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The specific heat of liquid He /He mixtures has been measured at saturated vapor pres-
sure for eight values of the He mole fraction ~ in the range 0. 53 «x «0.73 at temperatures
from -0.6 to - l. 4 K. For purposes of comparison, the specific heat of pure liquid He has
also been measured under similar conditions. The measured specific heat, obtained with a
calorimeter almost completely full of liquid, has been corrected to yield the specific heat of
the liquid cJ. „at constant pressure and mole fraction. For the mixtures, the correction re-
quired was everywhere & 17&. To a resolution in temperature which varies from 0.1 to 3
m'K from one value of x to another, the specific heat at the A. peak appears to be finite,
continuous, and cusped. Both the A. peak and the discontinuity in cJ, „as the system goes
from the two-liquid-phase region to the one-liquid-phase region tend to disappear as the
junction of phase boundaries is approached.

I. INTRODUCTION

The natures of the X transition in liquid He /He
mixtures and of the junction of the & and phase-
separation curves have recently become topics of
considerable interest. ' Qf particular interest is
the question of how the critical behavior of the mix-
tures at the & curve changes as the relative con-
centration of He' in the mixture increases from 0 to
the value at the junction. Also of great interest are
the unique properties of the junction itself.

Qur interest in the mixtures was stimulated by
the phase-boundary results of Graf, I,ee, and Reppy
which were obtained from dielectric-constant and
thermal-conduction measurements on the mixtures
near the junction. ~ These results indicated that in
the T, x plane at saturated vapor pressure the &

curve and the two arms of the phase-separation
curve all meet with finite nonzero slopes at a junc-
tion point T,=—0. 87 'K, x0=0. 67 which lies at the
top of the phase-separation region. Here T is the
absolute temperature, and x is the He mole frac-
tion of the mixture defined as the ratio Ns/(N~+ N4),
where X3 and N4 are respectively the numbers of
moles of He and He' in the sample. As Rice has
pointed out, the & and phase-separation transitions
in the mixtures seem to be intimately related, and
the situation is one in which a second-order tran-
sition goes over into a first-order transition with
decreasing temperature. 3

The present measurements at saturated vapor
pressure of the molar specific heat of the liquid
cp „at constant pressure and mole fraction were
undertaken to explore further the thermodynamic
behavior of the mixtures near the junction, with

greater resolution than had been obtained in the
earlier specific-heat measurements of de Bruyn
Quboter, Taconis, le Pair, and Beenakker. ' A
preliminary account of our work has appeared. '

Several other experimental investigations on the
liquid mixtures having a close relation to our work
have recently been carried out. Gasparini and
Moldover have reported the results of high-resolu-
tion measurements of cJ, „near the & curve for
values of x in the range 0 &x ~0.40. Measure-
ments near the & curve of the specific heat c„„at
constant molar volume v and mole fraction x= 0. 09
have been reported by Tang, Zipfel, and Graf. '
High-resolution vapor-pressure measurements,
which provide thermodynamic information about the
liquid complementary to that given by the specific
heat, have been carried out by Goellner and Meyer. '
In addition, attention has recently been called to
the unique nonclassical nature of the junction in a
theoretical paper by Griff iths. '

The present report describes the experiment and
gives the results of specific-heat measurements
carried out at eight values of x in the range
0. 53 &x &0.73. As a check upon our experimental
technique, measurements of the molar specific
heat of pure He' at saturated vapor pressure were
also made, and the results are included in this
report. The temperature range covered was ap-
proximately 0. 6 to 1.4 'K. Some earlier measure-
ments on the mixtures were made at additional
values of x, ' but because of subsequent improve-
ments in apparatus and technique they have not
been included in the present paper. The report
concludes with a preliminary analysis and discus-
sion of the data. It is intended to present further
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which is very nearly the case at saturated vapor
pressure, one may borrrowfreely from formalism
developed for pure fluids.

Since T, P, and x are convenient independent
variables from an experimental point of view, we
shall make extensive use of Eq. (2}. Sometimes,
however, it is more convenient to regard the three
"fields" T, P, and (t} as independent variables. '
In this case one may make a Legendre transforma-
tion to a new potential g- (t}x, which turns out to be
p, ,(T, P, ItI), obtaining the alternative fundamental
differential relation

20— ~VACUUM
dp. 4= —s dT+ v dP —xd(t}. (4)

CM
He PQT

~VACUUM

40—

SAMPLE CELL

~SAMPLE SPACE

FILL CAPILLARY

50—

FIG. 1. Diagram of the inner parts of the cryostat.

analysis of the results in a later paper.

II. THERMODYNAMIC FRAMEWORK

In treating the mixtures thermodynamically one
may take as a starting point the differential rela-
tion

dG= —SdT+ VdP+ P3dN3+ P4dN4,

in which G is the total Gibbs free energy of the
system, S is the entropy, V is the volume, and p, 3

and p.4 are the respective molar chemical potentials
of the He and He components. Reducing the ex-
tensive quantities in this expression to intensive
quantities per mole of mixture, denoted by lower
case letters, one obtains the useful relation

dg= —s dT+ vdP+ P dx,
where ((t}

=-
p, 3

—p,4. Thus ((t} appears as the natural
thermodynamic variable conjugate to x.

It is helpful to note that when P is constant, and
thus dP zero, Eq. (2} for the mixtures is analogous
to the relation for a pure fluid

df= —s dT —Pdv,

where f is the molar Helmholtz free energy. In
this analogy f corresponds to g, P to —@, and v

A word about notation: We will denote the X

curve (surface) by the symbol & and the phase-
separation curve (surface} by &. When it is neces-
sary to distinguish the He3-rich and He3-poor sides
of the & curve or the corresponding branches of
the phase-separation curve we will use the symbols
+ and —,respectively. When a derivative is to be
taken at constant pressure a subscript P will be
used. When no such subscript appears, the deriva-
tive is to be taken at saturated vapor pressure
unless the context dictates otherwise. Thus, for
example, a derivative denoted ( )P, is to be eval-
uated along the intersection of a surface of constant
pressure with the & surface, while a derivative
denoted simply ( )„ is to be evaluated along the
intersection of the saturated vapor pressure surface
with the ~ surface, i. e. , along the usual & curve.

III. APPARATUS AND PROCEDURE

A. Description of Cryostat

The measurements were made in a cryostat of
conventional design employing unpumped liquid N~
and He outer baths and pumped inner He and He
baths. The arrangement of the inner parts of the
cryostat is shown in Fig. 1. The sample cell con-
sisted of a cylinder of 1:igh-purity copper with a
cylindrical cavity 1.6 cm in diameter and 3.0 cm
high, into which a tangled mass of 0. 007-cm-diam-
eter high-purity bare copper wire had been com-
pressed to ensure good thermal contact between
samp1. e and cell. The copper wire occupied ap-
proximately 55fo of the cavity volume, leaving an
open space of 2. 85 cm3 for the sample. This open
volume was determined to within + 1.0% by mea-
suring, at two different values of x, the amount of
liquid He /He' mixture needed to overfill the cell
at a fixed temperature near 1.O'K. Use was made
here of the measurements of the molar volume of
the liquid mixtures by Kerr. " The total mass of
the copper used in the construction of the sample
cell was approximately 310 g.

A bifilar heater of approximately 500- resis-
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tance was wound in an open helix around the sides
of the cell and varnished in place. Two germanium
resistance thermometers, which we designate A

and B, '2 were placed in holes drilled into the upper
part of the cell, and care was taken to provide good
thermal contact between both the container and the
leads of each thermometer and the cell. Four-
wire electrical connections to each of the thermom-
eters from a terminal post thermally anchored to
the He' pot were made using 0. 008-cm-diameter
manganin wires approximately 10 cm long. Super-
conducting connections to the heater were made
with two indium-coated manganin wires of the same
dimensions. Four-wire heater connections were
then used between the He3 pot and the heater cur-
rent supply.

The sample cell was firmly supported below the
He3 pot by means of spring-loaded nylon threads.
The cell was cool.ed by means of a mechanical jaw-
type heat switch and was never exposed to exchange
gas in the course of a run before or during specific-
heat measurements. The support of the sample
cell and the arrangement of the heat switch were
very similar to those shown by Hill and Pickett. "

The experiment was planned so that the sample
would nearly but never entirely fill the cell with
liquid, the vapor space assuring that the sample
would remain at saturated vapor pressure. The
sample was admitted to the cell through a long
capillary running from a valve at the top of the
cryostat down through the main He' bath into the
vacuum can. The capillary passed through the He'
and He pots, to which it was thermally anchored,
and finally entered the cell at the bottom, so that
a portion of the capillary would always be filled
with liquid, whose thermal conduction was known to
be low even in the superfluid region. ' The upper
section of capillary running from the valve to the
flange at the top of the vacuum can had an inner
diameter of -0.065 cm and a length of -95 cm,
the inner volume thus amounting to Q. 3 cm3. The
volume of the additional dead space on the lower
side of the valve at room temperature was of the
order of 1 cm'. The lower section of the capillary
extending from the flange to the cell, the only sec-
tion which 1.iquid could have occupied, consisted of
a cupronickel tube of 67-cm length and 0. 025-cm
inner diameter partially filled along a section of its
length by a 0. 020-cm-diameter stainless-steel wire.
The total volume of the empty space remaining in
this tube was 0. 018+0.006 cm .

The principal advantage of a direct capillary
connection between the cell and the top of the cryo-
stat was the avoidance of any difficulties that might
have been associated with the use of a low-tem-
perature valve. At the values of x studied the heat
leak between the cell and He' pot due to liquid in
the capillary is estimated to have been much less

than 1 erg/sec.
The main disadvantage of this arrangement was

that a certain fraction of the sample lay outside the
sample cell, an amount which must have increased
with temperature as the increase in the vapor pres-
sure within the cell tended to push more of the liq-
uid out into the fill capillary. However, it is esti-
mated that the total fraction of the sample lying
outside of the cell remained between the limits of
0. 3 and 0. 9$, and we believe that our estimates
of the amount of sample in the cell at any given
temperature relative to the total amount of sample
present are accurate to within an uncertainty of
~ 0. 3%.

Another, related disadvantage was that, due to
temperature gradients and heat currents in the
capillary, fractionation of the mixture in the capil-
lary may have taken place, tending to alter the value
of x within the cell. However, under extreme as-
sumptions it is unlikely that x within the cell was
altered by more than +0.003, and under usual con-
ditions the alteration should have been much less.

In retrospect, it seems possible that had the cap-
illary entered the top of the cell these disadvantages
might have been avoided without seriously increasing
the heat leak to the cell. At the time of the design
of the apparatus it was feared that in the superfluid
region, film flow and vapor reflux might cause a
large heat leak along a vapor-filled capillary. How-

ever, because in the mixtures the He atoms do not
participate in the film flow, the reflux of He atoms
would be impeded by a stationary distribution of He
atoms in the vapor, and it seems likely that the
process would have contributed a much smaller heat
leak than in the case of pure He4.

B. CeH Heating and Thermometry

Direct current was supplied to the sample-cell
heater from a constant-current source. Currents
in the range from 0. 1 to 0.3 mA were used for
most of the work, there being an indication on some
occasions that larger currents gave rise to inconsis-
tent data. It is estimated that the energies in the
heat pulses delivered to the sample cell were de-
termined with an over-all uncertainty of a 0. 6 fp.

The resistance of thermometer A, the thermom-
eter used for the bulk of the measurements, was
measured potentiometrically using direct current.
A measuring current of -4. 5 pA was emp1oyed,
corresponding to a power of -2 nW dissipated in
the thermometer at 1.0 K, where its resistance
was -120 ~. Because the sensitivity of this ther-
mometer d lnR/d lnT was -- 1.7 at l. 0 'K and the
minimum detectable voltage change with our system
was -10 nV, the minimum detectable temperature
change at this temperature was -10 p, 'K. Because
the power being dissipated in this thermometer was
large enough to cause a significant shift in the re-
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sistance from the zero-power limit, care was al-
ways taken to use the same value of measuring cur-
rent, which was derived from a stable high-irnped-
ance source.

Thermometer A was calibrated between 0. 5 and

1.7 'K against the 1962 Hes vapor-pressure scale
of temperature" to an estimated accuracy of
-+1m K above 0. 6 K. The He' in the He pot used
in the calibration was purified of He' to less than
-5parts in 10» by fractional distillation, '6 and the
vapor-pressure scale was then used without cor-
rection for the He' present, the resulting error
being &0. 2 m'K. " No correction was made for
thermomolecular pressure drop, the estimated cor-
rection at 0.6 'K being & 0. 3 m'K and decreasing
rapidly with increasing temperature. ' The error
in specific heat resulting from neglect of such ther-
momolecular effects is estimated to be & 1/o at
0. 6'K and &0. 1% at 0. 7'K. The calibration of the
thermometer was rechecked a number of times
during the course of the work, after many thermal
cycles back to room temperature, and there was no
convincing evidence of any shifts of more than a few
tenths of a millidegree having taken place. It is
estimated that except possibly at the lowest tem-
peratures the uncertainty in specific heat resulting
from systematic errors in calibration was & 0. 51.

Thermometer B was used only for the higher-
resolution data taken for x= 0. 530, 0. 650, and
0. 680. Its resistance was measured using an ac
ratio-transformerbridge. This bridge was designed
so that lead resistances were balanced to first order
and that any higher-order effects could easily be
measured potentiornetrically and corrected for.
A measuring voltage of -40 mV rms applied to this
thermometer at 1.0'K, where its resistance was
-27 kA, corresponded to a power dissipation of
-60 nW in the thermometer. Because the sensi-
tivity of this thermometer dlnR/dlnT was ——3. f
at 1.0 'K and the minimum detectable voltage change
was -20 nV, the minimum detectable temperature
change with this thermometer at this temperature
was -0. 3 p, K.

Thermometer B was calibrated against ther-
morneter A, a process which could easily be re-
peated from day to day during a run. Drifts in the
calibration of thermometer B relative to thermom-
eter A may have been due to the power sensitivity
of thermometer B in connection with drifts in the
excitation voltage, since rather high power levels
were used.

C. Sample Preparation

Samples of known composition were prepared
near room temperature by mixing pure He» gas
with relatively pure He' gas whose He' impurity
concentration was known. The resulting mole frac-
tion x of He3 in the sample was determined by in-

troducing first one gas then the other into a fixed
volume at a constant temperature of 0 C while mea-
suring the pressures with a quartz bourdon-tube
manometer. ' At mixing pressures of less than

1 atm, corrections due to the nonideality of the gas
were unnecessary for our purposes. ~o Care was
taken to trap out any air and other more condens-
able gases in the He3 and He' previous to mixing.
It is estimated that the x values of mixtures prepared
in this way were determined to within +0.001. For
the measurements on pure He, He gas containing
less than 1 part He in 10 was used.

For the measurements of specific heat, a known

quantity of gas was condensed into the cryostat
with the cell held at some conveniently low tem-
perature near 1'K. The amount of gas introduced
into the cryostat was determined by measuring the
initial and final pressures of the mixture in a rnea-
sured volume of the system from which the gas was
condensed. This amount was rechecked in several
cases at the end of the run when the sample was re-
covered from the cryostat. The quantity of sample
was typically -0.08 mole and was believed to be
known to within an uncertainty of a 0. 3%.

Several precautions were taken to minimize any
fractionation effects which would yield a sample in
the cryostat whose composition was different from
that of the original gas mixture. First, the amount
of gas mixture prepared for a given sample was
only about 10% greater than the amount to be con-
densed into the cryostat. Next, the condensation
was carried out as steadily and quickly as possible,
the time required being typically 2 h. Finally,
once the sample had been introduced, the sample
valve at the top of the cryostat was closed and left
so during the run, no withdrawals of sample taking
place until the entire sample was removed. No at-
tempts were made to prepare mixtures or change
the composition at low temperature; all the mixing
was carried out at 0 C.

D. Measurement of Specific Heat

Measurements of the total heat capacity were
made by the conventional method of following the
temperature drift of the cell before heating, adding
a known amount of heat &Q, and then once again
following the temperature drift. The effective
initial and final temperatures of the measurement
were determined by extrapolating the initial and
final drift curves to the center of the heating in-
terval, and the average total heat capacity in this
effective temperature interval &T was determined
by dividing &Q by ~T. This simple extrapolation
procedure was justified by the slowness of the
drift and the absence of any abrupt changes in it,
and by the relatively small changes taking place in
the heat capacity within the temperature intervals
used. Typically, the drift intervals between heating
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periods were -900 sec long, the drift rate near the
features of interest was within the range +0. 5 p. K
sec ', depending upon the temperatures of the cell
and He3 pot, the heating periods were from 20 to
600 sec long, and the temperature rise during
heating was from 0. 1 to 40 m K.

For many samples two series of points were
taken covering the entire temperature range from
-0.6 to -1.4 K with relatively large heat pulses,
corresponding to temperature intervals of 30 to
40 m K or more. In between these series, higher-
resolution measurements were made in the vicinity
of the phase boundaries. Because the features of
the specific heat that are of interest in this work
appear on top of a relatively large background spe-
cific heat, it seemed desirable to achieve a relative
accuracy in specific heat of a few tenths of a per-
cent. As a result the smallest heating interval we
could use with thermometer A, with a resolution
of -10 p, 'K, was -3 m K; the smallest with B,
with a resolution of -0.3 p'K, was -0. 1 m K.
These smallest intervals thus represent the effec-
tive temperature resolution of our specific-heat
measurements.

Immediately fcllowing the heating period, the
temperature drift curve showed a rapid relaxation
toward a steady drift with a time constant of a few
seconds. This primary relaxation did not vary
greatly over the entire range of temperature and
composition covered, and it seems likely that it
represented the primary thermal relaxation between
the cell and its contents. In addition to this primary
relaxation there was some indication that additional
relaxation of smaller magnitude was taking place
on a time scale of hundreds of seconds, probably
associated with redistribution of the two helium
isotopes among the various phases of the two- or
three-phase system. Although drift periods of
-900 sec appeared to be long enough to prevent
interference from this secondary relaxation, there
is of course no guarantee that steady-state drift
was actually attained and that longer relaxation
times were not present. Long-term relaxation ef-
fects were particularly noticeable in the three-phase
region at temperatures immediately below the
phase-separation boundary for x& xo, and the ten-
dency of the data to scatter there rather more than
in other regions suggests that the drift periods were
not always long enough to achieve steady state.
The effect of using too short a drift period was to
yield spuriously low values of specific heat which
were drift period dependent. In retrospect, it
would have been advantageous to use a cell cavity
with a much smaller height, so as to reduce the
relaxation time associated with isotopic redistribu-
tion.

The average specific heat c per mole of sample
was computed from the total heat capacity by sub-

tracting away the relatively small heat capacity of
the empty cell and then dividing by the total number
of moles of sample present in the cell. The heat
capacity of the empty cell amounted to & 1/& of the
total heat capacity. This cell heat capacity was
measured directly and was accounted for almost
entirely by the copper used in the cell's construc-
tion.

Taking into account the precision with which the
various measurements were made, it is estimated
that c was determined to within an over-all absolute
uncertainty of +1.8% over most of the temperature
range. The relative uncertainty between many of
the determinations of c was considerably less than
this.

IV. RESULTS

Because the cell was only partially full of liquid
during measurement of the specific heat, the over-
all molar specific heat c of the sample was not that
of the liquid alone but contained contributions due
to the vapor in the cell and to evaporation of the
liquid with increase of temperature. As a conse-
quence c depended on the amount of sample present.
In the interest of presenting the results in a useful
form, it was decided to compute from c the molar
specific heat cp „of the liquid alone at constant
pressure and Hes mole fraction, evaluated at satu-
rated vapor pressure. In the case that two liquid
phases are present, as in the phase-separation re-
gion, cp „denotes the average molar specific heat
of the liquid phases at constant pressure and average
He mole fraction of the liquid.

It can be shown thermodynamically that for a
sample consisting of N, moles of He' and N4 moles
of He' contained in a cell of fixed volume V, the
over-all molar specific heat c of the sample may
be written

c= —T x, +(l —x), +, , (5)

when one, two, or three phases are present. '
Here x=N, /(N, + N, ) is the average mole fraction
of He in the sample, and N= N3+ N4 is the total
number of moles present. The derivatives apply
to the thermodynamic path actually followed by the
system. When three phases are present in equilib-
rium, the path is uniquely determined by the co-
existence conditions, and consequently the deriva-
tives are unique functions of T. When only one or
two phases are present, these derivatives depend
not only on T but also on x and on the average molar
volume v= V/N of the sample.

From Eq. (5) can be derived the expression
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where i runs over whatever phases are present, N,
is the number of moles of the ith phase present,
and for the ith phase x is the He3 mole fraction,
v is the molar volume, and c~ „ is the molar spe-
cific heat at constant P and x. The total. derivatives
dP/dT and dx/dT in this expression apply to the
paths in P, T, x space actually followed by the in-
dividual phases present. A derivation of this ex-
pression is given in the Appendix.

When the amount of sample within the cell is not
fixed but can vary, such as it did in our experiment
as material in one of the phases left the cell with
increasing temperature, Eqs. (5} and (6} must be
modified by the addition of the term —(Tv/N) (dP/dT)
&(dN/dT) to the right-hand sides. Here v is the
molar volume of the phase leaving the cell, in our
case a liquid phase. However, we estimate that
with one exception this term made a negligible con-
tribution to our results, and so we have not included
this term in computing c~ „for the liquid from c.
The only exception is mentioned later on in the dis-
cussion of the results for pure He'.

The first step in obtaining c~ „for the liquid from
c was to evaluate and subtract away the vapor term
in the expression for c given by Eq. (6}. Under
our experimental conditions, in which (with the ex-
ception of run 3 with pure He'} the cell volume was
always between 93 and 97% full of liquid, N„/N was
always very small. Here N„ is the number of moles
of vapor present. As a consequence the vapor-phase
term in Eq. (6) was relatively small and could be
estimated to sufficient accuracy using ideal-gas ap-
proximations for cp „and the partial derivatives,
as well as for N„. In these calculations use was
made of the vapor-pressure data of Sydoriak and
Bobertsa~ in combination with the Hes vapor pres-
sures of the T6~ scale, "the determinations of
x„(x„T)by Roberts and Swartz ' and an approximate
form for x„(x„T)based on regular solution theory,
and the liquid molar volume results of Kerr. " A
further consequence of the smallness of N„/N was
that the average mole fraction of the liquid x, never
differed from x by more than —0. 0004 due to the
presence of vapor in the cell.

The vapor-phase term was subtracted from c
and the result multiplied by N/N, to yield the quan-
tity e given by the expression

where i now designates just the one or two liquid
phases present and N, = N- N„ is the number of

moles of liquid in the cell. This specific heat c
has the physical significance of being the molar
specific heat that one would measure in the limit
of the cell being (not quite) completely filled with

liquid.
The greatest uncertainty in the calculation of c

from c occurs near the X transition, where dP/dT
changes rapidly with temperature. However, due

to the smallness of the vapor term relative to the
liquid term, the uncertainty in c due to this source
is still quite small. The net negative correction to
c yielding c increased in magnitude with T and with
the exception of run 3 with pure He was never
greater in magnitude than 0.09 J mole ' 'K '; at T„
it was never greater in magnitude than 0.04
J mole ' 'K ', and its uncertainty there due to the
uncertainty in dP/dT was always well within + 0.01
Jmole ' K '.

The last step in determining c~ „for the liquid
from t." was to extract c~ „from c'. In the two-
liquid-phase region, the contributions to c due to
the terms proportional to dP/dT and (dP/dT) were
estimated to be everywhere much less in magnitude
than 0.01 J mole ' K ' and hence negligible. These
estimates involved use not only of the vapor-pres-
sure data of Sydoriak and Roberts for dP/dT, ~~ but
also of the molar volume measurements of Kerr
for (Bv/8T}J, „"and of the speed of sound measure-
ments of Roberts and Sydoriak for (Sv/SP)r,
Further, the difference between (dx/dT), for each
liquid phase in equilibrium with the other and the
vapor and (dx/dT)I, for each liquid phase in equi-
librium with the other at constant pressure was
estimated to have been negligibly small for our
purposes. Thus in the two-liquid-phase region c'
represents without further correction the average
molar specific heat c~ „of the liquid as a whole at
constant pressure P and average mole fraction x„
which can be written

+ cp„+T, 8

where + and —refer respectively to the He'-rich
and He -poor liquid phases in equilibrium.

In the one-liquid-phase region, the sum in Eq. (7)
contains only one member. In order to obtain cp „
for the liquid from c in this region the terms in
Eq. (7) proportional to dP/dT and (dP/dT)2 were
estimated using the data cited above. Special care
was required near T~ where not only rapid changes
in dP/dT with T occur but also the possibility exists
that the derivatives (&v/BT)~, and (Bv/aP)r „become
large in magnitude. However, at values of x near
xo the molar-volume and sound-velocity data from
which these derivatives were estimated show no



2360 ALVE SALO, BE RGLUND, ISLANDE R, PIC KE TT, AND ZIMMERMANN

TABLE I. Various parameters for the eight mixtures
studied and for pure He3. Here pf(total) represents the
total number of moles in the sample.

0. 530 (O. 5297)
0. 580 (0. 5800)
o. 61o {o.61oo)
o, 65o (o. 65oo)
0. 672 (0.6720)
o. 68o (o. 68oo)
0. 701 (0.7008)
0. 731 (0. 7307)
l. 000 (run 2)
1.000 {run 3)

N {total)
(mole s)

0. 0837
0.0837
0. 0830
0. 0835
0. 0803
0.0829
0. 0808
0. 0803
0. 0741
0.0694

0. 806
0. 833
0. 846
0. 862

0. 861
0. 829
0.787

1.223
1.100
1.027
0. 929
0. 874

anomaly. Further, the extreme values attained by
these derivatives may be estimated from the mea-
sured specific heat and estimates of other thermo-
dynarnic functions using relations implicit in the
work of Buckingham and Fairbank on pure He'. 6

Such estimates indicate that for our purposes any

anomaly in these derivatives at T„ is negligible.
The term in Eq. (7) proportional to (dx/dT)2 for the
liquid was estimated in the one-liquid-phase region
to be everywhere considerably less than 0. 001
J mole ' K ' under our conditions and thus com-
pletely negligible. Like the magnitude of the cor-
rection to c yielding c, the magnitude of the over-
all positive correction to c yielding c& „reached
its largest values at the highest temperatures.
Except for pure He3, it was never greater than 0. 06
J mole ' 'K ' and at T„was always «0.Q1 J mole '

K '. The two corrections tended to cancel each
other at the high-temperature end of the range, so
that except for pure He' the magnitude of the total
correction to c yielding c~ „never exceeded 0. 06
J mole ' 'K ' (& l% of cJ, ,). For pure He' the total
correction remained & 0. 10 J mole ' 'K ' in mag-
nitude.

The data, corrected point by point to yield c& „
for the eight mixtures measured, were tabulated
along with the average temperatures of the mea-
surements. 7 Selective plots of these data for five
representative mixtures are shown in Fig. 2. Not
all of the data points tabulated for these mixtures
have been included in the plots. In particular,
points whose initial and final temperatures clearly
spanned either the phase-separation temperature
T, or the X temperature T„have not been plotted;
nor have two series of points for x& xo measured
near T, which are suspected to lie spuriously low
for T& T, been plotted. Values of T, and T„esti-
mated from these data by inspection of plots such
as those of Fig. 2 are listed in Table I and are
I: otted as solid circles in Fig. 3. %e estimate
from a plot of this type that the junction lies at To

= (0. 871 +0.002)'K and x0=0. 6735+ 0. 003. These
values may be compared to the values To= (0.872
+0.003)'K and x0=0.669+0.005 suggested by the

results of Graf, Lee, and Reppy.
Within the three-phase region the data may be

subjected to a, self-consistency test of the following
kind. In that region Eq. (5) implies that c- (VT/N)
x(d2P/dT ), is alinear function of x at fixed T Lik. e-
wise, Eq. (8) implies that in the same region the
average liquid specific heat c& „ is a linear function
of x, at fixed T. Although we have applied this test
in both forms with similar results, we choose here
to display it in the first form. Figure 4 shows plots
for a series of temperatures with a "best" straight
line drawn by eye through the points for each tem-
perature. The linearity test is satisfied to within
+0.02 J mole ' 'K ' bymuchofthedata. The points
plotted in Fig. 4 are also listed in Table II.

The data for pure He' were corrected in a manner
like that used for the mixtures, and the results for
c~, were similarly tabulated and have been plotted
in Fig. 5.~7 The good agreement between the two
sets of results derived from separate runs with dif-
ferent sample sizes and thus different vapor-phase
corrections is reassuring. The smooth curve in
Fig. 5 represents the form suggested by Roberts,
Sherman, and Sydoriak to represent earlier mea-
surements of the specific heat c„„'~corrected to
yield c~ „. The agreement between the curve and
our data from 0. 9 to 1.3 'K is extremely good.
The tendency of our data outside of this temperature
range to depart from the curve may reflect ther-
morneter calibration problems towards both ends
of the temperature scale that are not properly ac-
counted for in Sec. ID. Thus it is possible that
errors in the mixture specific heats towards both
ends of the scale are somewhat larger than esti-
mated in that section.

%e believe that the small bump in the specific
heat of pure Hes at approximately 1.11 'K is spuri-
ous and arises from our failure to include the open-
cell term —(Tv/N) (dP/dT) (dN/dT) mentioned ear-
lier in this section in obtaining cp „from c. Al-
though this term was negligibly small under most
circumstances, it should have become large enough
to have a noticeable effect at the point where the
cell temperature reached the temperature of the H8
pot. At this point a rather rapid rise of the liquid
level in the capillary should have taken place with
increasing cell temperature.

V. ANALYSIS AND DISCUSSION

A. Three-Phase Region

The determinations of the quantity c- (VT/N)
&(d~P/dT~), given by the straightlines in Fig. 4 may
be used in connection with Eq. (5) to determine
(d p~/dT ), and (d~g, /dT ), as unique functions of
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7 in the three-phase region. However, because
the extrapolations to x= 0 and x= 1 are long ones,
we have chosen instead to determine the linearly
related quantities (d P/dT ), and xo(d ps/dT ),
+ (1 —x,)(d~g, /dT~), . At a given T the former is
just —1/T times the slope of the corresponding line
in Fig. 4, while the latter is just —1/T times the
ordinate of the line at xo= 0. 6735. The values of
these quantities are listed in Table III and plotted
as solid circles in Figs. 6 and V.

Estimates of almost these same quantities may
be made from the Leiden measurements of the spe-
cific heat of the mixtures in the two-liquid-phase

region, ' and these estimates have been plotted as
open circles in Figs. 6 and V. It is also possible
to estimate these quantities at temperatures «0. 4 K
from other work. The derivative (d p4/dT ), in
this region was obtained by twice differentiating
along the He3-poor branch of the phase-separation
curve the values of p4(x, T) calculated by Radebaugh
for relatively small values of x. ~ The derivative
(dmus/dT2), in this region was obtained from the
measured specific heat of pure He as tabulated
by Radebaugh ' using the approximation that along
the He'-rich branch of the phase-separation curve
at low T the mixtures behave like regular solutions
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(simple mixtures). In so doing use was made of the
regular-solution form for iLs(x, T) used by Edwards
and Daunt, together with their approximate form
for the variation of x with T along the He -rich
branch of the phase-separation curve near T = 0.
Values of (dEItI/dTL), and x, (d iLL/dTE), + (1 —xs)
&(dsiA, /dTE), calculatedfrom these estimates have
been plotted as solid squares in Figs. 6 and 7.

With regard to (dsI|I/dT )„ the values derived
from our data do not agree well with the Leiden
values in temperature dependence. However, a
plausible interpolation may be made between our
values and the values calculated for low temper-
atures, and the dashed line in Fig. 6 is simply

MOLE FRACTION He - E

FIG. 4. Plots of c —(VT/N)(d P/dT )0 in the three-
phase region as a function of g for six values of T. Note
the shifts in the vertical scale; the arrow at the left-hand
end of each line indicates the portion of the scale which
applies to that line and to the points along it.

drawn by eye to provide this interpolation and to
extrapolate our data to higher temperature.

With regard to xs(d iIL/dTE), + (l —xs)(d'p, /dTE)„
the three sets of values connect with each other
reasonably well, but the resulting function is not
entirely convincing due to the differing temperature
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dependences. It seems clear that new specific-heat
measurements at a number of values of x in the
three-phase region from temperatures below 0. 1 'K
up to both branches of the phase-separation curve
would be useful in determining more accurately the
behavior of the mixtures in the three-phase region.

B. (BP/Bx)& &
at Phase-Separation Curve

It can be seen from Eq. (8) that as a liquid mix-
ture of average mole fraction x, leaves the two-
liquid-phase region and passes into the homogeneous
phase at its phase-separation temperature T„a
discontinuity &c& „occurs in its average molar
specific heat c~ „which is given by the expression

where (SP/Sx}~ r applies to the homogeneous phase
at x, and T„and (dx/dT)p, is the inverse slope of
the phase-separation curve in the T, x plane at con-

stant pressure at the same point. Since for sta-
bility (8$/Sx)j. r is always & 0, Ac~, is always &0.

Equation (9) provides a simple and direct way of
determining (Sp/sx)~ r for the liquid at the phase-
separation curve, using the fact that (dx/dT)~, is
believed to differ only negligibly from (dx/dT)„ the
inverse slope of the phase-separation curve in the
T, x plane at saturated vapor pressure. Values of
(Sp/Sx)~ r at the phase-separation curve determined
from our data are listed in Table IV along with the
data from which they were calculated, and are plot-
ted as solid circles in Fig. 8. The circles strongly
suggest that (Sp/Sx)z r goes to zero as the junction
is approached along either branch of the phase-
separation curve. The curves in Fig. 8 are merely
smooth curves drawn by eye through the circles
and through 0 at xo. Note the difference between
the left and right vertical scales in Fig. 8 and thus
the large asymmetry in (8$/Bx}~ r at the phase-
separation curve about xo.

TABLE II. The quantity c —(VT/N) (d P/dT )~ in the three-phase region as a function of T and z.

T
(K)

0.530 0. 580 0.610

c —(VT/N)(d P/dT )~
(Jmole 'K ')

0.650 0. 672 0.680 0. 701 0. 731

0. 600
0, 650
0. 700
0. 750
0. 800
0. 850

6. 53
6. 78
6. 97
7. 03
6. 97

6. 83
7. 09
7.30
7.37
7.30

6. 96
7.23
7.43
7. 52
7.46

7.20
7.47
7. 70
7. 77
7, 70
7. 42

7. 33
7.62
7. 83
7. 92
7. 85
7. 57

7.34
7.65
7. 86
7. 96
7. 89
7.62

7.49
7.78
8, 01
8. 09
8. 03

7.63
7.94
8. 17
8.26
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functions of T thus correspond to y, both equal to
unity. However, because of the lack of (8$/Sx)~ r
data close in to the junction and the uncertainties
associated with the data points that do exist, it is
essentially impossible to separate possibly non-
analytic terms from whatever analytic background
terms might be present and to determine y,' from
such plots with any degree of certainty.
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FIG. 8. Plot of (8$/8x)~ ~ at the phase-separation
curve at saturated vapor pressure as a function of x.
Note that different vertical scales have been used for the
Hes-rich and Hes-poor branches.

(10)

where + refer to the He3-rich a,nd He3-poor
branches, respectively, and the y, are two con-
stants. Finite nonzero slopes for (aP/Sx)~ r as

The data shown in Fig. 8 further suggest that
(Sp/Sx)~ r at the phase-separation curve goes to
zero at the junction along either branch of the curve
with finite nonzero slope as a function of x. As a
result of the finite nonzero slopes of the two
branches of the phase-separation curve in the T, x
plane at the junction, a similar statement applies
to plots of (8$/Sx)~ r at the phase-separation curve
as functions of temperature. In analogy with the
conventional treatment of the liquid-vapor transi-
tion of an ordinary fluid in P, v, T space near its
critical point, one may describe the asymptotic
behavior of (ap/Sx)~ r along either branch of the
phase-separation curve by the expression

C. 'Ihermodynamic Behavior near X Line

In agreement with measurements of the specific
heat of the liquid mixtures at lower values of x,
the & anomaly in our measurements of c~ „de-
creases in height with increasing x and appears to
become less singular. In particular, at x values
near xo it appears that cp, remains finite at T„(x)
and is continuous at that point. The derivative
(dc~, /dT), is evidently discontinuous at T,(x), and

although this derivative does not appear to diverge
at T„(x) for x near xo, differentiation of our data
for c& „at the lowest two values of x suggests that
(dcJ, ,/dT), does indeed diverge, in agreement with
the findings of Gasparini and Moldover at lower
values of x. '

Our measurements with highest temperature
resolution were made at x=0. 530. The specific
heat cp „for this value of x near its ~ temperature
T„ is shown in Fig. 9 as a function of In~ T —T~~

for T both above and below T„.~' Although the ten-
dency of these plots to level out as In~ T —T,

~

- - ~
is el&arly consistent with a finite limit for c& „at
T„ it would be dangerous to try to estimate this
limit from the plot. 3 The logarithm of the absolute
value of the temperature derivative of these same
data is shown versus ln~ T T~~ in Fig. —10. In this
figure the two curves for T( T„represent two plau-
sible alternative ways of treating the data in that
region. The derivative dc~ „/dT appears to diverge
as T„ is approached from both above and below.

It is interesting to note that for values of x near
xo the specific heat c~ „for the mixtures near T„
bears a striking resemblance to the specific heat
c„for an ideal Bose gas near T,." The significance
of this resemblance, if any, is not understood. We

TABLE III. Values of (d Q/dT )~ and
(d2ps/dz 2) + (] xo) (~2@4/dg)

TABLE IV. Quantities relating to the calculation of
(BIIII/Bx)P & at the phase-separation curve.

T
(K)

0. 600
0. 650
0. 700
0. 750
0. 800
0. 850

( ').
(J mole-~ K-2)

—9.11
—8. 88
—8. 52
—8.21
—7.62

(J mole 'K )

—12.21
—11.72
—11.20
—10.56
—9. 82
—8. 92

0.530
0. 580
0. 610
0.650
0. 672
0. 680
0. 701
0. 731

~s, x
(J mole ~ K ~)

—1.34+ 0.03
—0. 84+0. 03
—0.54 + 0. 03
—0.18+0.03

—0. 16+0.02
—0.90+0.03
-1.69+ Q. 05

(dT/dx)
(K)

0.596+ 0.026
0.476+ 0.014
0.421+ 0. 011
0. 389 + 0. 032

—1.480+ 0. 087
—1.428+ 0.031
—1.390+ Q. 021

(~P/~x) ~, p
(J mole ~)

0.589+ 0. 054
0.229+ 0. 016
0. 113+0. 009
0. 032 + 0. 009

0.41+ 0. 07
2. 22 +0. 12
4. 14+0.18



SPECIFIC HEAT OF LIQUID He'/He' MIXTURES. . . 2365

I I I I I

I

Y
4

I

UJ

0 jo

cA
LJJ

D
O

cp „NEAR r)

x s 0.530

FIG. 9. Plots of cz „for x = 0.530 vs
ln I T —T&I both above T„(open circles)
and below Tz (closed circles) (Ref. 31).

IO

I

j0
I II

e2

) r —T~) ('K)

I I I I I I

IQ

intend to publisl a more complete analysis of our
data in regard to behavior near the ~ curve in a
later paper.

D. Thermodynamic Behavior near Junction

The thermodynamic behavior of the mixtures ob-
served near the junction differs in a number of ways
from the "classical" behavior considered some
years ago by Landau for the transformation of a
second-order phase transition in a mixture into a
first-order transition as the temperature is lowered
through some critical temperature. It followed
from the assumptions made in the Landau model
that discontinuities in the second partial derivatives

of the free energy occurred at the second-order
transition and that the second-order transition curve
and the "nonordered" branch of the phase-separa-
tion curve in T, x space (in our case, the He'-rich
branch) met with equal slope.

In the mixtures, both the results of Graf, Lee,
and Reppy~ and our results give strong indications
that the A curve and He3-rich branch of the phase-
separation curve meet with unequal. slopes. Fur-
thermore, c~,= —T(8Jg/8TJ)p, appears to be con-
tinuous across the ~ curve. In addition, the van-
ishing of (8$/8x}J, r at the junction as the junction
is approached from either side implies not only the
continuity of (8$/8x}I, r= (8 g/8x )J, r across the
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plausible alternative ways of
treating the data in that region.
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X curve at the junction but also the continuity of
(SP/&T)~, = (& g/&x&T)~ at that point.

It may be noted in passing that as a result of the
vanishing of (&P/Sx)~ r at the junction we have the
equalities

&,~'o BTs xo dT zoo
where the subscript 0 is used to indicate derivatives
evaluated at the junction. Hence in the T, ft) plane
at constant pressure, the phase-separation curve
forms a smooth extension of the & curve. However,
(d P/dT }I, along these curves may well be dis-
continuous at the junction.

Recently Griffiths has tentatively suggested a
"nonclassical" scaling form for the free energy in
the vicinity of the junction which is consistent with
the distinctive features of the junction, namely,
(a) nonzero slopes for the iwo branches of the
phase-separation curve in T, x space at the point
where they join the ~ curve, both differing from
that of the A curve; (b) the vanishing of (Sy/Sx), ,
at the junction; (c} a continuous c~, as a, function
of T at x= xo; and (d) a continuous, finite, and
cusped cJ, „as a function of T at the ~ curve for
x& xo. It is not yet clear, however, whether the
Griffiths form can give an accurate representation
of all of the thermodynamic behavior of the mix-
tures near the junction. We intend to present a
more complete thermodynamic analysis of our data
in the junction region in a later paper.

E. Gravitational Effects

Up to this point we have made no comment on the
effect of gravity on our measurements near the
& curve and the junction of phase boundaries. For
a mixture in a cell of finite height 4z in thermal
equilibrium, gravity gives rise to both a vertical
pressure gradient dP/dz = —pg (where p is the
mass density and g the gravitational acceleration)
and a vertical P gradient dP/dz = (m, —m, )g (where
m4 and m~ are the molar masses of He4 and Hes,
respectively). These gradients willbe accompanied
by a vertical mole-fraction gradient dx/dz, and
the net result will be a broadening and distortion of
the critical features of c& „as a function of T.

Calculation of the temperature scale on which
such distortion should be apparent is made difficult
by the lack of complete thermodynamic information
about the mixtures in P, T, x (or P, T, P) space.
It is possible to separate the gravitational effect
into the following two parts: The first is the effect
due to the pressure gradient alone, supposing that
no gradient in x were set up. The resultant broad-
ening of the ~ transition would be of the same type
that is seen in measurements of c~ for pure He in
a cell of finite height, 3' and since (dT/dP)„„ is
likely to be comparable to that for pure He4, the

broadening with our cell height of 3.0 cm is likely
to have been several p, 'K, considerably less than
the resolution of our measurements.

However, the second part, due to the existence
of a concentration gradient which becomes large
as (&p/sx)~ r becomes small near the A transition
and the junction, appears to be the dominant effect.
Rough estimates indicate that the broadening of the
transition in our cell may well have been of the
order of a few times 10~ K at x= Q. 530 and a few
times 10 K at x=0. 65Q, just at the limits of our
experimental resolution. The broadening at the
junction may well have been even larger than this,
and thus may possibly have had some influence on
the critical features of the specific heat measured
at x= 0.672. It is clear that it would be advanta-
geous for this reason to use a sample of much
smaller height in such measurements.
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APPENDIX: DERIVATION OF EQ. (6) FOR
MOLAR SPECIFIC HEAT OF SAMPLE

We start with Eq. (5) in Sec. IV, which gives an
expression for the over-all molar specific heat c
of a sample consisting of N, moles of He' and N4

moles of He' contained in a cell of fixed volume V:

d p.4 VT d'Pc= —T xd, +(1 —x) z + z. (A.l)

The notation used in this equation and in the fol-
lowing ones is explained in Sec. IV. It is conve-
nient to rewrite this expression in the form

c=-Q T x z +(1 —x) z
—v

N~ d p3 d p4 dI'
5

(A2)
where i runs over whatever phases are present.
Since p3 and p4 are uniform throughout the cell they
can be evaluated in any of the phases present. How-
ever, for the ith term of the sum it is convenient
to evaluate them in the ith phase. For V, ~(P, T, x)
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appropriate to the ith phase we have

d Ps 8 ijs)
2

+Ps dP 8 I&~ dx
dT 8T / . 8T 8P dT 8T 8g ~dT

BP „dT BPBx zdT dT

x BPBT + 1 x BPBT
—

BT

= —( ) , (A)1)

BP T,„dT2+ BX2 p T dT
'

Bx p TdT2

"BTB..' ' " BTBx. ' (A12)

(A&)

where the subscript i has been omitted for simplicity.
A similar expression holds for d ij.,/dT . Now

we may insert these expressions for d p,,/dT and
dmi(. ,/dT2 into Eq. (A2), simplifying the resulting
expression by use of a number of relations between
partial derivatives derived from the Gibbs-Duhem
relation:

x ' +1—x =0, (A13)

where again the subscript i has been omitted for
simplicity.

As a result we obtain the desired expression

x& dp~+ (1 —x&) dp4 ———s& dT+ u& dP. (A4)

The relationships which result are as follows:
+ T . A14

x ',"' + 1-x '"' =-s,

x +1—x =0,

x 2 + 1 —x 2 =
)

(A6)

(A7)

(A8)

x 2 + (1 —x 2
=—,A9

x 2 +1—x 2
=—,A10

As the sample is heated, not only are the individual
phases warmed but in addition there is transfer of
material from one phase to another. Although the
expression above takes the form of a sum over the
individual phases, it does in fact include contribu-
tions from both effects. In the special case of a
one-component system (x= 0, say) the expression
given above may be compared to that given by Hill
and Lounasmaa. Although the two expressions
are somewhat different in form, in particular the
one derived here containing no terms proportional
to d P/dT, they are, in fact, equivalent. The ab-
sence of the d P/dT2 term may in some situations
make the present expression more convenient than
that of Hill and Lounasmaa.
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The set of differential equations describing the time-dependent decay of a singly ionized
optically thin monatomic gas has been solved numerically for constant-temperature-constant-
pressure helium afterglows. In the range of conditions studied (6000 ~ T~ ~ 14000'K,
1.5&10 ~n~ —5.38&10 cm, 1.5X10 —no~1. 63&10 cm 3) it was found that collisional-
radiative recombination can be applied to the electron-density decay before the plasma
reaches the quasisteady state. The initial condition for each plasma studied was a Boltz-
mann distribution from the 23S state throughout the higher states. The mechanism by which
the quasisteady state is obtained is examined and the transient coupling between states is
illustrated. Times for the plasma to reach the quasisteady state ranged from t ~10 sec
for high-density plasmas to t = 10+ sec for low-density olasmas.

I. INTRODUCTION

The study of recombining plasmas was consider-
ably enhanced by the development of the collisional-
radiative recombination (CRR) theory by Bates,
Kingston, and McWhirter' for hydrogenic plasmas.
Their work included three-body recombination
along with the other salient processes contributing
to plasma decay to obtain effective collisional-
radiative recombination and collisional-radiative
ionization coefficients which describe the plasma
decay. In order to obtain their results, however,
it is necessary to impose the quasisteady state

(QSS) assumption in which all quantum levels, with
the exception of the ground state, do not suffer
a temporal change in population density. Another
approach~'4 to obtaining CRR coefficients utilizing
the fact that there is a minimum in the total rate
of deexcitation of atoms as a function of the energy
levels has been used but this also requires the QSS
assumption.

The results of CRR theory and the QSS assump-
tion have been used by many investigators (e.g. ,
Refs. 5-8) to interpret results for helium plasmas
with varying degrees of success. Although in
much of the work the existence of the molecular


