4 INTEGRODIFFERENTIAL EQUATION FOR RESPONSE THEORY

x obeys an equation formally written in the Liou-
ville form. It is not necessary that the evolution
described by the equation be a time evolution, It
may be a formal equation featuring, for example,
the variable 1/kT instead of t. Similarly, J can
have varied forms. In this paper it is R, the op-
erator corresponding to the response, However,
an equation in the exactformof Eq. (11a) can be de-
rived,® for example, for the reduced density ma-
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trix Trala,p(t), with J=ala,. These other uses
of our method will be reported elsewhere.
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We compute the correlation functions (Sj¢)S£(0)) and (S§(¢)S(0)) at T =0 for the one-dimen-
sional XY model in the presence of a magnetic field.

I. INTRODUCTION

Dynamical properties of many-particle systems
which are very near thermal equilibrium are often
studied in terms of time-dependent correlation
functions (A (ry, #,)B(7,, t,)). Here (---) denotes a
thermal average in the canonical ensemble. Con-
tact with macroscopic measurements is made by
means of the Kubo formulas® and the approximation
of linear response theory.

In view of the importance of these time-dependent
correlation functions, it would be quite useful to
have some nontrivial interacting systems for which
the correlation functions can be exactly computed.
Until recently no such exactly soluble problems
were known. However, in 1967 Niemeijer? suc-
ceeded in computing exactly the correlation function
at all temperatures,

Puc(R, 1) = (S{(£)S} 4 (0)) = €' 'S Te iR,

(1.1)
for the XY model defined by

H=-2, [(1+7)S7ST,1 + (1 = 9)S3S%,, + hST],

N
i=1

(1.2)

where S} are 3 the Pauli spin matrices. Niemeijer
found that p,, (R, ¢) has the same form as a density-
density correlation function of noninteracting fer-
mions which have the dispersion relation

ek=[(cosk—h)2+yasin2k]”2 . (1.3)

In particular, if y#0 and 2#1, €, can never vanish
for real values of &, and for fixed R, p,,(R,¢) ap-
proaches its ¢— « limit of M2 as ¢,

The purpose of the present paper is to extend
Niemeijer’s work to the transverse ground-state
correlation function

Pw(R, 1) = @ 7Sy et HtsY ) | (1.4)

where v=Xor Y. In contrast to p,, these correla-
tion functions are no¢ expressible as a correlation
function of a finite number of field operators of a

noninteracting Fermi system. Instead we find that
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if n>1, p,, and p,, couple to all states of the cor-
responding free Fermi system (i.e., toall 1, 2,

3, ..., particle states). However, if <1, p,, and
pyy couple only to states with an even number of
particles (at least at T=0).

In Sec. II we express p,,(R, t) in terms of block
Toeplitz determinants. This formulation is valid
for all T. However, because of the block nature of
the determinants, we are only able to extract ex-
plicit information when 7=0. For this special
case, we study p,.(R, ¢) for R large and { unre-
stricted in Sec. III. In Sec. IV we do the same for
Pyy. We conclude in Sec. V with a discussion and
summary of the results obtained.

II. FORMULATION

To make precise the system defined by Eq. (1. 2),
we must specify boundary conditions. We choose
cyclic boundary conditions so that

2.1)

In previous computations of the free energy, 3 the
correlation functions at £=0, *° or p,,(R, ), 2 it was
possible to make certain particular modifications
of the boundary condition (2. 1) without altering the

v_ Qv —
1=SN+17 V=X Yy, 2.

behavior of the quantity computed in the N -« limit.

However, for p,.(R,t) and p,,(R, t) we cannot be so
cavalier about boundary conditions. The point of
difficulty was recognized by Lieb, Schultz, and
Mattis (LSM)? in their original paper and also by
Katsura® and amplified in a subsequent article by
Schultz, Mattis, and Lieb on the Ising model.® For
completeness we briefly summarize this work on
diagonalizing H before we turn to p,,.

LSM approached the problem of diagonalizing
(1. 2) by first introducing the raising and lowering
operators

b} =S} +iS?%, (2. 2a)
by =S¥ ~iSY, (2. 2b)
with
Si=3(b]+b;), SI=(b]-0;)/2i
and
Si=blb; -3 . (2.3)

The operators b; satisfy the mixed set of commuta-
tion relations

(6], b;]= [0}, b1 =[by, b,]=0 for i#j (2. 4a)
and anticommutation relations
{b;,0]}=1, B2=(p1)%=0. (2. 4b)

LSM then perform a Jordan-Wigner transformation
to the Fermi operator c; defined from
j-1

b; =exp (+1ri 2 c,,cf,) C;
k=1

j-1
=(=1)y"1 exp(—m'z c{c,,) ¢ (2. 5a)
k=1
il
bl=c} exp(—m 2 c,,c;)
k=1
j-1
=(=1Y"c! exp <7ri El c,Ic,,) (2. 5b)
k=

In terms of these Fermi operators the Hamiltonian

(1. 2) becomes
H=H'P*+H P, (2.6)

where (we assume N is even for convenience)

LR ' 11
H =3 25 [ele;u+claci +vlclel a+cinci)]
-1

-

N
—2r 27 (cle; - %) +chey+cley +v(chel + c,cN)) ,
it

(2.7a)

1/, .t
HEE 2 [eicta+clac+7(cle]q+cine)]
i-1

N
-2n2J (cle; = %) =[chey+cley + v che, + clc,.,)]> s
i=1

(2. 7o)
and

1 , i +
P?=§ I:texp(ur CjcC;

j=1

(2.8)

The operator P, (P.) is a projection operator for
states with an even (odd) number of ¢; excitations.
The decomposition (2. 6) is expected because the
Hamiltonian (1. 2) with or without the boundary con-
dition (2.1) commutes with the “parity” operator

N
exp<i1r 2 c,'-c,)
j=1

because (1.2) can only change the number of c; ex-
citations by an even number. Therefore, when
acting on a state with an even (odd) number of c;
excitations, H may be replaced by H* (H"). To
diagonalize H, we may diagonalize H"' and H" sep-
arately and then throw out the eigenvectors of H*
with odd parity and the eigenvectors of H~ with even
parity. The difficulty in computing p,, lies in the
fact that H* and H~ do not commute. Therefore
the transformation that diagonalizes H* will in gen-
eral leave H™ a mess.

Both H* and H~ may be diagonalized by the pro-
cedure of Fourier transformation followed by
Bogoliubov transformation. ® For H * define oper-

ators a;* from

3-11/4
V]

> exp(ij¢,§“’)a"‘” ,

o (9
0"

ci= (2.9a)



| >

ir/4

22 exp( - ijo, ”)a"(", , (2. 9b)

C
i= \/N of®

where (for convenience N is assumed even) ¢\
takes the values
P =+2r(n+3)/N > (2.10)
with
n=0,1,2,...,N/2-1.

Similarly for H-~ we introduce a}~’ by

)a‘ 2_* (2.11a)

(2.11b)

'l

where ¢!~ takes on the values
¢ =0,+2mn/N, 1,
with

(2.12)

n=1,2,...,N/2-1.

Then we have

H=(1 —h) ()T (-) —(1+h) )1’ ( )

N/2-1
. t (9t (=)
> é {2(cose” = h) [a‘ () )a( () yta. (T- @& =]

¥ 2 n=1 On
-2y sing” [a ”' "(*)+a;(’_,a S1t+3 MR
n °n
(2.13a)
and
1 N/2-1
H'=+5 s {2(cosp{® - n )[a“(’f,a;’(’,nta (,)a‘ <+)]
n

s [ (9t (91 )
- 2ysing,” [a ‘(’,,a +( —a‘(,,)a o(» 1}+z2nn .
’l

(2.13b)

To complete the diagonalization we make the
Bogoliubov transformation

P = cos@, 1’ +sin@, 14", (2.14a)

a®%) =cos®, 1 - sin@, n¢'", (2.14b)
where p is either + or —,

tan2@®, =y sin¢/(cos¢ - h) , (2.15)

and 0< @, < $7. This transformation is to be used
for each and every ¢ and for each and every ¢
except 0 and 7. To account for the exceptional
cases ¢, =0, 7 define

7=ng”" and g =p{7" (2.16)
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Then all 7{” and n{”
mutation relations

satisfy the Fermion anticom-

{77“()1)’77 (+)}’ 13 (.) ) (2.17a)
19
and
{77((")’77 ()} 6 ( ), é) (2.17b)
and with the definition that if ¢ >0,
Alp)=[(cosp — h)? +1*sin%p]!/2>0 (2.18)
and
h-1=lim A(¢) for h=1
A<o>={ Lim A(¢
h-1=-1lim A(¢) for <1, (2.19)
6 -0
we obtain
1 E A(¢(+))+ E A(¢(+) 7’“()1)77“()4) , (2_ 208.)
o (+) o(+)
L2 MA@+ E Al UneL, . (2.20D)
0 () o

It is now easy to see why the computation of
P.x(R, t) and p,, (R, t) involves difficulties not en-
countered in previous calculations. Consider, for
example,

pex(R,0)= 2T, P (E,|SiS3,4|Ey, (2.21)

where Z is the partition function and | E,) is the
complete set of eigenstates of H. The operator
S1S%.. connects only states which differ by the
creation or destruction of 2b; excitations. More-
over, we may consider evaluating p,, by writing
SiS%. as

S:’S;d =% ("' I)R (CI - Cl)(C; + CZ)

x(ch=cp) v (ch = cr)chy+cray) . (2.22)
This expression contains sums of products of an
even number of operators. In the subsequent re-
ductions carried out by LSM, only matrix elements
of products of an even number of operators occur.
But such even operators have vanishing matrix
elements between an eigenstate of H* and an eigen-
state of H~. The remaining matrix elements are
between eigenstates of H* or H" alone, and are
easily evaluated.® Furthermore as N-« if £}
-E_ -0, then (E;IOIE;)~(E;IO|lE}) for any op-
erator O. Hence the more elaborate diagonaliza-
tion procedure carried out above leads to the same
result in the N— limit as the cruder approxima-
tion of replacing H by H-, which was made in pre-
vious work. 25

The difficulty in directly evaluating p,,(R, t)
(v=1x, y) is that e'7tSY e '#tSY | cannot be evaluated
in terms of matrix elements of even operators.
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Consider first an expansion in terms of the eigen-
vectors of H

Pw(R, 1)=(1/2) 22 e®*n(E,|S3|E,)

m,n

x et En-E) (E |SY | E,) . (2.23)

The operator S} connects eigenstates of H* with
eigenstates of H~. But while the operator substitu-
tions which express S in terms of the operators
n$? or the operators n$” are easily obtainable,
there is no simple way to compute matrix elements
of niPor &’ between an eigenstate of H- and an
eigenstate of #*. Therefore, (2.23) is an exceed-
ingly awkward formula to use to evaluate p,, (R, t).
Rather than attack the problem of computing
matrix elements of odd operators, we reformulate
the computation of p,,(R, ¢) so that we only need
make use of matrix elements of even operators.
To do this, consider instead of the two-spin corre-
lation function p,, (R, ¢) the four-spin correlation

Cw(Ry t, N) = <S‘;¢N /z(t)s’i'.R +N(t)sz(0)st{_gw/z(o)>)v )
(2.24)
where (- --)y makes explicit that the thermal aver-

| v

age is in a finite lattice of N spins. This four-
spin correlation can be evaluated in terms of ma-
trix elements of even operators only. Then

Pw (R, t) may be recovered by use of the cluster
property

lim (SY,y/2()S} .z .n(2)

New

=1im (ST g w(#)S1(0)S 1. /2()S 1.5 v /2(0))x
N

1(0)SY kv /200y

=pZ,(R, 1) . (2.25)

The four-spin correlation function is easily re-
duced to the evaluation of a Pfaffian by the methods
of LSM.*® We find that

0 I A
_ S'xT 0 _ [-]" I-,x
-7 U 0 -§*
-U* -V* §T o
(2.26)
where each of the submatrices is of dimension
N/2-R and, with 0 = =N/2-R-1 and
0=n 5N/2—R—1,

Stz D €M OS(9)= & D o4 m1De () tanh} BA(@) , (2.272)
® ®
- 1 1 iAlo)t ~iA(0)t
Tx F ? gl mmsR)0 T(p)=— v ? e-i(mmoR)oé(d))(e-iA(o)t _ e_fﬁ%}__) , (2. 27Db)
. 1 . -iAGO)E _ _iA(0)E
Urxn,n " ? ol (mmsR+1)0 (e-mw)t (2 Ry ) , (2.27¢)
_ 1 R 1 - i Qi At | miA(0)E
744 A F? ot n4m+R Z)OT(¢ ﬁ_? ol (nm+R 2)0@(4))(8 iA(0)E _ eBA(O)+1 , (2.27d)
|
where where
(1 Al 40)(1_x-le(0) 1/2 - 1
& - -M( 1 2 . y - = -i(m-n=2)0 -
(p)=¢ A e ™)1 -l e ) (2.28) Shn N Zo) e S(-¢), (2. 32a)
and N 1
T3 === 25 ettmmRIop(_ o) (2. 32b)
B[R = (1= A2 TN o
A= T , (2.29) . -
=Y U:’n,nz U:l,n ) (2. 320)
_h=[RP-(1 -~ .
Ay = 1-, ’ (2. 30) V 2% Z i(mwm+R+2)0 (- ®) . (2. 32d)
®

and the square root is defined to be positive at
¢ =w. Similarly,

0 S S N 2
-7 0 -0 W
- o -$§|
- -V 3T g

C%(R,t,N)=4"*

II. p,.(R,?)

We now specialize our consideration to the case
T=0. Then, as formulated in Sec. II, the evalua-
tion of p,,(R, t) is similar to the evaluation of the
correlation function (g 40, ) of the two-dimen-
sional Ising model carried out by Cheng and Wu.’
The separation of spins in the vertical direction
M of the Ising-model problem is analogous to the
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time separation ¢ of the XY-model prol.)lefn. 3= Fx 0= ).fi )-f?i )"{:ls )-(;
As in the case t=0 there are three distinct cases: o . - 21 =2 53 =4
(A) k<1, (B) k>1 and (C) k=1. In this paper we =S 0 -U 14 Xz X; X3 X,
treat case (A) and (B) by modifying the procedure _ i o =& X! X2 )'{g X4
of CW. Furthermore, we consider only the an- - - - =1 =2 3 =4
isotropic case 0<y =1. -Uvr -V: S 0 Xy Xy Xy X4
A. <1
5p 0 0
In this case, |2;1>1and Ix;|>1 and we may -
follow the T< T, procedure of CW. 0 6, 0 O 3.2)
Consider the ratio 1o 5:1 0 ’
. Ci(R+1,¢N) -
4 = Sag oy 3.1 0 0 &
f (R; t’ N) C,,(R, t, N) ’ ( ) U
where C%,(R+1,t, N) is to be obtained from (2. 26) where the N/2 - R component vectors 6; are
by omitting the first of the N/2 — R rows (columns)
in the third and fourth rows (columns) shown ex- 0 1
plicitly in (2. 30) and by omitting the last of the dp=| .| 5y= 0 (3.3)
N/2 - R rows (columns) from the first and second 0 :
rows (columns) shown explicitly in (2. 30). Define 1 0
the 4X 4 matrix of N/2 - R component vectors X
by the linear equations Application of Jacobi’s theorem then gives
|
}-(i,N/Z-R-l X%,N/Z-R-l X:I‘,N/Z-R-l X;,N/Z-R-l
75 ) Xy nroret XaNj2-Ra Xo,N/2-R-1 ig,N/z-R-l (3.4)
t,N)=det | - - - - .
SR X30 X0 X0 X30
Xio X3 X Xio
. |
We must evaluate (R, £, N) in the N~ = limit. 0 S* T+ U* X? Xf 0 0
To do this we partition the indices of the N/2 - R o . . s o4
dimensional determinants into the sets =S 0 -U 4 Xz X2 0 0
x 3 3 = ’
(1) 0=n=N/4 (3.5a) -T° U 0 -S X3 X, 5 0
and -U* -v* sT o0 X3 xi 0 5
(2) N/4<n SN/Z—R—I , (3. 5b) where (37)
where the precise value when the separation is 1
made (here taken as N/4) is unimportant. In (3. 2) 5=10

the matrix elements connecting the subspace 1

with the subspace 2 are exponentially small in N
except for elements of S. However, those elements
of S whose matrix elements between 1 and 2 are of
order 1 are a distance N/4 away from the place
when the right-hand side of (3. 2) is different from
zero. Therefore, as N— = eight elements of the
determinant in (3. 4) in the lower left and upper
right quadrants vanish and we obtain

_ X30 X30|(?
F YR, t)=1im f4(R, t, N)= { det ,
Nee X%0 Xio

(3.6)
where X} is an « vector obtained as the solution of

and S*, T*, U* and V* are obtained from (2. 27)
by replacing (1/N)Z, by (1/21) [ d¢.

Once f(R, t) is known we may obtain p.(R, ¢) by
using the cluster property (2. 25) and determine the
+ sign from the known #=0 results by continuity to
obtain

P (R+1,8)
f(R,t)——ii‘(—R”—t)-—

Therefore

(3.8)

pex(R, 1) = poleo, DI £, 7, (3.9)
r=R

where p,,(«, t) is independent of ¢ and from Paper
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II has the value
Pee (0, 1) = (201 + )] [P = R®)]M/ 4. (3.10)

We proceed to evaluate f(R, ¢) for arbitrary ¢ when
R is large by using the iterative scheme of CW.
We find from (3.14) of CW that
fz(R, L‘)= (67‘3:-16)2 {1 _2(61‘8:-16)-161')(:-1
X[stx-l Ux+Tx(sxT)-le]sx-l} , (3.11)

when = means that as R— « the asymptotic expan-

sion of both sides of the relation are the same.
The required inverse matrix elements may be

obtained by solving the Wiener-Hopf equation

IZ_DOS:,,(S:A)," = Gm,n ’ (3- 12)

We find
(Sx-l)m," - (2")-2 f dg E-" -1 (1 - AEIE)I/Z (1 - Ails)llz
des’i’m (gl - E)'l(l - )\;lgf-l)-lla a- 7\515"1)'1/2 ,

(3.13)

where the contours of integration are the unit cir-
cles except that the one for £’ is indented outward

near ¢'=¢. In particular,
6TS* 15 =(S*1)5,0=1, (3.14a)
(5% 1)y, 0= (2mi) 1§ dg 771 (1 - 271 £7)71/2
X(1=xteyt/2 0 (3.14b)
(Sx-l)om = (2m4)™! f dt E-n-l (1- )\élg)llz
x(1=-27'E)M2 ., (3.14c¢)

Substituting (3.14) and (2. 27) into (3.11) and then
into (3.9), we obtain the desired expansion for large
R:

Pre(Ry £) = 0 (0) {1 + (21)2F dt § dn €% 17 R (£ = 7)°
x e-it[A(¢)+ A(M] [M(&, 77) _ 1]}
= Pex(0){L + (27)2f dt § dn ¥R (£ - )2

x e MO RO (e ) 4 M, £) - 2]},

(3.15)
where

ME, ) =((1 — MDA = e -1~ xg‘s))"z,
’ Q-2 DA -x0DA -\ -3
(3.16)
where in the first equation of (3. 15) the n contour
is indented outward at n=¢.
Further discussion of (3. 15) will be postponed
until Sec. V.

B. hi>1

In this case A;>1 but X,<1 and we may follow a
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procedure closely related to the 7> T, procedure
of CW.
The problem which arises when 2>1 is that

InS (27) - InS(0) = 27 . (3.17)

We want to solve a Wiener-Hopf equation with some-
thing like S(¢) as the Fourier transform of the
kernal and hence it is desirable to work with a

S(¢) where the right-hand side of (3.17) would be
zero. This will be the case if instead of S(¢) we
can deal with e **S(¢). Therefore it is convenient
to consider besides the determinant (2. 31) the
determinant

of Isr 1 vt

or _ _ .
D*(R,t,N)= SR I LR O ,  (3.18)

-r| w0 s

-7 - |v* 37| o

where a horizontal (vertical) bar indicates the ad-
dition of a row (column). For example,

5% 5% S%w/er |
IS’ 11 St S’{,N/Z-R-l
| S¥/2-r,-1 Sk/2-r0 S¥/2-r,N/2-R-1_|]
(3.19)

All the submatrices displayed in (3. 18) are
(N/2-R+1)X(N/2-R +1),
Consider the ratio

r2(R, t, N)=[D¥R, t, N)]™*

0 S* T U*
- S'xT 0 - f/x I'/x

xdet| -, it o -3 (3. 20)
-U* -V* 3T 0

Define the 4x4 matrix of N/2-K +1 component vec-
tors X by

o | s 7| vt [xt %3 X% X%
-5 lo -T*| |vf (X} %2 %% Xt
-7 lur o | -|s*| |k} X% XY Xi
or| -7 s o | [ & A A
800 0 0
0 5,0 0
“lo o 5,0 | ®21
0 0 &
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where the N/2 - R +1 component vectors &y and 3,
are given by (3.3). From X’ we obtain (R, ¢, N)
by use of Jacobi’s theorem

3R, t, N)
‘;(i,N/Z-R X?,N/Z-R X?,N/Z-R X:,N/Z-R
Xz0 X350 X3 X230
=det X!li,N/Z-R X%,N/Z-R Xg,N/z-R )-{g,N/Z-R ’
X4 X%0 X3 Xio
(3.22)

where we have relabeled all the submatrices so
that their indices all run from O to N/2 - R. As

we did for 2<1 we now consider dividing the indices
into two groups: (1) 0 =n =N/4 and (2) N/2<n
=N/2 - R. Then applying the same argument as for
h<1 we take the N -« limit and obtain

/

\ X350 X3 ZZ

(R, t)=1lim %R, t, N) = < det ,
X%0 Xio \

=
(3.23)

where the 2X2 matrix of infinite dimensional vec-
tors X} is obtained from

o § T U x2 x! 00
-$To0 -U V X% x& 5 0
-7 v o -§ x2 xt{7|o o]
-o0-v ST o x% xi 0 5
(3.24)
where we have used
S=lim|s* , T=1im T* =T~
N-x N-x
N _ R _ (3.25)
U=1im T*| , V=lim| 7~ .
New N

Furthermore, by following a procedure analogous
to that of the #<1 case, we may show that

lim lim D(R, t,N)=D
R+ Nex

(3.26)

exists and is independent of {. Therefore we obtain
pe(R, t)=%[Dr(R, 1)]*/2 . (3.27)

To obtain I'(R, ¢) for R large we expand the matrix
on the left-hand side of (3.24) in a perturbation
series since the off-diagonal blocks are exponen-
tially small in R. We obtain to lowest order

Xi=X4%=0 (3.28a)
and

X3=- xt=§1T7(@87) s (3. 28b)
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Therefore
pee(R, 1) =% DY2[ZT(ST) Yy, (3.29)

The inverse matrix elements of S may be found by
solving the Wiener-Hopf equation

Z)é L =6im, 0=, 0=n (3. 30)
and we obtain (in particular)
(A by ) 1/2
-1 172 -m-1
(S o,m= 5.7 dt
X(1 =22 =25t E L (3.81)

Therefore, using (3.25) and (2.27b) for T* we
obtain

. 1 1 -
pxx(R7 t)=.:t711_DI/ZZ_‘M:_’%~ dt £R le it AR

(3.32)

y [(1 - XIIE)(I - 7\115'1)]1/2 ’
Q=281 =281

Finally we obtain D'/? by comparing (3. 32) with

t=0 with p,,(R, 0) as obtained from (4.17) and (4.21)
of II and hence find the desired result

PR, )24 (1= 201 = A1 = X2 ¢

R-1 =it ACD)
2m /d&

1- )\IIE)(I - 7\-15-1)]1/2
x [ (1-28)(1 - 7\;5-1) , (3.33)

where the square root is defined as positive at
=-1.

IV. py, (R.1)

As for p,, we again treat two cases: h>1 and
h<1.

A. h>1

In this case we may treat C‘2 (R, t, N) by a pro-
cedure analogous to that used for C2 for >1. The
principle modification is that, instead of (3.18)
we consider

o | | 7
-ls* o | -lur v

2 _ __ - >
DV(R’t’N)_ |Ty UY' !0 —Sy}
-y -vl s o |

(4.1)

where the bars indicate the position of added rows
and columns. The rest of the evaluation is iden-
tical and we obtain for large R
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Py (R, 1) =1 [(1=23)(1 = AP)(1 = xiap) 2]
% 5_117_1_ / dE ER1 g EAO[(1 Zx3g)

X (1 =27 =281 - 282
(4.2)
where the square root is positive for £=-1.
B. <1

We proceed as in the previous case except that
we add two rows and columns whereas previously
we added only one. Therefore consider (4.1) with
the bars reinterpreted as signifying the addition
of two rows (columns) and consider the ratio

73(R, t, N)=[DX(R, ¢, N)]"*

y Ty UY

o
[«

-7 oo =S
- -7 8T 0

(4.3)
This ratio may be obtained from the 4X 8 matrix

of N/2 - R+ 2 component vectors X2 which are the
solutions of the linear equations

o s I vl [xi
-8t o | -l vl | X g
-l e - x|
Sl -vl Ism oo ) L
(4.4)
where 3¢ are the eight columns of
% 6,0 0 0 0 0 O
0 0 8% 3,0 0 0 o
o = 4.5
0 0 0 0 3%365,0 0| (4.5)
0 0 0 0 0 0 3% 5%

M7 K

0 1
o= |, S|,

10 ] L0

(4.6)

(0] 0

Byl . 8=

o B

The ratio is expressible as an 8 X8 determinant of
the X3. In the N- « limit we apply the argument
used before and obtain

7,(R, £)=1lim 7, (R, ¢, v)

Ne

1 2 5 8
X100 Xi0 X310 X10
=xdet 2 5 6 |’

4.7
where the X§ in the expression are «© component
vectors obtained from the « set of equations corre-
sponding to (4.4). In this set of equations the right-
hand side is

850 0
0 0 0O 4. 8)
0 0 &° 5!
0 0 0 O
where
1 0
0 1
5%=|. and s'=|0]. (4.9)

This equation may now be solved iteratively for X§3.
The leading term of the iteration is

1 _y2 _ 5 _ 8 _
X=X =X3=X4=0,

X;i == X?i = [(gyr)-1Vy§y-1]i'0 s (4.10)

X2, =-x%=[($*T)1v*$*),, for i=0,1,
where for fixed rows and columns

§*=1im5?| =57 , (4.11)

n -

Therefore, substituting (4.10), (4.11), (2.36d),
and (3.14) into (4.7), arguing asin Sec. III that
lim lim D,(R, ¢, N)=D
R~o N-w
is independent of ¢, and determining D by compari-
son of the =0 result with (5. 6) and (5. 12) of
Paper T1° we obtain the final result

Yr(t) Y, (2)

Pyy (R, 1) = Py () (4.12)

Ye () Y ()
Here p,,(«) is given by (3.8) and
YE =: 5_1];_2_ f dg ER-I e-”l\(f)[(l - 7\;15)(1 - Ailg-l)

X(L=28)1 =062 (4.13)
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V. SUMMARY AND DISCUSSION

Time-dependent spin correlation functions are
more commonly studied as functions of the fre-
quency w and the wave number % rather than as
functions of { and R. Our expansions have all been
for R large and therefore without further discus-
sion we cannot compute the Fourier transform with
respect to R. However, if R is large our expan-
sions are valid for all times £. Therefore, defining
the Fourier transform of p,,(R, ¢) = p,, (%, t) with
respect to £ to be

DBy @)= [ 7 A& 0,y (R, 1) = ()], (5.1)

we find from (3.15), (3.33), (4.2), and (4.12) that
for n>1, 0 =y =1,

Pux(R, @) 25 [(1 = 2D)(1 = AP)(1 = Ajir,) 2]t/

dA(R)\? iR(W)R | _-ik(w)R
><< dk )k:lz(w)(e e )

X((l - )\il e””“’))(l _ )\-Ll e-ilz(w)) 1/2
(1 - )\51 eik(w))(l _ 7\51 e-ik(m))

(5. 2a)
and

Pys(R, @) =5[(1 =231 = 2@ = x31n,) 2]/

(A’

Ak Jr=nc )‘ei“wm +e @R 0/(1+y), (5.2b)
=R (w

where k(w) satisfies

w=A(k)=[(cosk — k)% ++* sin®k]'/2 , (5.3)
with

0=<k=m. (5. 4)
From (5. 3) we see that (5. 2) vanishes unless

h=1<w<h+l. (5.5)

Similarly we have for <1, 0<y =1,

PerlBy ) == (21 + P = R o f " g,

x./-,r dp, 5(A(P,)+ Alp,) —w)eiR @102

-

x| etero21_ 1|2 ll:/\(%) Aldy) ]

2 (A6, " Algy)

(5.2¢)
and

Pyy(R, w) =[2(1 + ) ]2 - K?)]H/*

X zl_ﬂ/' d¢1f’ do5(Aldy) + Ald,) = w) eR@1+02)
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X %[e-i(o 1-¢2) +ei(¢l-02) _2]A-l(¢l)A-1(¢z)x£2(1 +')/)2 .

(5.2d)
Both (5.2c¢) and (5. 2d) vanish unless,
2wpin < w < 2(k+1) (5.6)
where
Wpw=1-h if 1-92=h (5.7a)

=1 =-rPQ=A)2 if 0sh<1-92.

(5.7b)

The fact that for 2>1 and R> 1, the quantities
Py, and p,, depend on w only through k(w) may be
interpreted to mean that in (5. 2a) and (5. 2b) we are
observing the one-elementary-excitation contribu-
tion of Z),,,,(R, w) from elementary excitations with
the dispersion relation w = A(k) (see Fig. 1). The
fact that for z<1 the quantity 5,,(R, w) depends on
w not as k(w), but as an integral over %, and k,
satisfying w = A(k,) + A(k,), implies that there are
no single-elementary-excitation contributions to
Pw(R, ) and that the first nonvanishing contribution
is that from the two-elementary-excitation mode.

Of course, (5.2) is not the complete expression
for p,, (R, w). It is merely the first term in an ex~
pansion. This expansion was originally conceived
of as an expansion whose orders of magnitude are
(e"¥®Y. However, each factor of ¢”** comes from
an integral like [df &% e7'*4® . Therefore, an
equivalent interpretation of the expansion is that
we are expanding p,,(R, t) in terms of 1, 2, ...,
n, ..., elementary excitations. If we continue the
expansion of higher orders we observe that for
kh>1, the quantity p,,(R, #) has contributions from
1, 2, 3, ..., elementary excitations. However,
if £<1 the only contributions are from states with
an even number of excitations.

When % >1, the vanishing of p,, when w<k-1 is
expected from (2.23). If we set T=0, this expan-
sion reduces to

225

2.00

1.75]

A(k)
1.00
075
0.50
0.25)
Ol 02 03 04 05 06 o7 08 595 10
k/r
FIG. 1. A(g) as a function of & for various values of

h with y?=%. Note that z=A(m) —1.
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pvv(oo: t)= Z)

m, E,# By

pvu(R’ t)_ <E0|S‘6‘Em> e”(Em-Eo)

X(En|S4|Egy . (5.8)

Since E,, — E, is made up of a sum of a finite number
of A(k) and since for k> 1 we have A(k)>h—1, the
Fourier transform of (5.8) will have to vanish if
w<h-1. However, the vanishing of p,, for
w < 2w, shown in (5. 6) for £<1 does not follow
from these energetic considerations alone.

The vanishing of p,,(R, w) when w<h -1 or
w< 2wy, is a property of the correlation function
of T=0only. If T>0 the expansion (2.23) is still
possible, but in this case the dominant contributions
to p,, come from E, = (H) and, owing to the ex-
istence at 7>0 of hole as well as particle excita-
tions, there will exist states E, (for example, the
one-hole—one-particle state) for which H-E, is

|

Pex(l, w) =2 [ =22 = A2 =AM 46k - k(w)) +5(k + 2(w) )](dA(k> (
. k=R (w)
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arbitrarily small (and even negative). Therefore,
if T>0 we is general expect p,,(R, w) to be non-
vanishing over the entire real w axis. However,
if T is sufficiently small and ~2>1 the contribution
from the one elementary excitation is still expected
to make the largest contribution.

If we interpret (5.2) as the contribution to
Puo(R, w) from the one-excitation (2>1) or two-
excitation (2<1) states, we may Fourier transform
the results with respect to R and interpret the re-
sults not as an expansion interms of a small param-
eter but rather as an expansion in the number of
excitations. Defining the Fourier transform

o

By w)= 2

Rzacw

R 5o (R, ), (5.9)

we obtain for 2>1

(1 - )\il eik(w))(l - )ql e-lk(w)) 1/2
(1=2,e* @)1 =2, @) )

S =22 = 7)1 = A3 46 (w = AR)) (

and

By @) =4 [(1 =200 =200 =21 4o = k) 5o+ 2D] ()" 2/ (149)
k=R (w)

=ila-
and for 2<1

Pex (B, @) =[2(1+ W] [¥P(1 = )]V 4L [1 - cosk]” (

;)y,(k, w)=[20 + ] [A(1 - )] * [cosk — 1] A" (k) A () 252(1 +9)? (

where

ky+ky=
Alky) + Alky) = w.

A2)A =2 = A1) 45w - AR)) 220w/ (1 +7)

-1 ik 1/2
(%1 Axl 2"'))((11 : e-‘k))> (5.10a)
AR)
dk
(5.10D)
A§:2)+Agk; 2)((12 [Alr, )+A(k—kl)]>_l , (5.10¢)

Zo LA + A kl)]>-1, (5.10d)

k, (5.11a)
(5.11b)

Finally we consider the explicit asymptotic expansion of p,(R, f) when either R>¢ or t>R. If R~ = and

t is fixed we obtain® for  >1

Pex(R, 1) = piy (R, 0)~ = & (1 = 22)%/4(1 -
and

pyy(R) t) —PW(R, 0)~

for 1 -y2<n?<1,

-2)1/4(1 —)t;l)\z)(l AT 1>\-1)3/z -1/2(1 +y)2)\R 2p-1/2 tz/R (5

—gr (12D (1 =27 h) (1= AP 4 (1= At 1)%/2 771/2(1 4+ 92 AB2R3/2(£2/R) ; (

.12a)

5. 12b)

Pus(Ry 1) = pre(R, 0)~ =35 17 Y31 = D)4 (1+9) (1 =23 A3H) (1 = A1 0) A - D' A2RR2(¢2/R) , (5. 12¢)
Pyy(R, 1) = pyy(R, 0)~ g 77 (1+7) [¥3(1 = k) ]/ 4332 ®*V RS (12/R) ; (5.12d)

for 0=ht<1-y?

Pxs(R, 1) = (R, 0)~ 77 (1+9) [¥2(1 = 1) ]/ * a*R R3(13/R) Re{2¢%7* (1 - a?) (1 - ¢2%) (a2 o240 —

1)
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(5. 12¢)

Pyy(Ry 1) = pyy(R, 0)~ 5 771 (14 9) [¥2(1 = 1)V * (@ - a™!)? 0?F R (t%/R)Re{(at e — ae )% (aet® - ate )13},

where (5. 12f)
a=|n)t=[(1 = 9)/(1+ W]V (5.13a)

and
¥=cosh/(1-y?)"2>0. (5.13b)

If R is fixed and / — « we obtain for 2>1

p“(R, £~ % (2,")-1/2 [(1 - Ag) 1- xIZ)(l - A-ll)‘a)-z]l/i -2 {erl/4 (- )‘-11)()2 - 1)'1(}1 - 1)1/2 (h+ },2_ 1)-1/2 e-itth-1)

PyyR, £) ~ 5 (2/MY[(1 = 22) (1 = XP) (A = APN) 2401+ )2 t/2

for 1 —y%<h<1,

PR, 1) ~[201+ N]AQA = B) VAL = (am) (= DER[(1 = BB (1P = (1 = Y2)P)] Ve 2t}

(= DR A A+ AL+ ) (h+ 1) V3 (R4 v+ 1) V2 DL (5 144)

X{e-ﬂ /4(h_ 1)3/2 (h+ ),2__ 1)-1/2e-it(h-1) + (_ I)Re'i/4(h+ 1)3/2 (h+ 1- 7,2)-1/26-“(’"1)}; (5' 14b)
(5. 14c)

(5.144)

PR, ) ~EXF (L +7) [v2(Q = 1A)]Y40! (= DR - BB (12 - (1= yD)D) [ M2e 2t

and for 0 <h<1-7%,

(R, 8) ~[20+ N [Y2(L - A4+ @m)T (- DR 2R (L - K (P - (1 - y?)P)] V22

+c0s (R+1) 6 w{% (1 = v®)¥wy = 1+h[*[(1- B)(1 = ¥2 = KB)(1 = y 2+ B)(1 = y 2 = b)) V2t To0s1-h]

+ (- I)RHCOS(R-O- 1) 90 w-xo/z (1 - y2)3/2[w0 -1- h]2[2(1+h)(1 - 72+ hz)(l - .yz _ h)(l _ 72+ h)a]llze-it[w0+1+h] ,

(5. 14e)

pw(R’ t) ~ %):22 (1 + .y)[ya (1 - hZ)]IM ﬂ'lt'l{(— I)R[(l - ha)((l - .),2)2 _ hZ)]-i/Zeri/ze-Zit + _é_e-ri /2 w-ol (1 - .yz).1 e-Zitwo

+VZ cos RO, [(1 = h)(1 - 2+ ) w, (1 — y?)]-V2 g-ti-hean)

+V2 (=1)®cosR 6, [(1+h)(1 = ¥2 = ) wy (1 = y2)]V2 gmittisheag) |

where

cosby=h/(1-v?) (5.15a)
and

wo=A(8y)=v[1 - K2(1 = y?) /2 (5. 15b)

(5. 14f)
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