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The three independent coefficients in the magnetic-dipole hyperfine Hamiltonian cannot be
determined by measurements of the hfs constants of the two atomic states 3d4s Deg2 zy2.
However, the interaction between these states at a high magnetic field shifts the resonance
frequencies for transitions between magnetic substates of either state, and the necessary
additional information for evaluating the coefficients may be obtained by observing these fre-
quency shifts. Such measurements, together with more accurate low-field determinations of
the hfs constants, lead to ratios of the coefficients in the dipole hfs Hamiltonian in agreement
with a recent theoretical prediction. Nore precise values for the electrong factors are also
reported.

I. INTRODUCTION

The lowest term of the neutral scandium atom is
'D, which arises from the 3d4s' configuration. The
atomic ground state is 'D, ~, and the metastable
'D, ~ state lies at an excitation' of 168.34 cm '.
Both levels are rather pure I.S states.

The atomic-beam magnetic-resonance technique
was used by Fricke et al. in 1959 to measure
the hyperfine structure of both the 'D3/2 and 'D„,
states in the only stable isotope (Sc", for which
the nuclear spin is I= T7). In these measurements,
the magnetic-dipole and electric-quadrupole hyper-
fine-interaction constants A and B were measured
in each state (diagonal hfs), but direct observation
of hyperfine-structure effects due to interactions
between the states (off-diagonal hfs) was not at-

tempted. Similar measurements have been made'
on a number of radioactive isotopes of scandium
in order to measure the spin and moments of the
nuclear ground states.

More recently it has been shown4 that the mag-
netic-dipole hfs Hamiltonian consists of three
parts, each with a different tensor character.
Since the relative importance of these parts is in-
fluenced by such effects as configuration interac-
tion, it is of interest to measure not only the total
value of A but also the relative contributions of the
three parts separately. Because diagonal hfs
studies lead only to 4 values for the tuo states
D3 & and D„„ they are not sufficient to identify

the three contributions to the dipole hfs Hamiltoni-
an separately. Several authors' have used off-di-
agonal hfs studies for such investigations in other
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atoms, and Mme. Bauche-Arnoult' recently sug-
gested the desirability of such measurements in
Sc '. The latter author's particular interest in Sc '
arose from her theoretical study of the effects of
configuration interaction on the Sc"hfs. It is also
of interest to see how the different parameters in
the dipole hfs Hamiltonian change as one pro-
gresses through the 3d"4s' transition elements'
from Sc, for which N=1, to Cu for which N=9.

At zero magnetic field, the shift of a transition
frequency in either of the 'D states due to inter-
action with the other can arise only from the hyper-
fine interaction. Such shifts are normally not ob-
servable, since they have the effect of changing
the apparent values of the hyperfine-interaction
constants. At high field, however, the frequencies
are also affected by the Zeeman interaction, which
can act coherently with each term in the hfs opera-
tors. Observations of transitions at high field thus
contain additional information and make it possible
to evaluate each of the terms separately.

In connection with this study of the off-diagonal
hfs effects, the zero-field hyperfine intervals were
remeasured with higher precision than was pre-
viously possible. In addition, high-field measure-
ments of AI' =0 transition frequencies yielded
greatly improved values of the electron g factor
g~ for each of the two states.

II. EXPERIMENTAL PROCEDURE

The general principles of the atomic-beam mag-
netic-resonance technique' and the details of the
particular apparatus' used for the present experi-
ment have both been described before. No impor-
tant modifications were required. The beam was
produced by electron-bombardment heating of a
Ta oven containing a sharp-lipped Ta inner cruci-
ble loaded with Sc metal. The beam was detected
by an electron-bombardment universal detector
equipped with a mass spectrometer.

Although it would at first appear that very high
fields would be most suitable for quantitative ob-
servation of the effects of off-diagonal interactions,
this is not necessarily so. Because there is no
high-precision g~ value available (and no even-
even I=O isotope of Sc in which to make such a
measurement), calculated transition frequencies
at high field will contain considerable uncertainty
from this source. In addition, the linewidth for
field-dependent transitions increases rapidly with
field, and consequently it becomes increasingly
difficult to measure small shifts from predicted
frequencies.

It was decided instead to search for values of
H for which particular transition frequencies are
field independent (8 v/sH = 0). Observations under
such conditions should show lines that are not
broadened by field inhomogeneities and for which
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FIG. 1. Appearance of the (4, -2 3, -1) transition in
the D3~2 atomic ground state of Sc as observed at 553
G. The sharpness of the line is due to the fact that at
this Beld the resonance frequency is field-independent.
A number of runs were made at this field to determine
the resonance frequency accurately.

the observed resonance frequency contains no un-
certainty arising from imprecision in setting the
field or from lack of precise knowledge of g~. Ex-
tensive calculations of resonance frequency as a
function of field revealed a number of values of
H for which sv/sH vanishes for particular DE=1
transitions, and none for AE = 0 transitions. The
off-diagonal shift of each of these frequencies was
then calculated at the particular field for which
Sv/SH=0. By the same procedure (discussed at the
end of this section), the off-diagonal shifts for the
~/= 1 transitions at zero field were also calculated
for comparison. The calculated off-diagonal shift
for the transition (4, -2 —3, -1) at 553 G (for which
sv/BH= 0) in the 'D„, state was found to differ
from that calculated at zero field by more than the
corresponding difference for any of the other tran-
sitions considered in either state. For a reason-
able choice of the parameters in the dipole hfs
Hamiltonian, it was predicted that the perturbation
of the transition frequency would change from -2
kHz at H= 0 to -12 kHz at 553 G. Thus, measure-
ment of the transition frequency at each field to
within about 2 kHz could be useful for specifica-
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FIG. 3. Appearance of the (5, -3—5, -4) transition in
the D3y2 ground state of Sc at 400 G. Observations of
this type were used to determine the value of g& for each
state.

FIG. 2. Observed field dependence of the (4, -2 3, -1)
transition frequency in the D3~2 state of Sc in the vicini-
ty of H =553 G, for which 8&/BH =0. The field was set by
a gaussmeter to within+2 G for the solid circles. For the
open circles, the field was set to within +0.03 G by obser-
vation of a transition in the ~S3 ground state of Cr 2. The
chromium beam was produced by adding chromium metal
to the Sc4~ in the oven.

tion of the dipole Hamiltonian.
The homogeneous "C" field was than set to 553

G by means of a rotating-coil gaussmeter, and the
(4, -2 —3, -1) transition was observed. As shown

in Fig. 1, the resonance was found to be sharp-
as expected for a field-independent transition. To
establish the field-independence of the line fre-
quency, the measurements were then repeated for
gaussmeter readings of 551 and 555 6, as shown
by the three solid circles on Fig. 2. Because the
calibration of the gaussmeter itself was open to
question, however, some chromium (for which
the vapor pressure" at the oven temperature
should be nearly identical to that of Sc) was added
to the oven charge. The Zeeman transition in the
S3 atomic ground state of Cr", for which g~ has

TABLE I. Summary of observations in the D3/2 atomic ground state. The first column of residuals results when the
theoretical frequencies are calculated from Eq. {1), and the second when the off-diagonal effects of Eq. (11) are proper-
ly taken into account.

H
(G) {G)

Transition
(F, M I' ', M')

Observed
resonance frequency

(MHz)

&obs & calc

Uncorrected Corrected
(kHz) (kHz)

1.000
1.100
0.500
0.857

553.000
553.000
553.000
553.000

1.000
1.000
2.004
2.004
1.020
2.015

400.009
400.009

0.100
0.100
0.010
0.050
2.000
0.010
0.030
0.030
0.012
0.012
0.008
0.008
0.012
0.008
0.007
0.007

4, 0 3, 0
4, 0 3, 0
4, 0~3 0
4, 0 3, 0
4, -2 3, -1
4, -2 3, -1
4, -2 3, -1
4, -2~3, -1
5, -2—4, -3
5, 2~4, 3
5, 2 4, 3
5, -2 4, -3
5, -3 4, -3

—3~4 —3
5, -3 5, M
4, -2 4, -3

1085.761(3)
1085.763(3)
1085.7 59(3)
1085.760 (7)
900.384 (6)
900 .386(2)
900.385(2)
900 .38 5(3)

1328.962 (9)
1328.962 (9)
1328.962(7)
1328.962 (7)
1328.614(9)
1328.289{8)
160.032 (8)
129.922 (8)

8

10
6
7

-6
4

-5
—5

0
—2
—5

0
-7

2
4
3

1
3
0
1

—2

0
—1
—1

1
-1
-3

1
-5

4
-1

1
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been measured" to be 2.00183(3), was then used
to set the field precisely, and the data shown by
the open circles in Fig. 2 were obtained. This
curve shows that the transition frequency does
indeed pass through a minimum near 553 G, and
the resonance frequency at this field was then re-
measurable several times to reduce the uncertain-
ty

Most of the observable AF =1 transitions in the

D3 /2 5 /2 state s were then observed at several
small values of H. Measurements were also made
of a number of the ~F =0 transitions at 400 G in
order to reduce the uncertainty in g~ for the two
states. One of these observations, the (5, -3—5,
-4) transition in the 'D,~ state at 400 G, is shown

in Fig. 3. The frequency was swept downward for
the scan. Except for the measurements at 553 G
described above, the field was set in each case by
use of an auxiliary beam of K" from a separate
oven. The measurements on the 'D3/2 and D, /2

states are summarized in Tables I and II, re-
spectively.

The data in Tables I and 0 may be analyzed with

the aid of the usual Hamiltonian for an atom in an
atomic state with a definite angular momentum J
(diagonal hfs), namely,

where

BK(K+ 1)—
& I(I+ 1)J(J+1)

I(2I- 1)J(2J- 1)

+cf(t, z, z}+g,p, tr J.+~I, ), (1'I

K = F(F+ 1) —I(I+ 1)—J(j+ 1) = 2(FM i 1 J ( FM) .
(2)

In these expressions, A., B, and C are the magnet-
ic-dipole, electric-quadrupole, and magnetic-octu-
pole hyperfine-interaction constants; I and J are
the nuclear and electronic angular momentum op-
erators and 5, and J, are their projections on the
field axis; F is the quantum number for the total
angular momentum of the atom; g~ and g, are the
electron and nuclear g factors; p. ~ is the Bohr
magneton, and H is the magnetic field. The octu-
pole function f, although well known, is not given
explicitly above, because C is found to be near
zero in the present experiment.

The data of Tables I and II were computer-fitted
with this Hamiltonian by holding g, to the NMR val-
ue" and allowing A, B, C, and g~ to vary freely
until the best fit was obtained. The residuals for

TABLE II. Summary of observations in the D5/2 atomic state. The first column of residuals results when the theo-
retical frequencies are calculated from Zq. (1), and the second when the off-diagonal effects are properly taken into
account by the analog of Eq. (11).

(G) (G)

Transition
(E,I E', M')

Observed
resonance frequency

(MI-Iz)

&obs & c ale

Uncorrected Corrected
(kHz) (kHz)

1.000
1.000
2.000
1.000
1.000
1.000
1.116
1.109
3.000
1.116
1.109
3.000
3.000
1.116
1.109
1.116
1.109
3.000
3.000
5.000

400.009
400.009
400.009
400.000

0.005
0.005
0.005
0.005
0.005
0.005
0.020
0.020
0.005
0.020
0.020
0.005
0.005
0.020
0.020
0.020
0.020
0.005
0.005
0.005
0.007
0.007
0.007
0.007

6, -3~5, -3
6, -3 5, -3
6, -3 5, -3
5, -2 4, -2
5, -2 4 -2
5, —2 4, -2
4, 2 3, 3
4, 2 3, 3
4, 2 3, 3
4, 1 3, 2
4, 1 3, 2
4, 1~3,2
4, 1 3, 2
4, 1 3, 1
4, 1 3, 1
4, 0 3, 0
4, 0 3, 0
4, 0 3, 0
4, 0 3, 0
4, 0~3, 0
6, -3 6, -4
5, -2 5, -3
4, -1 4, -2
4 —] ~4, —2

634.805 (10)
634.806 (13)
634.640 (10)
543.628 (8)
543.620 (11)
543.622 (8)
444.738 (12)
444.728 (12)
444.875(18)
444.500 (18)
444.505(15)
444.240 (14)
444.240 (14)
444.8 75(15)
444.8 77(14)
444.6 76 (12)
444,6 77 (12)
444.655(8)
444.655(6)
444.635(6)
400.4 55(15)
461.050(12)
573.204 (14)
573.149(14)

-1
0
1
5

-3
-1

7
-2
-2
-5
-1
-2
-2

—15
-12

6
7

-2
-2

4
20

2
10

—29

—1
0
1
5

~3
-1

7
-2
-2
-5
-1
-2
-2

-15
—12

6
7

-2
-2

11
1

—25
14
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these fits are given in the next-to-the-last column
of Tables I and II. The best-fit values found for
A, B, C, and g~ will be discussed in Sec. III, as
will the significance of the other column of re-
siduals.

III. INTERPRETATION AND RESULTS

3C„„(M- 1) = +[a(l)1, —~la(sC')(s xC" ),"

+a(s)s, ] I, (3)

in which C~' is the spherical tensor operator pro-
portional to the spherical harmonic of order 2.
For the particularly simple case of Sc I, we have
N = 1, and the summation sign may be omitted.
The interaction thus contains three terms, and
the relative importance of each is given by the
size of the three coefficients a(l), a(sC'), and a(s).
Although the values of the coefficients are affected
both by relativity and by configuration interaction,
it can be shown that relativistic effects for the 3d
shell of the light scandium atom are very small
and may be ignored. [If the relativistic contribu-
tions are evaluated by the Sandars-Beck theory4
using Casimir factors" for the relativistic radial
integrals, it is found that a(sC')/a(l) = 1.002 and
a(s)/a(l) =0.0007. These values may be compared

The low even-parity configurations in Sc I are
relatively well separated'. States of 3d4s' lie at
0-168 cm ', those of 3d'4s at 11500-21 500 cm ',
and those of 3d' above 33 VOO cm '. Wilson" has
investigated the mixing of levels within the 3d'4s
configuration in Sc I, and has shown that in La I

(which has the same structure except for a larger
principal quantum number) there is a great deal
of mixing between the ds' and d's configurations.

Although the present g~ values are in agreement
with the best previous values, "the uncertainties
are an order of magnitude smaller. Table III com-
pares the experimental g~ values for the 'D3/2$ 5/2

states of ds' in both Sc I and La I "with the 1.$-
limit values. It is seen that while the differences
for La t are substantial (reflecting the consider-
able configuration interaction found by Wilson"
and by Stein" ), the differences for Sc & are about
an order of magnitude smaller. The remaining
discrepancies may well arise from failure to take
relativistic and diamagnetic corrections into ac-
count in calculating the theoretical g values, rather
than from configuration interaction. Thus the 'D
states of Sc I appear relatively free from configu-
ration interaction when viewed through the Zeeman
interaction.

It has been shown by Sandars and Beck' that the
magnetic-dipole hyperfine structure for a state in
which only one electron shell (nl)» is open may be
described by the Hamiltonian

= &FMII ~ 3 IFM», (4)

and it follows in addition that

30(~+ I)I(I+ I)(21+1) '&

J(J+ 1)(2/ —1)(21+3)

S S1
x&PuSL)(V""))IsaSL& L L 2 a(sc')

J J
+ (g~ —1)a(s), (5)

in which Q~ is the Lande value of the g factor. In
particular, for the 3d4s' 'D», », states of Sc",
we have from Eq. (5) that

A( D„,) =va(l)+va(sC ) —va(s) = 269.556(1) MHz,

(6)

A('D»~) = va(l) —~a(sC')+ va(s) = 109.032(1) MHz,

in which the numerical values on the right-hand
side result from fitting Eq. (1) to the data of Tables
I and II without applying corrections for off-diago-
nal effects. The experimental values are given in
the "uncorrected" column of Table IV. They are
in good agreement with the results of Ref. 2, but
the uncertainty is an order of magnitude smaller.
The three coefficients a(l), a(sC'), and a(s) can-
not be evaluated separately until additional (off-
diagonal) information is available.

Expressions for the electric-quadrupole hyper-
fine Hamiltonian and for its matrix elements —the
analogs of Eq. (3) and of Eqs. (4) and (5), respec-

TABLE III. Comparison of the gz values for the ds~

D&&2 &/2 states of Sc and La with the LS-limit values.
The much smaller departures of the Sc values from the
LS limit is evidence of the much smaller degree of
configuration interaction in Sc.

Atomic
state

2D3
2D 3/2

D 5/

2D g/2

gz value
Atom Observed LS-limit

Sc4 0.79933(3) 0.79954

La ~ 0.79755(3) 0.79954

Sc45 1.20029(2) 1.20046

La 9 1.19907(4) 1.20046

Difference
(obs. -LS)

-0.00021(3)

-0.00199(3)

-0.00017(2)

-0.00139(4)

with the corresponding nonrelativistic values 1 and

0. ] Configuration interaction, on the other hand,
is expected to distort the values of these ratios
noticeably, and the observation of these distortions
is the principal object of the present experiment.

If one takes matrix elements of this Hamiltonian
within a state

~

I"aSLJ), the first term of Eq. (1)
is recovered, i.e.,
(INuSLJIFM(3C„„(M- 1)

~
lsaSLJIFM)
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TABLE lV. Best-fit values of the hyperfine-interac-
tion constants A, B, and C, and the g factor g& for the

D,&2 ~&2 states, together with the y values for the fits.
For the first fit, off-diagonal effects were ignored in
calculating the theoretical transition frequencies. For
the second, the off-diagonal effects were computed
with n = 1.1.

Uncorrected value, Corrected value,
Atomic with experimental with total

state Quantity uncertainty uncertainty

extract Q'.
For a particular transition, calculation of the

resonance-frequency shift due to off-diagonal in-
teractions involves calculating the shift for the

upper and lower levels of the transition separate-
ly and then combining the results. The shift for
any level 5', M of the 'D, & state may, for example,
be expressed" at field H by

5E( D
gBy25M}: [1/E( D5/ 2)]

2
DSI2

D 5/2

A
B
C

gJ
X

B
C

X

269.556(1)
-26.346 (4)

0.79935(3)
41.1

109.032 (1)
-37.387(12)

o.oo17(1o)
1.20028 (2)
7.7

269.558 (1)
-26.360 (8)

0 .79933(3)
3.0

109,033(1)
-37.373(15)

0.0015(12)
1.20029(2)
6.5

tively —have been given"; but because the quadru-
pole interaction plays only a minor role in the Sc"
off-diagonal hfs observed, they will not be repeat-
ed here. (In the computer calculation of the off-
diagonal shifts, full account of the quadrupole ef-
fects is taken. ) For the preseht purpose we may
use the classic result, "

B( DI) = [(2j- I)/2(J+1)] b„, ,

in which

in which PM represents the particular combination
of zero-field EM basis states for the level at field

The fact" that I(Sc")= & has been used in Eq.
(11). The operator in Eq. (11) contains the dipole,
Eq. (3}, and quadrupole hfs operators and the Zee-
man term p~(L+25) H coherently. Its matrix
elements, and the resulting frequency shifts, de-
pend on the relative sizes of a(I), a(sC'), and a(s)
in a complex way. Because of Eqs. (6), however,
specification of any one of the three dipole coef-
ficients (or any ratio between them) specifies X„„
and therefore completely determines all off-diago-
nal shifts of resonance frequencies. The shift in
frequency for each observed transition in the 'D3/2

state was calculated as a function of the quantity

b„,=e'Q'(r ')„,. (8)

In Eq. (8}, Q' is the apparent value of the electric-
quadrupole moment of the nuclear ground state
(before application of the Sternheimer'0 shielding
correction}. For the 'D„„«,states of Sc", we
have from Eq. (7) that

B( D3,2) =xbM =-26.346(4) MHz,

B( D~ )2= v bM = -37.387(12) MHz,

IOO—

80—

40—

45 2
S

bM( Dag2) = 65 865(10) MHz

bM( Dsgm) 65 427(21) MHz
(10)

These two values, though not the same to within
experimental uncertainty, differ by less than O. 'P()

and may confidently be substituted into Eq. (8) to

in which the numerical values on the right are
again the result of fitting Eq. (1}to the data of
Tables I and II without taking account of off-diagon-
al effects. The new values are again consistent
with those of Fricke et al. ,

2 but with uncertainties
an order of magnitude smaller.

Equations (8) can be solved for b„ for each of
the two states, the results being

0
0

I I I I I

0.4 0.8 l.2 l.6
a= o(d)/a (sC )

FIG. 4. Value of X for fitting the calculated transition
frequencies to the data, plotted as a function of the value
of n = a (l )/a (sC2) used in computing the off-diagonal cor-
rections to the computed frequencies. The value y =43
is obtained if corrections for off-diagonal effects are
ignored.
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a = a(l)/a(sC') . (12)

For each value of z considered, these corrections
to the calculated transition frequencies were then
included in a new fit to the data. In Fig. 4 the X'

achieved in the 'DS/2 fits" is plotted as a function
of n. Comparison between the residuals and the
experimental uncertainties suggests that for a
reasonable fit we should require X2 s 3.5. In con-
trast, the value for the entirely unsatisfactory fit
in which off-diagonal effects are ignored" is X'

=43. From Fig. 4 it is concluded that the value of
the ratio a(l)/a(sC') for an acceptable fit is

] 13+0 2v
-0+10 ' (13}

n(Ti r) =1.03. (14)

The present result that o. =1.13 for Sc", though
not a high-precision determination, is consistent
with her prediction.

The value of u for Sc I can also be inferred by
comparison of the Sc"hfs with that of other 3d"4s'
atoms. From Fig. 1 of Ref. 7, it would appear by
extrapolation that we must have

a(s) 10
MHz

I u, /&I
(15}

for Sc", and closer limits could probably be used
with safety From E. q. (15) and the known" values
of p,, and I, we find

-34.0 ~ a(s}~ -13.6 MHz .
From this, using Eq. (6), we have

0.95& ~ s1.07,

(16)

(17)

in agreement with Eq. (13). It should be empha-

When the corrected theoretical frequencies for
the particular choice a = 1.1 are fitted to the Ds~
data (and a similar fit is made to the 'D», data),
the residuals are as given in the right-hand col-
umns of Tables I and II, and the values found for
A, B, C, g~, and X2 are as given at the right in
Table IV. Because the values found for A and 8
are so nearly the same as for the uncorrected fits,
substitution of the new values for A and B into
Eqs. (6} and (9) does not affect the conclusions
drawn from them.

The result given in Eq. (13) may be compared
with the theoretical prediction of Bauche-Arnoult, '
who used second-order perturbation theory to study
the extent to which configuration-interaction dis-
torts the values of the dipole coefficients. She
concluded that the value of z for Sc i should be
nearly equal to that for TiI, for which it has been
found' to be

sized, however, that the value given by Eq. (17)
results not from measurements on Sc but from
extrapolation from the properties of other atoms
of the same series.

From Eqs. (6) and (13), it follows that

a(l) = 168.0", ~~ MHz . (18)

The value of a(l) is relatively insensitive to the
extent of configuration interaction (its indicated
value changes only 1.4% if configuration interac-
tion is ignored) and may be taken to be

~(l) =2u&uN(V, /rX~ ').. . (19)

the value given by the nonrelativistic theory if
configuration-interaction effects are ignored. By
eliminating (r '}„,between Eqs. (8) and (19) and

solving for Q', the apparent electric-quadrupole
moment of the nuclear ground state of Sc" is found
to be

qi ~ ~~ Sd2 b
+2 8 N I +(I}

(20)

q =-0.216 b, (21)

in agreement with Ref. 2. The uncertainty arises
mainly from Eq. (18) and the assumption of Eq.
(19), and is less than 4%. In Sternheimer's nota-
tion, "the true quadrupole moment Q is obtained
from the apparent value Q' by the relation

Q = Q'/(I —&„) (22}

Although the correction factor 1/(1 —g„) has been
calculated" to be 1.217 for Cu(3d'4s'), its value
for Sc (at the other end of the 3d shell) is unknown.

IY. CONCLUSIONS

The principal result of the present experiment
is to confirm Mme. Bauche-Arnoult's theoretical
prediction for the ratio o, = a(I)/a(sC') between coef-
ficients which occur in the Sc" magnetic-dipole
hfs Hamiltonian. The agreement gives increased
confidence in the treatment of configuration-inter-
action effects by second-order perturbation theory.
In addition, the new experimental values for the
hfs constants and g~ values of the 3d4s' 2D3/2 5/2
states of Sc"are an order of magnitude more
precise than those previously available. The val-
ue found for the electric-quadrupole moment of
the Sc"nuclear ground state is in agreement with
the previous result.

If the numerical value of b3„ is taken to be the aver-
age of Eqs. (10), that of a(I) from Eq. (18), and
that of iJ., /I from Ref. 12, it is found that
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The 0'-parametrized Hartree-Fock-Slater (Xn) equations are solved in the framework of
Z expansion theory for the two- and four-electron ions in their ground-state configurations
(ls ) and (ls 2s ), respectively. The first two terms in the Z expansion of 0,' are given when
+ is determined by various criteria.

I. INTRODUCTION

(- —,'& —Z/r+ V„+ V„) u(r) = e u(r) (2}

(where V„and V„are the Coulomb and exchange

The Slater' (S) and the Gaspars-Kohn-Sham (GKS)
local approximations to the exchange term V„ in the
Hartree-Fock (HF) equations differ only by a multi-
plicative constant, e. The former corresponds to
the n value 1, and the latter to —'„ in the expression

V» = —-,'a [(3/s) p(r)]' ', (l)

where p(r) is the charge density at r
Investigation for atomic systems of the orbital

solutions u(r) of the self-consistent-field (SCF)
equations

terms, respectively), with each of these local ex-
change potentials, yielded, results for various
physical properties which were significantly differ-
ent from those obtained with the HF exchange poten-
tial. The S potential overestimates, while the GKS
potential underestimates, exchange.

For this reason, there has been extensive inter-
est, in recent years, in employing a value of n in-
termediate between 1 and -', in order to retain the
calculational advantages of the local exchange but
obtain a closer approximation to the HF exchange
and its effects.

We thus have the problem of the choice of the op-
timum e. Probably the earliest suggested crite-
rion (hereafter called criterion A} was to construct

1Q

a normalfzed Slater determinant C (o) from the


