helium-helium interactions
as an effective k-dependent interaction Z(k) modify-
ing the free-particle behavior, so the single-parti-
cle energy becomes $(k) =5 k j2m+Z(k). ~ The
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form for Z(k) found, utilizing the f-sum rule, was
Z(k) =(ah /2m) coskxp, with a = 2. 5 A and rp the
hard-core diameter. Now for the momentum trans-
fers in Harling's experiment where 0= 14. 3 A ',
this effective interaction Z is only about 1%%up of the
free-particle energy, which is experimentally un-
detectable. This prediction is consistent with the
experimental result that no detectable deviation in
the location of the scattering peak from the free-
particle value (d = coo was found for the range of k

0
values above about 10 A '. ' These results sup-
port the validity of neglecting He-He collisions in
determining the shape of the scattering cross sec-
tion from helium atoms not in the condensate. The
same conclusion follows from a crude calculation
which compares the neutron-helium -collision time
t„with the He-He collision time t„. The validity of
the impulse approximation requires t„«4~, so that
a neutron can be pictured as striking a helium atom
between helium-helium collisions. We use the un-
certainty principle to estimate t„=N/bZ= 2m/k k,
while for t& we may use our previous estimate of
lifetime for the condensate, t„=m/Kk po. Therefore
the free-particle scattering conditions require

or
2m/h'k'«m/kk po

1/k «0. 68 A .

For Harling's experiment, where k=14. 3 A ', this
inequality seems to be well satisfied, so that He-
He collisions should play a minor role indistorting
S,(k, &u) from its impulse-approximation shape. Of
course, these collisions are expected to have a
more important effect in broadening the &-function
shape of Sp(k, e). The phenomenological lifetime-
broadened Sp given in Eq. (8) is probably an over-
assessment of the effect of He-He collisions, since
according to our estimate of times involved, the
neutron-helium collision time is considerably
shorter than the helium lifetime due to collisions
with other helium atoms. This argument leads us
to suspect that a better theory of the shape of
Sp(k co) would only increase the discrepancy between
experiment and the theoretical cross section shown
as the solid curve in Fig. V.

Another crucial assumption we have employed is
that one can utilize the ground-state momentum
distribution n~ to describe liquid helium at a tem-
perature of 1.265 'K. One might argue that the dis-
tinguishing features of the ground state n~, namely
the roton bump at P —2. 5 A ' and the phonon en-
hancement at small P, will get washed out with tem-
perature, producing at 1.265'K an n~ curve very
much like the single Gaussian depicted in Fig. 3.
We think this is unlikely. First of all, the mean
thermal energy at 1.265 'K is only a small fraction
of the average ground-state kinetic energy of 14. 2
'K, so in a crude way, only a very small readjust-

ment in number distribution should take place near
the roton bump, where the atoms carry kinetic en-
ergy considerably larger than the mean value. The
wing contributions to S(k, &u) which are present in
Harling's experiment can be taken as evidence that
the roton-bump contribution persists to at least this
temperature of 1.265'K. However, this roton
bump in n~ should disappear at the highest tempera-
tures at which neutron scatterings have been mea-
sured, namely about 4. 2 K, at which temperature
the helium atoms are expected to be well approxi-
mated by a free-particle Gaussian distribution.
According to our previous analysis, this implies
(see Fig. 8) a contribution to the broadening of the
main neutron scattering peak between 1.2 and 4. 2
K independent of any broadening due to a disap-

pearing condensate. Therefore, experimental evi-
dence of such increase in energy width with tempera-
ture does not constitute unambiguous evidence for a
vanishing condensate distribution.

The small-P behavior of n~ is, by contrast, ex-
pected to change more rapidly with temperature:
n~-kT/p for T finite, rather than n~-1/p for
T = 0. ' However, this altered behavior of n~ occurs
only at very-small-P values, p&0. 1 A ' at 1"=1'K.
The contribution to S(k, ~) from this small-P region
is completely inside of experimental resolutions.
The sharpening of the resolution-broadened scatter-
ing cross section due to this changed low-P behavior
appears to be completely negligible at T= 1.2 K.

It seems clear that experiments to find a unique
contribution to the scattering cross section from
the condensate should concentrate attention near the
scattering peak, and aim to reduce statistical un-
certainty in count rates. It would probably be
worthwhile to do the experiments at lower tempera-
tures, to test the adequacy of utilizing the ground-
state momentum distribution to predict cross-sec-
tion shapes. Reliable measurements of the temper-
ature dependence of the wing contributions to the
scattering cross section, which in the impulse ap-
proximation come from the helium atoms in the ro-
ton bump, would provide a useful test of the adequacy
of this approximation.

It would also, of course, be desirable to use neu-
trons of higher initial energy, say 1 eV, in order
for final-state effects on the condensate scattering
contribution to be negligible. However, this does
not presently appear feasible with reactor neutrons.

Our estimate for the condensate fraction no&0. 03
seems uncomfortably small compared with theoret-
ical predictions for this quantity. A sufficiently
strong bias in favor of a larger no, e.g. , between
about 0. 05 and 0.10, might lead one to infer that
our results argue for a better relation between
S(k, v) and momentum distribution n& than that pro-
vided by the impulse approximation. The situation
clearly calls for a more rigorous justification of
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the impulse approximation.
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It has already been reported that a laser subject to an axial magnetic field and having end
mirrors which exhibit relatively high x-y-type loss anisotropy can be described by two theoret-
ical methods. The first method uses self-consistent-field equations with distributed losses,
whereas the second one is based on a resonance condition for a complete round-trip pass. The
following study of a Zeeman laser with different x-y-type loss anisotropy at each mirror shows
that the localizationof the losses and the nonreciprocal character of the Farady rotation re-
quire a different formulation for each initial system. The rotation of the plane of polarization
is different at each end of the laser, but it is shown that there always exists for central tuning
a real or virtual average polarization vector which obeys Lamb's theory. The equivalence of
the two methods is discussed.

I. INTRODUCTION

Lamb's self-consistent theory, which supposes
distributed losses within the laser cavity, has been
shown to be correct when extended to treat the elec-
tric field polarization properties of lasers with iso-
tropic or weakly anisotropic cavities. '

In a recent paper, Greenstein stated the difficul-
ties of the self-consistent-field method, and com-
pared the results with those given by a resonance
condition for a complete round-trip pass in a single
centrally tuned laser, for a particular cavity where
all x-y anisotropic losses were localized at one
mirror. It was seen that, in general, the two sets

of results did not agree except in the limit of small
anisotropy. Consequently, Greenstein concluded
that the two methods are not equivalent and only
the resonance condition gives a correct description
of the polarization for large cavity anisotropy. In
particular, he points out that the maximum amount
of rotation of the plane of polarization is always
somewhere between &m and &p, andapproaches 90'
in the limit of strong anisotropy (e - 1); this result
is inconsistent with that given by the self-consistent
method, which however predicts much more in the
limit of small anisotropy.

The following paper discusses the general case
of a cavity with an anisotropic x-y mirror at each


