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The results of some recent molecular-beam magnetic resonance experiments on HD and D2

are reported. A discussion is given of the shifts and distortions of the separated oscillatory
field resonance pattern produced by inhomogeneities in the external magnetic field and by the
Bloch-Siegert effect. The sign of the electron-coupled spin-spin interaction constant in HD
was remeasured to be positive. Its magnitude was determined to be 47(7) Hz. The spectrum
of the J=1 state of D2 was observed for external fields less than 160 G, and the spin-rotation
and second-rank tensor interaction constants were determined to be cz =+ 8.768(3) and d
=+25.2414(14)kHz. Using the calculated value of dz=+ 2. 737(1)kHz for the magnetic spin-
spin interaction constant, the value of the electric quadrupole interaction constant was deter-
mined from the observed value of d to be eqQ/h =+225. 044(24) kHz in the first rotational state
of D&. Hyperfine transitions were observed for the first time in the second rotational state of
D&. The hyperfine constants were determined from the transitions in the limit of zero external
magnetic field to be cz =+8.723(20), d& —-2.725(14), and eqQ/5=+223. 38(18)kHz in the second
rotational state. The effects of isotopic substitution and nuclear motion on the hyperfine con-
stants in molecular hydrogen are discussed.

I. INTRODUCTION

The magnetic properties and nuclear hyperfine
interactions in the isotopic forms of the hydrogen
molecule are determined with great accuracy by
the molecular-beam magnetic resonance method.
These experiments have a fundamental importance
in the evaluation of quantum-mechanical descrip-
tions of molecules and in the determination of the
electric quadrupole moment of the deuteron Q„.
Since the original work on Hz and D~ by Kellogg,
Rabi, Ramsey, and Zacharias, significant ad-
vances have been made in experimental technique
which improved the accuracy of the observations
on the J= 1 state of Hz and D2 ' and extended them
to the J=2 state of Hz' and the J=O and J=1 states
of HD. " The present work has improved the ac-
curacy of the observations on the J= 0 state of HD
and the J=1 state of D~, and has observed the hyper-
fine interactions in the J= 2 state of D~ for the first
time.

For the new experiments on the J=0 state of HD
and the J= 1 state of D~, an effusive source was
developed for producing molecular beams in the
region of 20'K. This source is temperature-reg-
ulated by the continuous transfer of helium vapor
from an external liquid-helium Dewar, and is de-
scribed in detail elsewhere. Compared to the
previous sources that were cooled by liquid nitro-
gen, this new low-temperature source has definite
advantages. It reduces the instrumental linewidth
by a factor of 2 and increases the deflecting power
of the polarizing and analyzing magnets. The
greater deflection power allows wider molecular

beams to be used for the experiments and increases
the signal to noise ratio of the resonances. This
helium-cooled source is responsible for the in-
crease in the precision of the molecul. ar-beam de-
termination of the sign of the electron-coupled
spin-spin interaction constant & in HD over the re-
sults obtained previously by Ozier et al. ' using a
liquid-nitrogen-cooled source on the same appa-
ratus.

The low-temperature source was also used to
observe the rf spectrum of the J= 1 state of D~ in
low external magnetic fields. This was also the
first time that D~ had been observed at high preci-
sion with an electron bombardment detector, and
nearly an order of magnitude increase in accuracy
was achieved compared to the previous observa-
tions ' in intermediate magnetic fields that used
a Pirani gauge detector. This large increase in
accuracy was obtained although no net decrease in
instruxnental linewidth compared to the previous
observations was achieved in the new experiments.
Although beam temperatures of 20'K were used
for the first time, the C magnet of the present ap-
paratus is approximately one-half the length of the
magnet used in the 1954 experiments that had a
liquid-nitrogen-cooled source. Part of the in-
creased accuracy is explained by improvements in
the experimental signal to noise ratio, better sta-
bility of the external magnetic field, and by the ob-
servation of transitions in the low-field representa-
tion of the molecule. However, the most significant
increase in accuracy came from the reduction of
distortions in the separated oscillatory field res-
onance line shape, which allowed the line centers
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to be determined with greater confidence.
The increased sensitivity of electron bombard-

ment detection also made possible the observation
of hyperfine transitions in the J= 2 state of Dz at
a source temperature of 142 K. These observa-
tions are interesting because of the effects of the
nuclear spin symmetry of the deuterons. For even
rotational levels of D~ the nuclei must have a sym-
metric spin symmetry, and therefore the total nu-
clear spin Iz can be equal to zero or two. However,
I„ is not a good quantum number for even rotational
levels because states having I„=0 are strongly
mixed with states having I„=2 by the hyperfine in-
teractions. This is in contrast to the odd rotational
levels where the nuclear spin symmetry is anti-
symmetric, and I„has the unique value of 1. The
nuclear magnetic spin-spin interaction constant d&

and the electric quadrupole interaction constant
eqQ/h cannot be determined independently from the
hyperfine transitions in odd rotational. levels be-
cause their matrix elements are proportional. But
for even rotational levels, d„and eqQ jh can be de-
termined independently by observing the hyperfine
transitions specifically because I„ is not a good
quantum number and strong mixing occurs. The
present study of the hyperfine interactions in the
J= 1 and J= 2 levels of Dz is therefore a very inter-
esting example of the effects of nuclear spin sym-
metry in molecules.

The comparison of the hyperfine interaction con-
stants in the J= 1 and J= 2 rotational states of Dz is
also interesting because of the small differences
that are caused by the effects of nuclear zero point
motion and centrifugal stretching. These effects
are significant in the present experiment, but cannot
yet be calculated to the full precision of the obser-
vations on the J= 1 state. Previous molecular-beam
experiments on hydrogen molecules~ 3 5 compared
the magnetic hyperfine properties of the J= 1 states
of H» HD, and D» as well as the J=2 state of H»
by taking adiabatic averages over the nuclear mo-
tion. It is desirable to improve the method of cal-
culating these effects, since the accuracy of the
absolute value of Q, is largely determined by un-
certainties in the average values taken over the
nuclear motion. ' In addition, the nonequivalence
of the bvo spin-rotation interaction constants ob-
served in the J= 1 state of HD suggests' that non-
adiabatic effects of the nuclear motion may contri-
bute amounts to the hyperfine constants that are
measurable with present experimental accuracies.
Unfortunately, only adiabatic methods "of cal-
culating the effects of nuclear motion are presently
available. It is therefore important to compare
the values of Q~ determined from the new observa-
tions of the J=1 and J=2 states of D&with the value
previously determined from the J= 1 state of HD in
assessing the reliability of the calculations.

II. LINE SHAPE

In the experiments on HD and D~ using source
temperatures of 18 'K, the signal to noise ratio was
sufficiently great that the line centers could be lo-
cated to within 1% of the linewidth. However, the
resonance line shape must not be distorted or
shifted from the value under ideal conditions in or-
der for the experimental line centers to have mean-
ing. Previous work ~ has shown that the distor-
tions caused by inhomogeneities in the external mag-
netic field depend on the value of the rf perturbation.
An additional distortion depending on the rf pertur-
bation is caused by the Bloch-Siegert effect, which
must be considered at low transition frequencies.

To estimate the effects of these distortions, it
is necessary to determine the magnitude of the ex-
perimental rf magnetic field and the value of the
velocity-averaged optimum rf perturbation. In this
experiment it is also of interest to determine the
velocity-averaged linewidth as a function of the
beam temperature and rf perturbation to determine
the performance of the low-temperature source.
Therefore in this section some of the properties of
the resonance line shape will be recalculated for
the new experimental conditions, and an analysis
will be given of a simple model for the shifts and
distortions of the line shape.

The separated oscillatory field transition prob-
ability between two isolated states Ip) and Iq) has
been previously discussed by Ramsey. " In general,
the energy eigenvalues of the states W~ and W, de-
pend differently on the value of the external mag-
netic field, which may vary along the length of the
resonance region in the C magnet. However, it
is usually assumed that the external magnetic fiel.d
is equal to the same constant value in each of the
two rf regions, and although the external field may
vary somewhat in the interference region that sep-
arates the two rf coils, its average value is as-
sumed to be equal to the constant value in the rf
regions. Note that this restriction on the average
value of the field in the interference region will be
removed when the model for distortions of the line
shape is discussed.

When a rotating rf field of angular frequency ~,
is applied coherently over the end regions with the
above restrictions on the homogeneity of the ex-
ternal field in the rf regions, the transition proba-
bility for a single molecule with velocity v between
two isolated states I p) and I q) is given by

~p, ((u; &u~, &o) =4sin 8 islam

x [cos~XT cos—'av —cose sin~ax sin~aT ]

where
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cos8 = ((uo —(a}/a,

a=[((g, —u)'+(2b)']'",

r=l/v,

sin8 = —2b/e,

~, = [(w, —w,)/a]„
RE GIONS

g= f,'[(w, —w,}/nL]dL',

T=L/v .

(2)

Usually, ~0 is a variable equal to -yH~, at any
point inside the magnet, but in these calculations
it is more convenient to treat it as a constant equal
to the angular frequency difference between the
levels I p) and I q) in the two end rf regions. The
frequency (d is the average value of the frequency
difference between the energy eigenvalues 8'~ and
S', in the interference region separating the two
rf regions. The frequencies (d and 5 are related
to the matrix element of the rf perturbation con-
necting the states I p) and I q) by the equation

The distances l and L are the lengths of the individ-
ual rf field regions and the length of the interference
region that separates them.

To simplify the averaging over the Maxwellian
velocity distribution of the molecules in the effusive
source, Eq. (1) is usually reduced to a sum of lin-
ear sine and cosine terms using standard trigono-
metric multiple angle formulas. The velocity-
averaged transition probability can be expressed in
terms of the basic integrals

It was also of interest to calculate the variation
of linewidth as a function of the rf perturbation for
the experimental conditions where the length of the
rf regions is significant. For this calculation a nu-
merical velocity average was taken of Eq. (1) and
the ratio of L/l was set equal to the experimental
value of 21. 8. The results of this calculation are
shown in Fig. 1. This calculation was helpful in de-
termining the temperature of the beam from the
resonance linewidth. It also explained why the reso-
nance linewidth could not be profitably decreased by
operating at low rf perturbations in the experiment.
Although there is some decrease in linewidth at low
values of the rf perturbations because molecules
with slower velocities are favored, the decrease is
not rapid enough to offset the loss of intensity at low
rf perturbations. This is in part due to the poor vel-
ocity selection characteristics of a two-wire deflec-
tion field. Because of poor signal to noise ratios,
the line centers could not be determined more accur-
ately at low rf perturbations than at the optimum rf

0.7
&„(x)= f,

"y" e" cos(x/y)dy,

K„(x)=f y" e" sin(x/y)dy.
(4)

0.6—
CALCULATED FOR

E
= 21.8

The index n takes the values 2, 3, 4, or 5 depending
on whether the beam detector is sensitive to the
beam density, flux, momentum, or energy. The
properties of these integrals are well known. The
most recent discussion of them has been given by
Harrison et al. ' For the present experiment using
electron bombardment detection, the correct index
is n=2

For an undistorted line shape (&so=&a) and in the
limit L» l, the optimum power and full width at
half-maximum can be calculated for n = 2 using the
method described by Ramsey' for the case n= 3.
The results are that

2b„,= 0. 5165v a/l sec ' and nv„, = 0. 557a/L Hz.

(5)

These should be compared with the previous results
for n=3, namely, that

2b„,=0. 600m a/l sec ' and av„, =0. 65 a/L Hz.

(6)
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FIG. 1. Variation in linewidth of the separated oscil-
latory field resonance pattern for a spin 2 as a function
of the rf power.
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FIG. 2. Variation of intensity of resonances for spins
I= 2 to I = 2 as a function of rf power using electron bom-
bardment. detection.

per turbation.
The rf magnetic field can easily be calibrated in

terms of the current in the rf coil if the power re-
sponse of a pure spin resonance is observed at ex-
act resonance. For a spin —,', the power response
is given by

(P~, ) = —,
' —(2/v'v) Im (4bl/a). (7)

This expression is plotted in Fig. 2. The power
dependence of higher spin resonances is more com-
plicated, but they can be calculated straightforward-
ly from Eq. (1) by using the Majorana formula" to
generate the transition probabilities, and then taking
the average over the velocity distribution of the
beam. These results are also shown in Fig. 2 for
spins up to I= 2. Using these curves, the rf magne-
tic field can be calibrated from either the proton or
deuteron resonances in the J=0 state of HD or from
the deuteron resonance in the J= 0 state of Dz. This
calibration will be important later in determining
the Bloch-Siegert shifts for the resonances. Also
from the shape of the spin- —,

' response curve, the
optimum power for a transition between two isolated
levels Ip) and Iq) can be determined accurately.

Ne now turn to the model of line-shape distor-
tions caused by inhomogeneity of the external mag-
netic field. We remark that Eq. (1) is still the ex-
act transition probability for a single molecule when
the average frequency difference between the levels

where k is an average factor whose magnitude
should be approximately equal to l/L, since the
molecules spend only a fraction of their total trans-
it time in the rf regions where the external field is
larger. However, the average factor k is influenced
by the interference conditions between the two rf
regions and it does not have a simple dependence
on the rf perturbation.

For a single molecule near resonance under opti-
mum rf conditions, the factor k can be evaluated
from Eq. (1) by differentiation. This is similar to
the approach used previously by Shirley. " In the
limit that L & l, the center of the shifted resonance
will coincide with the maximum value of Eq. (1).
After taking the derivative and making suitable ap-
proximations, the shift factor k can be expressed
as

k = l tanx/(Lx+ 2l tanx). (g)

Here, x is the measure of the rf perturbation, and
is equal to —,'a~.

At the first optimum rf value, when x= —,'g, the
value of k is approximately equal to 1.27 l/L, as
expected. But at the next optimum, when x= —,'m,

then k, is negative and approximately equal to —0.42
l/L. lt is apparent that Ik I decreases as x ' when
x is large and takes on an optimum value, and that
k alternates in sign between successive optimum
values of the rf perturbation.

Equation (g) is not valid when x is near a multiple
of —,'m for some fundamental reasons in addition to
the approximations used in its derivation. At these

Ip) and Iq) in the interference region &u is not equal
to the constant value +0 in the rf regions. However,
in this case the line shape given by Eq. (1) is no
longer symmetric, and its maximum value occurs
at a frequency slightly different from (d. Since the
line shapes can be conveniently calculated from
Eq. (1) and its numerical velocity average when

the model that we will use for shifts and dis-
tortions will assume that the external magnetic field
is equal to the same constant value in each of the
two rf regions, and that this value will be taken to
be greater than the average value in the interference
region. A qualitative description of the types of
shifts that occur for the general case, when the ex-
ternal magnetic field is different in the two rf re-
gions as well as in the interference region, should
be given by this restricted model.

Therefore, if co is set equal to o- 5 in this mod-
el, where & is a small shift in the average frequency
difference of the states Ip) and lq) in the interfer-
ence region of the magnet such that I 6 I « I 25 I, then
the net shift of the resonance should vary linearly
with 5 for a specific rf power. The shifted reso-
nance frequency will then be given by

cg =(d+k5,
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values of the rf perturbation, the interference pat-
tern is a minimum on resonance. The inhomogene-
ity 6 affects the shape of the nearby maxima more
than it shifts the position of the minimum corre-
sponding to resonance. The interference pattern
is easily distorted, and the effects of a finite 5 can-
not be adequately described by a linear shift of the
resonance as assumed in Eq. (7) for these rf per-
turbations.

The alternation of the sign of k for odd multiples
of optimum power can be explained by the use of a
rotating coordinate system. ' Consider first the
case of x= —,'m. In Fig. 3, the rotations of a spin —,

'
with negative magnetic moment are shown in the
frame rotating with the rf field at the resonance
frequency +„. Because co„ is less than wo, the ef-
fective magnetic field H,« in the rf region is at an
angle less than —,'m from the point N on the sphere.
The spin precesses —,'g about H,« from N to I' in the
first rf field. The next precession, occurring
while the spin passes through the interference re-
gion, determines how close to the south pole the
spin will be rotated by the second oscillatory field.
The correct precession in the interference region
for the resonance maximum is from P to Q clock-
wise about the north pole. This increases the rela-
tive angle between the spin and the oscillatory field
in the second rf field sufficiently for the —,'m rotation
about H f f to carry the spin down to the point R near
the south pole. This clockwise precession means
that the effective magnetic field in the interference
region must point in the direction of the south pole,
and hence &„must be greater than ~. If. however,
the spin were to have precessed counterclockwise
about the pole in the interference region, it would
have rotated to Q', closer to the direction of H, f f
in the rf regions, and the final position would be at
the point R', which is further away from the point
S than is the point R. Obviously, this would not be
the correct direction for the spin to precess to ob-
tain a resonance maximum in this case.

The precessions of the spin at resonance for the
case x =-,'g are not shown on Fig. 3, but they are re-
lated to those for x= 4g since a right-handed rotation
about H«of —,'g rad is equivalent to a left-handed
rotation of —,'m rad. Hence the path of the spin for
x= &m must resemble the mirror image of the path
for the case x=-,'g reflected in the plane containing
H,«and ¹ In particular, the precession in the in-
terference region must be counterclockwise about
the pole to move the spin the required amount away
from the direction of H, « in the second rf region.
But this means that the direction of the effective
field in the interference region must be toward the
north pole, and therefore co„must be less than +
and the sign of k must be negative in this case.

In an actual experiment, the average over the
velocity distribution of the beam causes a smooth

transition between positive and negative values of
k near the vicinity of twice the optimum rf power,
in contrast to the discontinuous behavior of Eq. (9).
Therefore a numerical calculation of the shift factor
)t was done from Eq. (1) using the Maxwellian velo-
city distribution of the beam, and the results are
shomn in Fig. 4. The calculation parameters mere
I-/f = 21. 8 with a shift 6 equal to 2. '7 &v„, T. he

shift factor was calculated from Eq. (&) and was
separately evaluated for the peak of the resonance
and the midpoint of the first zero crossings of the
0-180' phase-shift pattern. The results show
significant distortion of the line shape by the finite
inhomogeneity 6 near the vicinity of 1.5 times the
optimum rf perturbation. The shift is apparently
nonlinear in this region. However, the line shape
becomes symmetrical again as the shift factor k

goes through zero near 2. 35 times the optimum rf
per turbation.

The simplified model of line-shape distortion
that we have been considering also describes the
Bloch-Siegert effect on separated oscillatory field
resonances. For a pure spin —,

' in a homogeneous
external magnetic field Ho, the use of an oscillatory
rf field of H, G rather than a rotating rf field shifts
the resonance, ' having the same effect an an in-
crease in the external magnetic field in the rf re-
gions of &H„, G, where

4H„, = Hq/16HO . (1O}

Therefore, the Bloch-Siegert effect is equivalent
to a shift &» between coo and + which is proportional
to the magnitude of the rf magnetic field. Shirley'
has previously used an expression equivalent to Eq.
(9) to calculate the Bloch-Siegert effect on separated

R S

FIG. 3. Path in the rotating coordinate system of a
spin 2 for resonance at optimum rf power with a positive
shift 6 between the resonance frequency in the rf regions
relative to the average field in the interference region.
A negative magnetic moment is assumed. The explicit
rotations are explained in the text.
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oscillatory fields for a spin ~ in a monochromatic
beam at optimum rf perturbation. Note that for a
transition between two isolated levels IP) and Iq),
the Bloch-Siegert shift can be calculated from Eq.
(10) by making reference to the corresponding prob-
lem for a spin 2 in an equivalent external magnetic
field such that it has the same transition frequency
and the same first-order dependence on the magne-
tic field.

For the present experiment, the velocity-averaged
Bloch-Siegert shift may be calculated straight-
forwardly from Eg. (10) and the averaged values of
k given in Fig. 4. In Fig. 5 we show the results
of such a calculation, where the shift 6» has been
taken equal to an arbitrary constant times the
square of the rf perturbation. As before, in Fig.
4 the shifts of both the peak and middle of the reso-
nance are shown. The velocity averaged Bloch-
Siegert shifts appear to oscillate at high rf powers
without increasing significantly in magnitude.

These calculations enable the shifts caused by
magnetic field inhomogeneities and the Bloch-
Siegert effect to be estimated for the separated os-
cillatory field resonances. However, corrections
cannot be reliably made from this model because
in actual experiments the external magnetic field
varies inside the rf regions and does not necessarily
have the same value in each of the two rf regions.
Therefore, it is best to reduce the distortions as
much as possible in an experiment by using end
correction coils in the rf regions as in previous ex-
periments. 2y For precise work, it is necessary
to use small induction coils around the rf regis. 's
to trim the effective external magnetic fields in
the rf regions such that the resonance frequencies
in all three regions are equal to each other at the
specific value of the rf current used to observe the
particular resonance. Some useful tests for shifts
of the resonances are to check the symmetry of the
resonance peak and to determine whether the reso-
nance frequency is sensitive to small variations in
the rf perturbation.

signal generator and a McIntosh 150-W audio ampli-
fier were used for the rf system. The output of the
amplifier was capacitively resonated with the rf
coils to produce at least 4 A of current below 200
kHz. The eight turn rf coils were water cooled and
were 1.8 cm in length. They were separated by a
39. 3-cm-long interference region. End correction
coils were used to trim the effective magnetic field
equal in all three regions of the C magnet to reduce
line shape distortions. The transition frequencies
were measured by determining the frequency of
points of equal height on either side of the reso-
nance.

IV. SIGN OF 6 IN HD

In response to some controversy a few years ago
over the sign of the electron-coupled spin-spin in-
teraction constant 5 in HD, a molecular-beam ex-
periment was done by Ozier et al. using a liquid-
nitrogen-cooled source to measure the sign of this
quantity. After the development of the present
helium-cooled source, this experiment was repeated
to take advantage of the increase of the spatial de-
flection of the beam and the decrease of the instru-
mental linewidth. The experimental method is sim-
ilar to that used previously ' to determine the sign
of the spin-rotation constant in ' C' O. The princi-
ple of this experiment, which measures the sign of
5 relative to the sign of the proton magnetic mo-
ment, will now be described briefly.

In external magnetic fields greater than 1 G, the
precession of the proton spin in the J= 0 state of
HD is uncoupled from that of the deuteron spin, and
the Hamiltonian can be written in the high-field ap-
proximation as

X/h = g~ (g„/h-) m~Ho g~ (g„/h) m-~HO+ 5 m~m„.
(11)

Here, p& is the nuclear magneton, and g~, m~, g~,
and m„are the nuclear g factors and z components
of the spins of the proton and deutron, respectively.

III. EXPERIMENTAL METHOD
0.08

0.06

I
I

MIDDLE

TOP
The basic molecular-beam apparatus used in

these experiments has been described previously, '
with the exception of a redesigned electron bom-
bardment detector and its associated ultrahigh vac-
uum system. ' ' The external magnetic fields of
less than 160 G were stabilized over short terms to
within + 5 mG by a regulation system based on a
Varian model FH-20 Hall effect gaussmeter. The
helium-cooled source was used for the observations
on the J= 0 state of HD and the J= 1 state of Dq,
while another effusive source' cooled to 142 K by
a freezing mixture of liquid pentane was used for
the observations on the J= 2 state of D2. A HP 606A
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FIG. 4. Dependence of the average factor k on the rf
power calculated for L/l =21.8 and i5= 2.7'»t. The
solid line represents the shift of the midpoint of the reso-
nance and the dotted line represents the shift of the peak
of the resonance.
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FIG. 5. Typical variation of the Bloch-Siegert shift
for separated oscillatory fields as a function of rf power.
The calculation is based on the results of Fig. 4.

The magnitude of the deuteron resonance fre-
quency in the external magnetic field depends on

the values of m~ and 5 by the equation

I
~a I

= ga(&zlta)HO —"mp ~

The basis of the present molecular-beam measure-
ment is that the two proton spin states in the J =0
level of HD are separated by the deflecting mag-
netic field gradients in the A and B magnets. This
occurs because the proton magnetic moment —,'g~p, „
is greater than the deuteron magnetic moment

g,p,„and, therefore, the effective magnetic moment
in the J = 0 state along the external field, given by

(paaa)a = (gamp+ gama) pre ~ (13)

has the same sign as m~ since g~ is positive.
The direction of the deflecting force on the mol-

ecule is therefore determined by the sign of m~
and the sign of the magnetic field gradient (sHa/sz),
since

observe the separated oscillatory field resonance.
The separated oscillatory field resonance line-
width using the helium-cooled source was approxi-
mately 475 Hz. In each case the deuteron reso-
nance frequency was higher for the m~= ——,

' states
(selected by moving the buffer slit on the groove
side of the B magnet into the beam to obstruct at
least V5% of the total beam intensity) than for the
m~=+ & states, reconfirming that 6 is positive.

The statistical result of the experiment was that
5 =+ 4V(3) Hz, where 3 Hz is 1 standard deviation.
A small systematic error can arise from the asym-
metries in the line shape since it is difficult to
measure the center frequencies of the two shifted
resonances at the same relative position. The mag-
nitude of this error can be estimated from the cal-
culations of the factor k in Sec. II to be approxi-
mately 4 Hz. The final result of the present mo-
lecular-beam experiment is therefore

5 = + 4V(V) Hz.

(Here and elsewhere in this paper, quantities in
parentheses following a number indicate the un-
certainty of the last printed numeral of the preced-
ing number. The uncertainties are expressed as
probable errors. )

An independent nuclear magnetic resonance
(NMR) measurement by Benoit et al."has also
been able to measure the sign of 6 relative to the
sign of the proton magnetic moment. This experi-
ment observed the NMR of liquid HD at frequencies
of 54 and 74 Hz in variable external magnetic fields
less than 30 mG. In addition to confirming the

DETECTOR SLIT

&ea,+a= (&en)a f S
~ (14)

A diagram of the state selection of the positive pro-
ton component of the J= 0 state of HD by placing
obstacles in the beam is shown in Fig. 6. The
relative directions of Ho and eHJsz in the magnets
are also shown in the diagram. It can be seen that
the portion of the beam whose sigmoid path lies on
the groove side of the deflecting magnets consists
of molecules that have only positive values of m~.
The m~ states are selected by moving a particular
buffer slit at the exit of the B magnet more than
halfway into the beam to allow only the desired m~
state to pass through to the detector.

The deuteron resonance was observed in an ex-
ternal magnetic field of 156.68 G. The separated
oscillatory field resonance occurred at 102.40kHz,
and the single-coil transition frequencies in the
two rf regions were trimmed by the correction
coils to be 102. 5 and 102.7 kHz, respectively, for
the same value of the rf current that was used to
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FIG. 6. Technique for state selection of the m&=+ y
states in the J=0 level of HD for determining the sign of
the electron-coupled spin-s pin interaction constant.
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positive sign of 5, this NMR experiment has deter-
mined the most accurate value for 5 presently
available by observations in an external field of
1.5 G, with the result that 5=+42. 94(10) Hz.

Some progress has been made in the theoretical
calculations of 6 in recent years, and a new value
of +42. 57 Hz has been reported. The agreement
between theory and experiment is now very good.
While the present molecular-beam experiment
does not provide the best measurement of the mag-
nitude of 6 in HD, it has definitely established the
sign by a very fundamental technique, which can
be applied to measure the sign of 5 in similar
molecules such as HCl.

R/h= —(1 —o)g~(p~/h) Is ' H gg(pg/h) —J H

—c~f „~ J ~ [5d/(2Z 1)(2J+3)]

x l3(4 J)'+ 2 (4 J) - fs J'] . (»)
Here, I& is the total resultant nuclear spin, which
is a good quantum number in the case of D& for
odd rotational levels only where I& is equal to
unity. The quantity o is the average value of the
nuclear shielding constant, H is the external mag-
netic field, g~ is the rotational g factor of the mol-
ecule, and c~ is the deuteron spin-rotation interac-
tion constant. The constant d is defined as

(A Pg)
10h 5 h 0 R (15)

where e&Q is the electric quadrupole coupling con-
stant in the molecule and R is the internuclear dis-
tance. Only this linear combination of the elec-
tric quadrupole and spin-spin interaction constants
can be determined from the hyperfine transitions
in the J= 1 state of D2.

The matrix elements of the Hamiltonian given in
Eq. (15) have previously been discussed by
Ramsey along with the calculation of the energy
levels in intermediate fields. A diagram of the
hyperfine energy levels of the J=1 state of Da in

V. J = 1 STATE OF Dz

In the present work, the rf spectrum of the J= 1
state of D~ was studied in low magnetic fields using
the helium-cooled source. These fields were low
enough that the magnetic susceptibility of the mol-
ecule could be neglected. In addition, the transi-
tion frequencies could be calculated to sufficient
accuracy by using the value of the rotational mag-
netic moment determined by the previous high-
field experiment, and by considering only the
average value of the shielding constant of the nu-
cleus.

With these low-field approximations, the Ham-
iltonian of the J = 1 state of Dz can be written as

I 1 I I
)

I I I I
)

I I I I
)

+150—

+100

N
Z

o

K
-50R

hf

-150 )» i i I »» I

50 100 150
EXTERNAL MAGNETIC FIELD (GAUSS) ~

FIG. 7. Plot of the energy levels (in kHz) of the J=1
state of D2 in low magnetic fields. The states are labeled
A (m~ qFm~) .

external magnetic fields up to 160 G is shown in
Fig. 7. The energy levels have been identified
with the notation used by Ramsey. The energy
levels are approximately linear in this region, and
a good extrapolation to the zero-field transition
frequencies can be made.

Some of the allowed transitions in the low-field
limit (nF = + 1, 0; nmz = a 1) could not be used to
determine c& or d. An overlap of the interference
patterns occurred for the line pairs AB/GK and
FL/DG. The transitions BE and EF were resolved
from each other, but were significantly shifted be-
cause all three levels 8, E, and F are connected
by the rf perturbation. The transition CD could
not be observed because there was an accidental
cancellation of the change in the molecular effective
magnetic moment in the deflecting magnets. For
external fields above 75 G, the transition CF, which
is allowed in the high-field limit, can be observed
in place of CD.

The five transitions CK, CE, BG, EK, and AD
were observed for the determinations of c& and d.
A recorder trace of the transition AD is shown in
Fig. S. The signal to noise ratio on this resonance
is representative of that observed for the other
transitions in the J= 1 state of D~ using the helium-
cooled source.

In a preliminary version of the experiment that
did not use end correction coils, the external mag-
netic fields in the two rf regions were not equal to
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FIG. 8. The transition AD
in the J=1 stateof D2observed
with an 8-sec time constant.
The external field was approxi-
mately 157G and the error in
determining the line center
is +5Hz.
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each other, nor equal to the average value of the
field in the interference region. Part of these in-
homogeneities were caused by the iron yoke of the
C magnet, and part were caused by the fringing
fields of the nearby A and B deflecting magnets.
The resonances were shifted significantly by these
inhomogeneities, and data taken at different values
of the external magnetic field yielded inconsistent
values of c& and d.

In the final version of the experiment these sys-
tematic errors were reduced to a tolerable level
by trimming the external fields in the rf regions
with end correction coils as recommended at the
end of Sec. II. The Bloch-Siegert effect, which is
the other source of systematic error in these ob-
servations, was estimated to be less than 4 Hz for
all transitions. Since this is approximately 1/p of
the separated oscillatory field linewidth, no cor-
rections were made for these shifts in the analysis.

The summary of the experimental data is shown
in Table I. The value of the external magnetic
field was calibrated by observing the deuteron
resonance in the J= 0 state of D~. The data were
analyzed by setting (1 —o) g~ equal to 0.&57393
and g~ equal to 0.442884 and then performing a
least-squares fit with respect to c& and d. The
standard deviation of the fit to the data was 3.3 Hz,
indicating a high degree of consistency in the ob-
servations. The best estimates for c& and d are

of zero external magnetic field was desired for the
observations on the J= 2 level of D~, but it was not
possible to achieve this limit by a simple demagne-
tization because of the residual fields from the iron
yoke of the magnet that could not be removed in the
experiment. Therefore, the limit of zero field was
established by observing the hyperfine transitions
of the J= 1 level of D~, and adjusting the current in
the magnet winding and in the two end correction
coils until the zero-field frequencies were obtained
in all three regions of the magnet. The line CK
was of particular value for this field calibration
because it is the only observable transition between
the F = 0 and E = 1 states. The sudden transitions
that occur when the molecules pass through regions
of zero field make this transition frequency a linear
function of the magnet current. After the limit of
zero field had been established by observing the
line CK, the frequency of the other hyperfine tran-
sition between the E= 1 and E = 2 states was mea-
sured and found to be in excellent agreement with
the calculated zero-field value.

VI. J = 2 STATE OF D2

The earlier molecular -beam measurement' of

TABLE I. Observations of transition frequencies (inkHz)
in the J=1 state of D2 in the low magnetic fields.

c,=+8.768(3) kHz

Transition
Hp=156 672 Hp=92 490 H()=92 433'

(G)
'

(G)
'

(G)

d =+ 25. 2414(14) kHz,

where the errors indicated are an estimate of 1
standard deviation of the total statistical and sys-
tematic errors.

Using these values of the hyperfine constants, the
two zero-field transition frequencies for the J= 1
level of Dz were determined to be 198.078 kHz for
the E=O to F=1 line and 58. 187 kHz for the E=1
to E = 2 line with an uncertainty of 10 Hz. The limit

CK
CF
BG
EK
AD

292.
216.
163.
155.
144.

965(4)
572(S)
171(S)
O36(7)
935(4)

25O. 239(3)
185.126(5)
114.618(4)
111.756(2)
107.492(3)

25O. 204(2)
185.095(2)
114.576(2)
111.720(2)
107.464(3)

Entries in this
of observations.

Entries in this
of observations.

Entries in this
of observations.

column are average values of four sets

column are average values of six sets

column are average values of five sets
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70 tonian in the limit of zero external magnetic field
can be written as

3C/h = —c,( I, + I 2) ~ J -
2 v 6 C ' ' ((I), Ia j

+ V, Q (I,)/g+ y~ ~ Q (I~)/h, (1V)

where the tensor notation of Edmonds has been
used. The quantity t."& is the spin-rotation constant
of the deuterons and d„' is the magnetic spin-spin
interaction constant defined by

20—
(18)

10-

0
IOO 200

TEMPERATURE ( KELVIN)
300

FIG. 9. Total population in the rotational states of D2 as
a function of temperature.

the rotational magnetic moment in the second rota-
tional state of Hz suggested that the hyperfine in-
teractions in the second rotational state of D, could
be observed with an electron-bombardment detector.
The distribution of rotational states in D3 as a func-
tion of temperature is shown in Fig. 9 assuming an

ortho/para ratio of 2/1. Above 200'K, the deflec-
tions for Dz in the present apparatus are too small
for the transitions to be easily detected, so that the

most efficient range of source temperatures to ob-
serve the hyperfine transitions in the J= 2 state of
D2 is between 140 and 190 'K.

Homever, there are 30 hyperfine levels in the
second rotational state of D&, so that in a large
external magnetic field the spectrum would be com-
plicated and each transition mould have only a very
small intensity. Therefore, the hyperfine spectrum
mas observed in the limit of zero external magnetic
field, where there are only six different energy
levels, and the degeneracies increase the strength
of the observed resonances.

If the nuclei of D~ are treated for the moment as
distinguishable particles, the nuclear spin Hamil-

I

((, J, e )( 'J((, JF)= —1: (

The last two terms in Eq. (1V) are the interaction
energies between the electric quadrupole moments
of the two nuclei and the gradient of the electric
field at the nuclear sites.

Because of the identity of the nuclei in Dz, it is
convenient to calculate the matrix elements of X
with respect to basis wave functions with definite
total resultant nuclear spin I„=I, +I2, since these
wave functions are either symmetric or antisym-
metric with respect to an interchange of the two
nuclei. The deuterons obey Bose statistics, so that
only the symmetric nuclear wave functions (with IR
equal to 0 or 2) are allowed for the second rota-
tional state. The complete basis states used for
the matrix of X in zero field will be the set

l (I„I,)I„,J, F), where

) P(F ~ ())- (20)

F= I~+8

Unlike the case for odd J values, the Hamiltonian
is not diagonal in this basis because of the mixing
of I&= 2 states with I„=0 states caused by the hyper-
fine interactions. It is this mixing that allows the
electric quadrupole interaction to be determined
separately from the magnetic spin-spin interaction
in the J= 2 state of Dz. The interesting effects of
nuclear spin symmetry in D2 are that for even
values of J these two second-rank-tensor hyperfine
interactions are distinguishable from each other,
while for odd values of J they become indistinguish-
able.

The nonzero matrix elements of the Hamiltonian
given in Eq. (17) can be calculated from the follow-
ing formulas

(I's, J, E~ ——', ~6dg C ' ''{I~,IQ' '~Is, J, E) = —15)(20d~( —)
' "' (2J+1)

[(2I +1)(2I'+1)]' 2I J 1 1 1
7~I„2

(21)
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(1/h)(Is, J F
~

Vq' Q(I )+ V~' Q (Ia) ~I„,J', F) =(2/h)(~ V, ' Q(Ig)~) = „(—)

(2I +1)(2P +1)J(J+1)(2J 1)15 '~ 1 & 1 F J I'
(22)

(2J —1)(2J+3) IR 1 2 2 IR J

TABLE II. Matrix elements of the nuclear spin Hamil-
tonian in the second rotational state of D2 in zero external
field.

Matrix elements

(2 2 41(&/h) l2 2 4) =

(2 2 3 I (BCJh) I 2 2 3) =

M~ J F I (X/h) IIR J F)
—4 c& + 10 dz/7 —eq Q/7 h

—20 dz/7 + 2 eqQ/7 h

(2 2 2I (X/h) I 2 2 2) = 3 c& —15d&/14+3 eqQ/28 h

(0 2 2I (;K/h) I0 2 2) = 0

(2 2 1 I (X/h) I2 2 1)=

(2 2 0 I (X/h) I 2 2 0) =

(0 2 2 I (~h) I 2 2 2) =

5 c& + 5 d~/2 —eqQ/4 h

6 c, + 5 d„'- eq Q/2 h

(1/H7) (5 d~+ eqQ/h)

The values of 3-j and 6-j symbols are given in
the tables by Rotenberg et al. The 9-j symbol
can be calculated easily from an appropriate sum
over triple products of 6-j symbols.

The matrix elements of Eq. (17) are listed in
Table II. Note that there are two basis states that
have the total angular momentum F equal to two,
and that these states are mixed strongly together
by the off-diagonal matrix elements of the spin-spin
and electric quadrupole interactions. The eigen-
states of this two-dimensional manifold will be de-
noted by lF =2/. Therefore, there are six eigen-
states and six allowed transitions in zero field. It
is sufficient to observe at least three of these trans-
itions in order to determine the values of c~, d'„,
and eqQ/h in the second rotational state.

Four of the six possible transitions were observed
in the present experiment. Recorder tracings of
these resonances are shown in Fig. 10. Because
the temperature of the source was 142 'K for these
observations, the resonances had to be induced with
much larger rf perturbations than were used for the
observations of the J=1 state of Dz at 20'K. The
average rf current used was 8 A, the maximum out-
put of the audio amplifer in this frequency range.
The average magnetic field was set to within 25 mG
of the desired zero value by observing the hyper-
fine transitions of the J= 1 state of D~ as described
at the end of Sec. V.

The major difficulty in determining the center
frequency of the transitions is caused by the overlap
of parts of the interference patterns of some of the
resonances. Since the fu11 width of the resonances

and

c„=8. 723(20) kHz, d„' = 2. 725(14) kHz,

eqQ/h= 223. 38(18) kHz.

The error limits shown for the hyperfine constants
are large enough to be conservative estimates of
the total probable error in the experiment. The
calculated zero-field energy levels and transition
frequencies based on these hyperfine parameters

at half-maximum was 1. 1 kHz, part of the secon-
dary maximum of the J= 1 hyperfine transition at
58. 187 kHz overlapped with the F =2, to F=3 tran-
sition in the second rotational state. Overlap also
occurred between the F=1 to F=2, transition and
the F=3 to F=4 transition. The shifts caused by
the overlap of the interference patterns can be esti-
mated graphically, and are greater than the shifts
caused by the inhomogeneity of the external mag-
netic field and by the Bloch-Siegert effect. The
inhomogeneity shifts were estimated to be less than
the statistical errors in determining the line cen-
ters. The largest Bloch-Siegert shift occurs for
the F=O to F=1 transition and is less than 35 Hz
for an rf current of 10 A. The overlap shifts are
approximately 50 Hz in magnitude.

The experimental data for the zero-field tran-
sition frequencies in the second rotational state of
Dz are shown in Table III. For each transition two
frequencies are shown: The first is the uncorrected
measurement, and the second is a corrected value
for the effects of the overlap of the resonance line
shapes. Since the F= 0 to F= 1 transition was quite
weak and was subject to the largest Bloch-Siegert
shift, the frequencies of three stronger lines were
remeasured at slightly lower than optimum rf per-
turbation to check the consistency of the first ob-
servations. The hyperf ine constants determined
from these two sets of data, with and without the
overlap shift corrections applied, were all self-
consistent.

The corrections for the overlap errors were dif-
ficult to make because the width of the interference
pattern depends on the rf power used to observe the
transitions. Since it was uncertain whether the
overlap corrections improved the accuracy of the
determination of the hyperfine constants, the final
values for the hyperfine constants were taken as
the averages of the determinations from the cor-
rected and uncorrected data, with the result that
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FIG. 10. Some of the zero-field transitions in the J= 2 state of D2.

TABLE III. Experimental data on the J= 2 state of D2 in
zero field.

Transition

F=O F=1
F=2,
F=3
F=1 ~F=2

rf current
(A)

10
9
8
7.5

Obsezved
frequency

g Hz)

40. 256 (35)
60.146 (20)

118.999(25)
121.606 (20)

Correc ted
frequency

(kHz)

40. 256(35)
60. 196(20)

118.949(25)
121.655 (20)

E 2 ~F=3 7 5
F=3 E=4 7 5
E= 1 -E=2, 7.5

60. 146 (20)
118.968 (25)
121.620 (20)

60. 186(20)
118.928 (25)
121.700 (20)

are shown in Table IV.
Further improvements could be made in the de-

termination of the hyperfine parameters in the J= 2
state of D~ by observing all six allowed transitions
with a source temperature of 142 K in a magnet-
ically shielded low-field resonance region at least
2 m long. The overlap of the interference patterns
would be eliminated, and better homogeneity of the
external field could be obtained by using air-core
rectangular coils for preserving the direction of
quantization.

VII. EFFECTS OF NUCLEAR MOTION

To a first approximation, the differences of the

TABLE IV. Calculated zero-field energy levels and
allowed hyperfine transition frequencies in the second
rotational state of D2 assuming cz = 8. 723 kHz,
d&=2. 725kHz, and aqua/5 =223.380kHz.

Energy levels
State Energy (kHz)

F=O
E=l
F=2
E=2,
F=3

—45. 727
—5.418

—69.042
+ 116.225

+ 56.037
—62. 911

Allowed transition frequencies
Transition Frequency (kHz)

E=0 F=1
F=
F=

F=

2~~E=3

3
1 -E=2
2 ~E=3

40. 310
60. 187
63.625

118.948
121.643
125.080

hyperfine constants between the isotopic forms of
the hydrogen molecule are explained by the differ-
ences in the multipole moments and masses of the
nuclei. Ramsey has shown ' that the remaining
differences (as well as those that occur between
different rotation-vibration states of the same iso-
topic form) are caused by the effects of nuclear
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TABLE V. Spectroscopic constants of H2, HD, and D2

used for the averages over the nuclear motion.
TABLE VI. Comparison of the calculated and observed

values of dz.

Spectroscopic
const.

B, (cm )
u: (cm ~)

Q~

02

a&

a4

R, (A)

H2

60. 841
4400. 39

—1.598
+ l. 868
—2.072
+2. 261

0.74173

HD

45. 638
3811.92

—1.595
+1.854
—2. 047
+ 2. 250

0.74173

30.442
(3112.93)
(-1.592) b

(+1.840) b

(-2.022) b

(+ 2.239) '
(0.74173) c

'Calculated from ~~ of HD using the reduced mass
based on the nuclear masses only.

Estimated from the values of H2 and HD assuming
a& (H2) —a~(HD) = a&(HD) —a;(D2).

Stoicheff (Ref. 28) gives 0.74165 A for Re in D2, but
this is not as accurate as the values determined for HD

and H2.

*„(R/R,}~),= "„(1—3(+ 6t'-10$'

+ 15$' —21$'+ 265')z

As a test of the accuracy of the calculation of d „
in the first rotational state of D, , the values of d„

motion. Using approximations similar to those of
Born and Oppenheimer, he has expressed the hyper-
fine constants in terms of several basic functions
of the internuclear separation R and has shown how

these quantities may be averaged by Morse poten-
tial wave functions.

Recently, Schlier' and Herman" have derived
the averaged values of up to the sixth power of the
variable $ = (R —R,)/R, for various rotation-vibra-
tion states of a molecule in terms of the constants
8, and „and the Dunham parameters of the an-
harmonic potential. a„a~, . . ., a, . In the present
calculati. ons of the effects of nuclear motion on the
hyperfine constants, Ramsey's basic functions of
the internuclear distance have been expressed as
power series in the variable $, and the average
values were calculated from the equations in Ref. 11
because the Dunham parameters provide a more
complete description of the internuclear potential
in molecular hydrogen than the Morse potential is
able to give.

The spectroscopic constants of the molecular
isotopes of hydrogen were derived from the Raman
spectra observed by Stoicheff ' and are listed in
Table V.

To determine the value of eqQ/h in the first ro-
tational state of Da, it is necessary to calculate the
value of the direct magnetic spin-spin interaction
constant d„' from the spectroscopic constants of
the molecul. e. This can be done directly from
Eq. (16) by using the following series approxima-
tion for the value of the inverse cube of R:

Quantity

"„&(R/z, )-3),
H2 (J= 1)

0. 979 65

d„'(calc. ) (kHz) 115.346

HD(J = 1)

0.982 90

17.765

D2 (J = 1) D2 (J - 2)

0.986 54 0. 981 95

2. 737p 2.7244

d„'(obs. ) (kHz) 115.342(48)
(Ref. 2)

17.761(12)
(Ref. 5)

2. 725(14)
(Present work)

TABLE VII. Comparison of the electric quadrupole inter-
actions in HD and D2.

Quantity

Experimental
eqQ/h (kHz)

'„(q '(R) )~
(a. u. )

qd (mb)
Equivalent"

value of eqQ/h
from the J= 1
state of D2

HD(J=1) D (J=1)

225. 044(24)a224. 540 (60)
(Ref. 5)
0. 17102(21) 0. 17113(19)

2. 7939(40}
224. 892(80)d

2. 7983(30)

D (J=2)

223. 380(180)

0. 16991(18)b

7975 (60}
223. 442(50)d

Present work.
bError due to interpolation function only.
'Error estimate includes observational error and errors

due to interpolation function.
~Error estimate includes observational error and the

uncertainty in the calculated ratios of the average electric
field gradients.

were calculated for the first rotational state of H2

and HD and for the second rotational state of D2

and then compared with the observed values. The
results of this comparison are shown in Table VI.
Since the calculations are in good agreement with

the observed values of d„, the value of d „for the
first rotational state of D2 will be taken to be

de =2. 737(1) kHz.

The electric quadrupole coupling constant can now

be determined from Eq. (16}using the best esti-
mate of the constant d for the J= 1 state of D2 given
in Sec. V. The result is that

eqQ/h = 225. 044(24) kHz

for the J= 1 state of D2. This result is the most ac-
curate value of a deuteron electric quadrupole cou-
pling constant in molecular hydrogen that is pre-
sently available.

It is interesting to compare the three experimen-
tal determinations of the electric quadrupole inter-
action constant in the J= 1 state of Hd and in the J= 1
and J = 2 states of D& as a test of the present theo-
retical calculations of the electric field gradient at
the nuclei in the hydrogen molecule. The most re-
cent theoretical value of the electric field gradient
has been calculated by Narumi' using an eleven-
term James-Coolidge wave function. The values of
q (r)= (1/2e}s V'/ez 0 are tabulated in atomic units
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for A=1. 2, 1.3, 1.4, and 1. 5 Bohr radii. Narumi
stated that the largest source of error in his calcu-
lation was introduced by the interpolation formulas
used for q (R) and by his method of averaging these
interpolation formulas over the nuclear motions.
Therefore, the values of „*(q (R))z were recalcu-
lated in the present work using several different in-
terpolation formulas, the improved spectroscopic
constants of Table V, and the averaging technique
of Schlier and Herman. Since the effects of nuclear
motion are small, the average values „"(q (R))~ tend
to be correlated for a particular interpolation func-
tion. The ratios of the average field gradients are
less dependent on the method of interpolation than
are the absolute values of „'(q (R))~. Therefore, in
addition to calculating the values of Q„ from the
three observed values of eqQ/h, "equivalent" val-
ues of eqQ/h for the J= l state of HD and the J= 2
state of D& were calculated from the observed val-
ues in the J=1 state of D2.

The electric quadrupole interactions in HD and D2
are compared in Table VII. There is good agree-
ment between the obser vations in the J= 1 and J= 2
states of D2, but there is evidence of some discrep-
ancy with the observation in the J= 1 state of HD.
Not only is the determination of Q, slightly lower
in HD, but the observed value of eqQ/h is some
350 Hz lower than the "equivalent" value predicted
from the J= 1 state of D2. This difference may
originate either from truncation errors in the adia-
batic method of averaging over the effects of nuclear
motion which have not been considered here, or
from nonadiabatic effects of the nuclear motion. Al-
though different anharmonic potentials were used
for HD and D2, the differences were so small that
they would not significantly affect the predicted
value of eqQ/h for Hd. The center of mass in HD
does not coincide with the center of electric charge,
and it is possible that nonadiabatic effects could re-
duce the average value of the electric field gradient
at the deuteron in HD. Further work on the theo-
retical electric field gradient in hydrogen molecules
would be of interest in determining a more accurate

(cn)obs vk EA)z+q( CN )J+ „(cN )7, (24)

where the first term is Ramsey's nuclear acceler-
ation correction, the second term is the contribu-
tion of the relative circulation of the char ge of the
other nucleus about the nucleus N, and the third
(high-frequency) term is the contribution from the
circulation of the electrons.

For the purposes of the present calculations, it
was assumed that the third (electronic) term of Eq.
(24) was different for protons than for deuterons in
the molecular hydrogen isotopes. This is reason-
able because the protons are lighter and have
larger zero-point vibrational amplitudes than the
deuterons. However, the nuclear part of the spin-
rotation interaction constant was calculated the
same way for protons as for deuterons. This calcu-
lation requires only the average value of (R/R, ) ',
which has been shown in Table VI to be calculated
consistently for the hydrogen isotopes. Also, the
standard corrections for the effects of the acceler-
ation of the nucleus were made for both the proton
and the deuteron.

The first two terms of Eq. (24) were calculated

value of Q~, which is a very fundamental quantity in
nuclear physics, as well as investigating whether
the nonadiabetic effects of nuclear motion are sig-
nificant at the present level of experimental accu-
racy.

The variation of the spin-rotation interaction con-
stants in the isotopic forms of molecular hydrogen
also presents some unresolved theoretical prob-
lems. In their experiment on HD, ' Quinn et al. re-
ported that the Wick portion of the spin-rotation
constants for the proton and deuteron in HD were
not exactly proportional to the g factors of the
nuclei as had been expected. The origin of this
difference is still not fully understood.

The usual decomposition of the spin-rotation in-
teraction constants in the molecular hydrogen iso-
topes is written as

TABLE VIII. Calculated values of terms in the spin-rotation interaction constants and the high-frequency part of the
nuclear shielding constants in molecular hydrogen.

Quantity

(kHz)
C

(kHz)
x( C nuc)

(kHz)

(kHz)
10' "„(cr~ )

H2 (J=1)

113.9O4(30)
(Ref. 2)
1.072

206. 509

—93.678

—5.63(8)"

p in I-ID(J=1)

s5. 6oo(1s)
(Ref. 5)
0.946

155.421

-70.767

—5.65(s)b

d in HD(J=1)

13.122(11)
(Ref. 5)
0.037

23. 858

—10.773

—5.61(8)

8.768(3)

0.031

15.970

7 ~ 232

—5.64(s) b

D, (J=2)

8.723(20)R

0.025

15.895

-7.197

—5.63(S)b

'Present work. "Error estimated from calculation of "2(C&~ )~ given in text.
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by the present method of averaging the nuclear mo-
tion in terms of the Dunham parameters of the mol-
ecules in a similar fashion as described in Refs. 8
and 9 for a Morse potential. The remaining elec-
tronic term was then evaluated from the observed
value of the particular spin-rotation constant by

subtraction. The dependence of the electronic
(high-frequency} part of the spin-rotation constant
on R was determined by fitting a quadratic polyno-
mial in $ to the three observed values for the deu-
teron nuclei in the molecular hydrogen isotopes.

It was then assumed that the electronic part of the
spin-rotation interaction had the same dependence
on R for the protons and the deuterons, but that its
value differed for the protons relative to the deu-
terons by the same amount as the ratio of the elec-
tronic part of the average rotational magnetic field
at the two nuclear sites in HD. The electronic part
of the spin-rotation interaction constant in H2 could
then be calculated from the value derived experi-
mentally for the proton in HD, and then compared
with the experimentally determined value for II3.
The value of oa'(~~" g was calculated to be —93.810
kHz, which agrees reasonably well with the experi-
mentally determined value of —93.678 kHz. If no
corrections were made for averaging over the nu-
clear motion in the calculation of 0~ (c'")~ from the
observed value in HD, there would be approxi-
mately a 0. 65-kHz difference with the experimen-
tally determined value. Therefore, the assump-
tions that have been made on the internuclear de-

pendence of the spin-rotation constant agree wel],
with the observations.

The electronic part of the spin-rotation constant
is related to the high-frequency part of the nuclear
shielding constant „'(~"')q. The values of „"(q'"')~
were calculated from the values of „*(c„")~using
the present averaging method in analogy with the
calculations in Ref. 5. The results are listed in
Table VIII along with the summary of the calcula-
tions for the spin-rotation interaction constants.
The results for the high-frequency contributions to
the nuclear shielding constants should be compared
to those given by Quinn et al. ~ as ~0(o'"'),

5. 91(30)x 10 8 and o (o'"o), = —5. 96(30)x10 8.
The difference between these determinations and
the present values arises from the method used to
establish the electronic part of the spin-rotation
interaction constant and its dependence on the in-
ternuclear distance.

The calculations in this section have shown that
the present experimental accuracy in measuring
some of the hyperfine constants in the isotopes of
molecular hydrogen is greater than that of the ex-
isting methods of accounting for the effects of nu-
clear motion. Further experiments should be con-
sidered for molecular tritium and for the nonradio-
active isotopes at greater precision. With better
data on all isotopic forms of molecular hydrogen, it
will be possible to improve the understanding of the
effects of nuclear motion on the hyperfine inter-
actions in the hydrogen molecule.
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