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The set of differential equations describing the time-dependent decay of a singly ionized
optically thin monatomic gas has been solved numerically for constant-temperature-constant-
pressure helium afterglows. In the range of conditions studied (6000 ~ T~ ~ 14000'K,
1.5&10 ~n~ —5.38&10 cm, 1.5X10 —no~1. 63&10 cm 3) it was found that collisional-
radiative recombination can be applied to the electron-density decay before the plasma
reaches the quasisteady state. The initial condition for each plasma studied was a Boltz-
mann distribution from the 23S state throughout the higher states. The mechanism by which
the quasisteady state is obtained is examined and the transient coupling between states is
illustrated. Times for the plasma to reach the quasisteady state ranged from t ~10 sec
for high-density plasmas to t = 10+ sec for low-density olasmas.

I. INTRODUCTION

The study of recombining plasmas was consider-
ably enhanced by the development of the collisional-
radiative recombination (CRR) theory by Bates,
Kingston, and McWhirter' for hydrogenic plasmas.
Their work included three-body recombination
along with the other salient processes contributing
to plasma decay to obtain effective collisional-
radiative recombination and collisional-radiative
ionization coefficients which describe the plasma
decay. In order to obtain their results, however,
it is necessary to impose the quasisteady state

(QSS) assumption in which all quantum levels, with
the exception of the ground state, do not suffer
a temporal change in population density. Another
approach~'4 to obtaining CRR coefficients utilizing
the fact that there is a minimum in the total rate
of deexcitation of atoms as a function of the energy
levels has been used but this also requires the QSS
assumption.

The results of CRR theory and the QSS assump-
tion have been used by many investigators (e.g. ,
Refs. 5-8) to interpret results for helium plasmas
with varying degrees of success. Although in
much of the work the existence of the molecular
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helium ion was suspected as being responsible for
diverse results, most of the helium work appears
to compare experimentally measured recombina-
tion coefficients directly with the hydrogen calcu-
lations of Ref. 1. Chen' calculated CRR coeffi-
cients, n, for helium and found them generally
to lie below the hydrogenic coefficients at the same
plasma conditions. The same work obtained ex-
perimental values of n in fairly good agreement
with calculations.

A common factor in all experimental determina-
tions is that the plasma is not quiescent but rather
is itself in a transient condition. If the transients
are sufficiently rapid that the plasma cannot be
viewed as progressing from one QSS to the next,
with the population densities adjusting themselves
to the QSS distribution at the current conditions
"almcst instantaneously, " then a basic assumption
of CRR is violated and the applicability is in seri-
ous jeopardy. There have been timing studies to
determine decay time for some specific energy
level to return to QSS"' following a plasma per-
turbation but these also depended upon the rest
of the plasma maintaining its QSS distribution and
did not take into account the transient coupling
between states. This transient coupling between
states makes it difficult to assess confidently the
time for the QSS to be achieved or to determine
the transient effects upon measured recombination
rates. Indeed, it is this transient coupling which
describes the mechanisms by which the QSS is es-
tablished and this cannot be studied without remov-
ing the QSS assumption.

To study this transient coupling between the en-
ergy states and to study the detailed process by
which the QSS is established so as to evaluate crit-
ically the applicability of CRR theory, the tran-
sient solution to the eigenstate rate equations (ERE)
for helium has been made. (The distinction be-
tween the ERE and CBR is made because CRR
mathematically implies the QSS assumption, which
is explicitly removed in this study. As will be
seen, the CRR process can apply physically inde-
pendent of the QSS for description of the electron
density. ) Earlier work on the ERE for hydrogen'
investigated the fundamental consistency of the
solution to the ERE and convergence to the CRR.
The work has been extended to helium because of
a wider range of experimental data available in
the literature. Somewhat more care has been
exercised to preserve certain aspects of the solu-
tion so that details of the acquisition of the QSS
can be observed. Other work' examined the solu-
tion to the ERE for hydrogen with the plasma being
subjected to sudden severe changes in plasma pa-
rameters such as excitation temperature or free-
electron density. It was shown that these para-
metric changes can have an appreciable effect upon

the plasma decay. Although detailed quantitative
comparisons between the results of Refs. 13 and

14 are difficult because of the different problems
being solved (Ref. 13 was concerned with the
afterglow problem), they do show qualitative agree-
ment with each other and other unpublished work

by the present authors. The work in this paper
appears to be the first published in which the
characteristics of the ERE are applied to helium.

II. THEORY

The basic set of equations from which the CRR
model is derived has been developed elsewhere'
and will not be repeated here. The result of the
development is an infinite system of nonlinear
coupled differential equations describing the time
rate of change of the population density of each
energy state available to the plasma. Each equa-
tion is of the form

dn(p) = —n, n(p)K(p; c) —n,n(p)Z K(p; q)
a

—n(p)Z A(p; q) +n, Zn(q)K(q; p)
a&9

+Z n(q)A(q; p) +n, p(p) + n, K(c; p), (1)
a&9

where p and q symbolically represent energy states
available to the bound electron, n is the population
density, and the subscript e denotes the free-elec-
tron continuum. The K(p; c) and K(c; p) are rate
coefficients for electron collisional ionization of
the p state and three-body collisional filling of the
p state, respectively. K(p; q) and K(q; p) are rate
coefficients for electron collisional excitation or
deexcitation resulting in depopulating state p to any
other state q or populating state p from any other
staie q, respectively. A(p; q) is the Einstein spon-
taneous transition probability for radiative transi-
tions from state p to state q and in the formulation
of Eq. (1) may be zero if the dipole selection rules
are violated. p(p) is the radiative recombination
rate coefficient for filling state p.

Thus, in Eq. (1), the first term expresses the
rate of depopulation of state p because of electron-
atom ionizing collisions. The second term is the
rate of depopulation of state p because of electron-
atom inelastic collisions changing the bound elec-
tron to a higher state (p & q) or electron-atom
superelastic collisions in which the bound electron
goes to a lower-energy state (p & q). The third
term represents the rate of depopulation of state
p because of radiative transitions from state p to
a lower state q. The last four terms represent the
rate of population of state p because of electron-
atom inelastic collisions, radiative transitions
from some higher state q, radiative recombination,
and three-body recombination, respectively.

Equation (1) as written represents an infinte
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rectangular system describing the complete tem-
poral behavior of the population density distribution
for a singly ionized optically thin monatomic
plasma in which there are no spatial gradients
nor heavy body collisions. By adding the equation
for conservation of particles

Zpn(p)+n, =n, , (2)

where no is the total number density, the system
becomes square and, in principal, determinate.

Additionally, in this work the electron tempera-
ture will be assumed constant at a value somewhat
above the quasiequilibrium temperature indicated
by Bates and Kingston. " This assumption does not

consider the effect of radiative losses, elastic
electron-heavy body collisions, and possible wall
effects upon the electron temperature. This sim-
plification is admittedly at variance with observed
physical behavior in that a decaying electron tem-
perature has been observed in virtually every af-
terglow experiment. However, inclusion of a time-
dependent electron temperature greatly increases
the complexity of the problem by requiring instan-
taneous evaluation of the rate coefficients without
contributing to the elucidation of the mechanisms
by which the QSS distribution is established. In
the transient situation a decaying electron temper-
ature has the effect of reducing the collisional
rate coefficients and thus increasing the impor-
tance of radiation. Qualitatively this does not af-
fect the present model because the initial density
distribution was chosen such that the direction
of change of the individual state densities in ap-
proaching the final QSS distribution is determined
by radiative effects. This is true even though the
state may be strongly collision dominated because,
in a Boltzmann configuration, collisional processes
contributing to the populating and depopulating of a
specific level effectively cancel, leaving the radia-
tion terms as the determining factors. Thus, with
the assumption of a constant electron temperature,
the present study is believed to model qualitatively
the physical processes by which the QSS is ap-
proached, even in an environment in which the
electron temperature decays.

The rate coefficients for ionization [K(p; c)]
and excitation [K(p; q), p & q] were evaluated by in-
tegrating the Gryzinski formulation' of the energy-
dependent cross section for the transition over a
Maxwellian energy distribution for the free elec-
trons. The evaluation of the excitation rate coef-
ficients K(p; q) included both direct excitation
(satisfying dipole selection rules) and exchange
excitation (loosely defined as not satisfying the
dipole selection rules). The Gryzinski formula-
tion for each of these processes refers to a trans-
fer of energy from the projectile electron to the
bound electron that is just sufficient to excite the

bound electron to the desired state. menthe pro-
jectile electron has more than enough kinetic en-

ergy to effect this transition, the probability of
excitation to the next higher state must be sub-
tracted or

q( p; q) = q(z„z, ,) -5q(z„z. .,.),
fno

zp„, &z, „... (&)

where q(p; q) is the cross section for the reaction
and q(Z, Z~, , ) refers to the functional dependence
of Q upon the electronic kinetic energy E, and the

energy necessary to elevate a bound electron from
its orbit E~ to some higher orbit E„,. The rate
coefficients for three-body recombination [K(c;P)]
and superelastic collisions [K(p; q), q & p] were
obtained from the rate coefficients for electron-
atom inelastic collisional ionization and excita-
tion, respectively, using the principal of detailed
balance. Spontaneous transition probabilities were
taken from Niles" who covered the most important
transitions to the lower levels. Transitions among
the upper levels were included by using the hydro-
gen approximation and the radial matrix elements
of Green, Rush, and Chandler. ' Helium energy
levels were taken from Moore. ' Seaton's expres-
sion for hydrogen radiative recombination was
modified for helium energies and multiplicities.

The system of equations symbolized by Eqs. (1)
and (2) can be truncated at a finite quantum level
by noting that there will be some quantum level
above which all population densities are in equilib-
rium with the free electrons. " This is the so-called
critical level' and its existence means that those
states above it have their temporal characteristics
described fully by the temporal characteristics
of the continuum. It is not necessary to include
more than a few states above this critical level
because the relative importance of reactions caus-
ing a transfer of a bound electron to another bound
state across the critical level falls off rapidly with
increasing energy difference.

For this study singlet and triplet states were
maintained separate through quantum level 6. All
substates were summed together for each of the
levels 7-10. Core size on the available computer
dictated that the system not be allowed much larger
so no higher quantum levels were kept distinct.
However, to provide a reservoir for processes
affecting the high quantum levels (V-10), levels
11-15were summed together and included as one
state. Thus the study is restricted to conditions
such that at least quantum level 10 is in equilibrium
with the free electrons.

It is at this point that previous investigators im-
posed the QSS assumption. ' Under this assumption,
the time rates of change of all excited states are
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where 8 is the collisional-radiative ionization co-
efficient. y is the collisional-radiative decay co-
efficient of Bef. 1 and is to be identified with n in
Eq. (4). For most applications of interest, the
second term in Eq. (5) is negligible and common
usage has developed the nomenclature that n de-
fined in Eq. (4) is identified as the CRR coeffi-
cient. This terminology is adhered to in this paper.

Although QSS is certainly a reasonable assump-
tion and results from the CRR theory have enjoyed
success, the QSS assumption by its very nature
prevents a study of the time and mechanism where-
by the QSS is actually obtained.

This study has undertaken the transient solution
to the EBE for helium without implementing the
QSS assumptions by applying numerical techniques
directly to the system of equations represented by
Eqs. (1) and (2). The technique used in this study
is the implicit modified Euler's method ' and dif-
fers from the earlier work' which used a Taylor
series expansion to obtain the solution. The use
of the present method is a significant improvement
over the method of Ref. 13 in that computer run
times are considerably shortened: Average run
time for the data presented here is about 1 h for
each condition studied on an IBM S360/50 computer
using the IBM H-level Fortran compiler to fully
optimize the machine code. Gordiets, Gudsenko,
and Shelepsin' used the Bunge-Kutta method to
integrate the rate equations but no comparative
run times are available.

The earlier work' established the fundamental
validity of the ERE and of the transient solution
they will produce. The present work, carried
out on helium, investigates the actual details of
the acquisition of the QSS for several plasmas. By
examining the transient solution including the
coupling between the various states and the time

assumed negligibly small compared to the rate
of change of the ground state and continuum.
Hence, at QSS, ri(I)= —ri, A. s aconsequence of this
the time rate of change of either the ground state
or the free-electron density is described by an ef-
fective three-body recombination coefficient called
the collisional-radiative recombination coefficient
or, at QSS,

(4)

where n is the CRR coefficient. It should be noted
that this nomenclature is different than the original
work of Hef. 1 where the coefficient identified as
the CRR coefficient in Eq. (4) is termed the col-
lisional-radiative decay coefficient. The CRR
coefficient in Ref. 1 was identified and paired with
the collisional-radiative ionization coefficient
such that

for QSS to be reached, insight into the validity

of CRR to experimental plasmas will be obtained.

III. RESULTS

TABLE I. Summary of plasma conditions studied with
ERE.

Case

A

B
C

D
E
F
G
H

Pg p

(cm 3)

1.63x 10
1.5x 10'~

l. 5x 10~4

1.5x 10&6

1.5x10 6

2. 69x 10~5

2, 69x 10~&

2. 69 x 10'&

nfl,
0. 01
0. 01
0. 01
0. 01
0.01
0.2

0. 01
0.001

l. 0 x104
1.Ox 104

1.Ox 104

6.Ox10'
1.4x 10
1.Ox 104

1.Ox 10'
1.0 x 104

The transient solutions to the ERE under the
restrictions and assumptions previously indicated
were obtained for the plasma conditions summar-
ized in Table I. The lower limits of electron
temperature, ionizations, or total number density
represent approximate lower bounds to the plasmas
which could be solved with the present computer
program because of the critical level limits de-
scribed earlier. Although conditions above the
upper limits of the parameters have not been in-
vestigated it is believed that extension will not

yield notably different data on the mechanism by
which QSS is established. The initial distribution
for each of these cases was chosen to be a Boltz-
mann configuration for all excited states.

Much of the data to be presented here will be
examination of instantaneous rates of decay for the
various quantities. Hates are much more sensi-
tive than the population densities and provide a
more critical examination of the QSS.

A. QSS Recombination Coefficients

For comparative purposes, the QSS collisional-
radiative recombination coefficients, a, were ob-
tained for those plasmas studied and the results
are shown in Table II together with results inter-
polated from those reported by Chen. '

The present results are obtained by allowing the
transient solution to develop until n, and ri(1) agree
to within 570 and then calculating n with the instan-
taneous values of n, and n„n = —n, /n,

As is seen, the present results from the ERE
compare favorably with those of Chen, being con-
sistently slightly lower except for the low-temper-
ature case D. Chen also used Gryzinski's technique
for obtaining collision cross sections but used a
different source for the radiative transition prob-
abilities. Chen did not include all collisional tran-
sitions as this work 4oes and Chen used the simpli-
fied technique of obtaining the minimum in the total
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TABLE II. Quasisteady state collisional-radiative
recombination coefficients from ERE solution.

Tg
Case ( K)

ne
(cm 3)

~(ERE)
(cm3/sec)

a

(cm3/sec)

A

8
C
D
E
F
G
H

l. Ox 104

1.Ox 104

l. Ox104
6. Ox 10'
1.4x 104

l. Ox 104

I.Ox 10
l. Ox 104

l. 63 x 10 5

l. 5x 10'4
]..5x 10»
1.5x 10'4
l. 5x 10&4

5.38x 10&4

2. 69x 10"
2. 69x lp»

5.9x lp»
2. 16x lp-»
6.77x 10-"
1.25x 10-'&

7.98x 10-"
3.32 x 10-"
l.26 x lp-»
6. 86x 10 '3

7, 0xlP»
2. 25x 10-"
8. 1x 10-"
8. 5x 10-»
l. P5x]P-»
3.7xlp»
7.35x 10-»
8. 5x 10-"

Reference 10.

rate of deexcitation as a function of the energy
levels of excited states. ~' These differences can
easily account for the slight differences in Table
II. It is believed that the inconsistent behavior of
case D is due to the explicit inclusion of exchange
excitations from the metastable 2~S level to the
adjacent metastable 2'S level. This has the effect
of maintaining a higher collisional rate to the near-
by 2 'P level (rapid direct excitation) so that a high-
er rate of radiation to the ground state is main-
tained. This rate at QSS is communicated back
through the bound states to the free electrons, thus
resulting in a higher rate of recombination.
Others~ have also calculated recombination coef-
ficients but their conditions and resolution of their
data make comparisons difficult.

It is notable that these recombination coefficients
are typically a factor of 2 below those reported for
hydrogen by Bates et al. ' This corresponds to a
general trend in reported experimental values for
helium recombination rates to be below hydrogen
recombination rates (e. g. , Refs. 8, 8, 23, and
24). The true value will be somewhat in doubt
because of the inability of the Gryzinski cross sec-
tions to predict accurately the true collision rates.
However, use of a consistent set of cross sections
for both hydrogen and helium will indicate relative
differences. The factor of 2 corresponds to the
difference in the statistical weight of the ground-
state ions of hydrogen and helium and the subse-
quent effect upon three-body recombination rate
coefficients through the modified Saha equation.

B. Location of Critical Level

The initial distribution for each of the plasmas
was an equilibrium distribution from the 2 S level
through the upper states considered. As the ERE
solution develops in time, the levels below some
critical level, defined to be that lowest quantum
level which is maintained in equilibrium with the
free electrons, adjust to the final QSS distribution
while those levels above and including the critical
level remain in equilibrium with the free electrons.

TABLE III. Total number density, electron density,
electron temperature, and location of critical level for
each of the plasmas studied.

Case

A

B
c

E
F
G
H

Sp
(cm 3)

1.63x 10
1.5x 10'8

1.5x10'4
1.5x 1018

1 5X10'8
2. 69x 1015

2.69x 10'&

2. 69x 1015

(cm 3)

1 63x10'
1.Sx 10
1 5x 10'2

1 5x10
1.5X 1014

5. 38x10'4
2. 69x 10
2. 69x 10"

l. Ox 104

1.0 x 104

1.Ox 104

6. Ox 10
1.4x 104

l. 0x 10
1.0X 10
1.Ox 10

Critical level
(principal quantum

number)
3&o 10'

Although the present computations are not based
on a concept of a critical level, the observation of
its development in the transient solution and its
location is of interest pertaining to the internal con-
sistency of the calculations. The location of the
critical level is useful for experimental determina-
tions because it indicates that lowest level whereby
spectral intensity measurements can be used to
ascertain the kinetic temperature of the free-elec-
tron distribution.

Table III lists the critical levels found for each
of the plasmas as well as the total density, elec-
tron density, and electron temperature. Two cri-
teria were used for identification of the critical
level: 3 and 10% referring to the maximum deviation
from. equilibrium with the free electrons for any of
the substates for the principal quantum level to be
considered as the critical level.

The critical levels found for the high-electron
density high-temperature cases with the 107' cri-
teria compare favorably with predictions by
Hinnov and Hirschberg, ' who indicate that at those
conditions, quantum number 4 will be the lowest
level in equilibrium with the free electrons. No

comparisons were made at the low densities and

temperature other than to observe that they quali-
tatively show expected behavior.

C. Time Development of ERE Solution

The time development of the QSS for each of the
plasmas as a whole is illustrated in Figs. 1-3.
Two curves are plotted for each case. One, the
ratio of the continuum rate to the ground-state rate
n, /ri(1) has the value —1 at QSS. The other, the
ratio of the time-dependent CRR coefficient, n(t)
= —ri, /n„ to the value of n at QSS, has the value
+1 at QSS or when CRR theory will describe the
continuum decay.

A consequence of the QSS for the optically thin
plasma' is the condition that the rate of change of
the ground-state density and the continuum density
are equal in magnitude but opposite in sign. Hence,
observation of the time development of the ratio
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I ~ I I I ~ I I ~ ~ I I I I I

10 8 10 ~ 10+ 10 5

Time (sec)

I

10 4

FIG. 1. Ratio of time rate of change of free-electron
density to time rate of change of ground-state density
and ratio of time-dependent collisional-radiative recom-
bination coefficient to its value at QSS. T~= 10 000 K;
1% ionization; case A: no

——1.63X10 cm; case B:
no=1. 5&10 cm; case C: no=1. 5X10' cm 3.

FIG. 3. Ratio of time rate of change of free-electron
density to the time rate of change of ground-state density
and ratio of time-dependent collisional-radiative recom-
bination coefficient to its value at QSS as functions of time
for various electron densities. Te= 10 000 K; ygo

——2. 69
x10 5cm; case F g~=5. 38 x10&4cm easeG: yge=2. 69
x10 ~ cm; case H: ~e=2. 69x10 cm

Case E

-2 ~ I I L ~ ~ I I I I I I ~ I I I I

10 9 10 8 10 7 104 10 5

Time (sec)
104

FIG. 2. Ratio of time rate of change of free-electron
density to time rate of change of ground-state density
and ratio of time-dependent collisional-radiative recom-
bination coefficient to its value at QSS as functions of
time for various temperatures. go = 1.5 &' 10' cm
~ =1.5&10 cm; case D: T =6000'K; case 8:
T~ = 10 000 K; case E: T~ = 14 000 K.

n, /ri(1) will provide graphic illustration of the
region in which the QSS is valid. Since the CRR
coefficient used in this work is based totally upon
the free-electron-density characteristics, examin-
ation of the time development of the CRR coeffi-
cient based upon instantaneous values of n, and n,
and compared to the QSS will show the region in
which CRR theory will be valid for application to
electron-density measurements, irrespective of
QSS conditions.

Figure 1 shows the effect of varying total num-
ber density and election density together. Figure
2 shows the effect of varying electron temperature.
Figure 3 shows the effect of varying the electron
density. As one would expect, as conditions are

varied to lower collision rates, the time required
for the QSS to be established is lengthened and be-
comes significant for low-density cases.

Examining the n, /ri(l) curves one sees that a
consistent character of the decay of these plasmas
is the apparent overshoot of the QSS early in the
decay of most of the plasmas (cases A and D the
only exceptions) and then the slow recovery back
to the QSS. This could be due to an overshoot of
QSS conditions of either n, or n(1) but in fact both
quantities show the character to a greater or lesser
degree. It is also tempting to ascribe the over-
shoot to numerical inaccuracies in the program but
as will be seen below it is in fact a physical phe-
nomenon.

Figure 4 shows the detailed time development
of the rates of change of the continuum as well
as the 1'S, 23S, and 2 P bound states for case B,
which is typical of the phenomena. Both the
ground-state and free-electron rates overshoot
their QSS values and converge back toward their
QSS value slowly. Of specific interest in this con-
text is the 2 ~P level. By comparing the shape of
the curves for the time development of the 2 P and
continuum rates, it is seen that the continuum
overshoot follows the sudden growth of the 2 P
rate from about 5&10 sec through about 3&&10 '
sec and then slowly falls to the QSS value with the
fall of the 23S and 23P levels to the QSS. The early
part of the continuum rate curve, t&10 sec, fol-
lows the adjustment of the other quantum levels
towards their QSS values.

Figure 5 examines the time development of the
2 ~P rate in somewhat more detail illustrating
both the collisional and radiative contributions to
the net rate. The radiative rate is initially posi-
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FIG. 4. Total rate of change of 1~S, 23S, 23P quantum

states, and free-electron density, case B. Te=10000'K;
go=1. 5&10 6 cm; ~ =1.5&&10 cm 3.

tive, the collisional rate negative, and thus the
state is populating radiatively and depopulating
collisionally with the radiative rate dominating.
As the level continues to populate radiatively, the
radiative depopulation rate to the 2 $ level be-
comes continually larger so the net radiative rate
decreases toward zero at about 10 ' sec. Mean-
while the collisional depopulation rate also be-
comes larger with the increase in 2 P density till
about 4&&10 sec. At this point the 2'$ level has
become sufficiently populous that collisional trans-
fers to the 2 P level cause the 2'P collisional
depopulation rate to go through its maximum and

begin decreasing. It is at this point that the total
rate goes through its first minimum. Subsequent
to 4&&10 sec the 2'$ level continues to increase
in density so that the 2'P collisional rate continues
to drive positive and at about 2&10 8 sec the col-
lisional rate changes from a depopulating to a pop-
ulating effect. The period 2 X 10 sec & t & 10 sec
is characterized by positive contributions to the
total rate by both the collisional and radiative rates.
The total rate goes through a maximum and de-
creases with the declining radiative rate. After
about 10 sec the 2'P level has become high enough
in density that the radiative rate is dominated by
radiative depopulation. The collisional population
rate dominates the total rate, however, till about
10~ sec when the 2'$ level is approaching QSS so
the 2 P radiative depopulation rate becomes large
enough to balance the collisional population rate,
and the total rate thus decreases to zero at QSS.

Figure 6 illustrates the time development of the
population densities of the 2 $, 2'P, 2'$, and 2'P
levels for case B. This shows the slow increase
of the triplet states to their QSS value while examin-
ation of the singlet states reveals the cause of the
ground-state rate overshoot shown in Fig. 4. The
2 P level has a large radiative transition probabil-
ity to the ground state. Hence its population den-
sity shows a very rapid decrease through the early
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FIG. 5. Time development of total collisional rate,
total radiative rate, and total rate of change of 23P state,
case B. Te=10000 K; no=1. 5X10 6 cm; yge=1. 5&10
cm
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FIG. 6. Time development of population densities of
2 S, 2 P, 2 S, and 2'P states for case B. T~= 10 000 K;
no=1. 5&&10 cm; me= i. 5&10 cm

part of the decay. As its density falls below the
equilibrium configuration, collisions have a tendency
to fill it and in particular collisional transfers from
the 2'$ state. Hence the 2'$ state also shows a
reduction in density but slightly lagging the 2 'P
level. At about 1X10 sec, the 2 P level has
lowered in density sufficiently that collisional rates
can begin to balance radiative rates so the density
curve begins to flatten. However, the triplet
states are continuing to increase in density so that
exchange transfers between the triplet and singlet
states become more numerous and serve to elevate
the population densities of the singlet states. The
largest single contributor to the ground-state rate
is the radiative transitions from the 2 P state. By
comparing the ground-state rate in Fig. 4 to the
2'P population density in Fig. 6 one sees that as the
2'P density decreases, goes through a minimum,
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and slightly increases, so does the ground-state
rate. The plasmas which show the overshoot in

Figs. 1, 2, and 3 all exhibit this general behavior

in the continuum and ground-state rates although

the oscillation of the 2 P rate is not present in the
high-temperature case E.

Case E, which also shows the overshoot in both

the ground-state and continuum rates is slightly
more collision dominated at the low quantum levels
in the early part of the decay. Thus collisions have

a relatively more important role so that collisional
transfers between the 2'S and 2'P levels occur with

sufficient rapidity that the 2 P rate does not show

the oscillation prevalent in the lower-temperature
plasmas. In this case, however, the singlet states
still show the oscillation. This is because exchange
collisions occur at a significantly lower rate than

direct excitations so that radiation to the ground

state causes the 2'P and 2'S levels to deplete below
their QSS value before the triplet states approach
their QSS value at which exchange collisions are
competitive with other processes. In this situation
the overshoot of the continuum rate arises because
the triplet states maintain a significant positive rate
while the singlet state rates because increasingly
unimportant. The subsequent rate decay to QSS
follows the acquisition of QSS by the triplet states.

Those cases which appear to go monatonically
to QSS (cases A and D) do so for slightly different
reasons. Case A, the high-density case, is suf-
ficiently collision dominated that, although radia-
tion effects still determine the total rate for those
low levels, collisions are sufficiently rapid to pre-
vent oscillation and cause the ground state and con-
tinuum to converge to the QSS together. Case D,
the low-temperature case, is sufficiently radiation
dominated that the 2 'P radiative depopulation
serves to depress the density of adjacent levels.
Thus, instead of the 2 S populating radiatively until
collisional depopulation balances it, the 2'S colli-
sional population rate decreases rapidly enough for
the collisional-radiative processes to balance each
other at a lower density. Hence there is no signifi-
cant increase in density and the ground-state and

continuum rates converge to QSS together.
A dominant feature of the analysis of these plas-

mas has been the effect of the metastable level
upon the time required to reach QSS. The other
levels adjust to some value near or below their
QSS value early in the decay, typically at times on
the order of 10 sec, which is characteristic of
radiative decay times. Then, as the metastable
levels continue to populate radiatively, collisional
processes from the metastable levels to the ad-
jacent levels and subsequent excitation to higher
levels serve to raise the densities of these levels
to their final QSS values. The amount of adjust-
ment was dictatedby the energy proximity to the

metastable levels and whether the collisional ex-
citations were governed by direct or exchange
calculations. The importance of these metastable
levels upon the time for a plasma to achieve QSS
should not be neglected.

D. Time Development of CRR Applied to Free-Electron

Density

Because of the very appreciable time required
for QSS to be obtained for some of the plasmas,
as shown byri, /ri(1} in Figs. 1-3, it is of interest
to observe the time development of the CRR coef-
ficient n(t). This is also shown in Figs. 1-3 for
the plasmas studied here. The somewhat surprising
thing revealed by o.(t)/&(QSS) compared to ri, /n(1)
is that the continuum decay can in general be de-
scribed adequately by CRR theory significantly be-
fore QSS is actually obtained. For example, case
C does not acquire QSS within 5% according to
ri, /ri(1) until t=10~ sec, whereas n(t) overshoots
the QSS value by amaximum of 5% at I;=1&10 ' sec
and remained within 5% thereafter. Two of the
plasmas (cases B and F} for T, = 10000'K have
o.(t) which deviate substantially (20-25%) above
the QSS value, but in light of the deviation from
QSS of the ri, /ri(1) curves for these cases, this
is not as serious as would have been expected.
The two cases, which do not follow this pattern,
cases A and E, have different characteristics.
Case A, the high-density case, has an o.(f)/o(QSS)
which converges to QSS with the same characteris-
tics of ri, /n(1) and in either case is quite rapid.
Case E, the high-temperature case, is character-
ized by an almost 50% overshoot of the n(t) /o.'(QSS)
and then steady convergence back to the QSS with

ri, /ri(1). This large overshoot in the a(t)/n(QSS)
for case E is attributed to it being more collision
dominated so there is better communication between
the continuum and the low-lying quantum states.

The conclusion from this, that CRR can be ap-
plied to the continuum rate for low-density (no
& 10 ' cm ') low excitation temperature (T, & 10 000
'K) plasmas appreciably before QSS is acquired,
is inescapable. The reason for this applicability
of CRR to the continuum decay is fairly straight-
forward. If one writes the ERE equation for the
rate of change of the ground state and factors out

n, to put it into the proper form for identifying the
CRR coefficient, one sees that the dominant con-
tributors to the ground-state rate are those terms
involving the low-lying energy levels, particularly
radiation from the 2 'P level. Because of the en-
ergetically close proximity of the 2'P level to the
2'S, 2'P, and 2 'S levels, and the significant times
for them to reach their QSS value, it will require
significant times for the QSS to be reached, so far
as the ground state is concerned. However, for the
"less collision dominated" plasmas, the upper



23V6 C. C. LIMBAUGH AND A. A. MASON

quantum levels are the most important so far as
the transfer of electrons between the continuum
and the bound states are concerned. The lower
levels populate by radiation from the upper levels.
Hence the continuum develops equilibrium with the
upper states very rapidly and decays with them ac-
cording to CRR as they radiatively fill the low
levels until QSS for the entire plasma is obtained.

It should be noted that this analysis would only
be valid for those plasmas in which the population
density of the metastable levels is increasing. If
these levels are depopulating, this must be done
through excitation to some higher bound level and
then subsequent ionization thus adjusting the time-
dependent recombination rate to some lower value.

E. Effect on Measurements

The results presented in the preceding sections
indicate that when plasma conditions are changing
there may be inconsistencies in attempting to
correlate experimental and theoretical results. If
measurements of recombination coefficients are
based upon the electron-density decay rates, the
resultant values will show a tendency to be above
calculated values if the QSS has not been estab-
lished. If measurements of excited-state popula-
tion densities are made and these values used to
determine the recombination coefficients, they
will have a tendency to be below the QSS values.

There has been considerable investigation of
helium recombination reported in the literature but
the unusually detailed nature of the present study
makes it difficult to examine the experiments mean-
ingfully. The present study requires time-depen-
dent measurements of a large number of excited-
state densities and the election density whereas to
meet the goal of most experimental investigations,
the electron density and only a few excited-state
densities will suffice. An exception is the recent
work of Johnson and Hinnov in which they report
simultaneous measurements of electron density
and excited-state population densities as functions
of time for afterglow helium plasmas. The purpose
of their work was to obtain cross section functional
forms so that QSS calculations and measurements
would be in closer agreement. A distinct feature
of their reported data is that in the very early por-
tion of the decay when plasma parameters are
changing the fastest, recombination rates from the
electron density measurements are approximately
a factor of 2 greater than the recombination rates
based upon excited- state densities. The qualitative
agreement of these data with the results of the pre-
vious sections lends support to the possibility that
at those early measurement times the QSS had not
yet developed. Quantitative verification will re-
quire development of an ERE solution which allows

T, to change, which will be an even more lengthy
computation than the present one.

IV. CONCLUSIONS

The results and analyses presented in the pre-
ceding sections, based upon the transient solution
to the ERE for a decaying helium plasma, show
that in the range of conditions studied (Table I),
acquisition of the QSS is not necessarily as rapid
as previously supposed. For the low-electron-
density plasma (n, = 1.5x 10" cm ) studied this time
was of the order of 10 ' sec. Times for higher
electron densities were generally of the order of
10 -10 ' sec. The principal contributor to this
relatively lenghty time is the transient coupling
between the metastable 2 S state and other bound
states.

Although the QSS may require physically appreci-
able times to be established, the free-electron den-
sity can be described by the CRR coefficients con-
siderably earlier in all but the high-temperature
(T, =14000'K) or high-density cases (no=1. 6
x 10 cm ). For the high-density cases, the time
to achieve QSS is, however, generally small,
t &5x10 sec.

If measurements of electron density and excited-
state densities are made simultaneously in a period
before QSS is established, recombination rates
based upon the excited-state densities will be spur-
iously low. Hates based upon the electron density
will be slightly high but are more accurate than the
rates based upon excited-state densities. Use of
the population densities together with the electron
density and the QSS assumption to determine col-
lisional rates or cross sections between bound
levels must be approached carefully to insure that
QSS is valid.

There is evidence that the Gryzinski' formula-
tion for the excitation cross sections are larger
than the actual cross sections. ' This will have a
tendency to make results reported here conserva-
tive; the times based upon smaller cross sections
would be longer.

Because of the limited lower range of plasma con-
ditions for which the present computer program can
be used, application of the results presented here
to published experimental conditions must be large-
ly qualitative. However, the features of the ERE
solution illustrating the transient coupling between
the metastable 2 S state and other states provide
a great deal of insight into the mechanism by
which QSS is established. The study of physical
plasmas in which electron temperature is constant-
ly changing will require development of an ERE
solution in which the electron temperature is con-
tinuously variable, a significantly more difficult
problem.
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The intensity of n-particle-produced scintillations of liquid helium has been measured in
the 1.3-4. 2 K temperature range and at pressures varying from the vapor pressure at 1.3 K
to 28 atm.

I. INTRODUCTION

Among the unusual properties of superfluid liquid
helium is a reduction in the intensity of the scintil-
lation of the fluid produced by & particles as its
temperature is lowered. A number of investiga-
tions have been carried out, involving the effects
on scintillation of an electric field, a heat cur-
rent, and rotation of the fluid. 4

We present here the results of measurements

of the scintillation of pressurized liquid helium.
An extension of the measurements to lower tem-
peratures is described in the following paper (II)
and the results interpreted in the light of other
recent investigations. Specifically, these involve
our observations of both the scintillation pulse in-
tensity and the total intensity of the HeII lumines-
cence, e with results which confirmed a suggestion
made earlier by Moss and Hereford' that delayed
emission from metastable states could be responsi-


