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In the calculation of excited-state cross sections for electron impact on hydrogen atoms, the

hypothesis A =9'~ lnrt&; (r~)' (V'~ lng~ -~~ lng&) = 0 is used to solve the Schrodinger equation of the

system. The purpose of this work is to take into account this term assuming that V~ lntt&, (r~) is
equa1. to a constant vector C, dependent on the atomic state under consideration. Taking into
account the justification and the consequences of this hypothesis, the equation of the system is
solved when one puts the term A. into this form. The transition amplitudes 1'()„arecalculated
by "prior" and "post" approximations and compared, and the cross sections are obtained and

discussed for four transitions. These various results show that the introduction of the term A
favors the prior approximation because it is expressed by a constant modification of the inci-
dent electron energy, which is not the case for the post approximation.

I. INTRODUCTION

The excitation cross section for electron impact
on a hydrogen atom from its initial state (0) to an
excited state (n) is described (in the atomic unit
system), the exchange being neglected, by the rela-
tion

where ko and k„arethe wave vectors of the incident
and scattered electrons, and dQ is an element of

(4)

The indices 1 and 2 characterize, respectively,

solid angle.
There are two equivalent relationships to ex-

press the transition amplitude':

T~""= ( 4.(ri) e'"""
I
)'l tt(ri, r2) &

or
Tpn (0 (rt r2)

l
)

I yo(r~) e"' "& .
The interaction potential V has the value

1 1
V=)

Ir~ —r, l r2
'
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the atomic and scattered electrons, and (t)o(r&) and

g„(r,) represent the initial and final states of the
hydrogen atom. The functions ())o(r„ro)and ())„(r»
r2) are two solutions of the equation of stationary
states:

1 1 1
o Vi + o Vo + —+—— +Ei C(i)(ri, ro)= 0

r, x2 Ir2 —r&l

(5)
with the following asymptotic behavior:

(()o(ri ro) = yo(r, ) e"o'o+g, y, (r|)f;,(fl)

x e "&"o/r, . (6)

4.(ri, ro) ( rl) e'""'"+&~ 4~( r'g) f1)i(")

x e '"~'&/r, . (7)

In the method used by Vainshtein, Presnyakov,
and Sobelman (VPS), ' the total wave function is
represented by

8( r'( r&) ~9( r&) A(r» (8)

If j indicates the initial state, the wave function
())o(r„ro)corresponds to the "prior" approxima-
tion" whereas if j indicates the final state, the wave
function ())„(r„ro)corresponds to the "post" approxi-
mation.

By substituting the wave function given by relation
(8) into Eq. (5), we deduce the exact equation which
must obey g ~( ri, ro):

it follows that

fR+pf =2R. (14)

We wish to modify the first hypothesis and de-
duce its consequences in its modified form.

II. INFLUENCE OF TERM A IN DETERMINING

CROSS SECTIONS BY "PRIOR" AND "POST"

APPROXIMATIONS

~ (V Ring &
—V, Ing~)]g&= 0 .

If we put the solution of Eq. (16) in the form

g,'(R, p) = 8,(R) n J( p),

A. Modified "Prior" and "Post" Wave Functions

To neglect the term A means that a solution

g,'~(5, p) should be found which no longer depends

upon the state of the hydrogen atom this state being
different in each approximation. It is therefore
evident a Pti'oui that the relative results of both
these approximations cannot converge.

In order to take account of this term and, at the
same time, of the atomic states, we let

V, )nary( ri) = C~ . (15)

In this equation we assume that C& is a constant
vector different for different atomic states. Thus
the solution g'„(R,p) will depend on the state
through this vector.

According to this modification, the exact equa-
tion (ll) becomes

[o VR + —,
' V, +1/R —1/p +k&+ C&

( ,' V ——;ki V, Ingq(, ) V,)+2 I r2 —ry 1

xg g(r„ro)= 0 (9)

Introducing the new variables R and p defined by

we get

(V(g + 2C~ ~ Vs+ 2/8+ k) ) e~(R) = 0,

(Vgo —2C& ~ V, —2/p+k&o) qk&(p) =0 .

(18a)

(18b)

R=-, (r, +r,), p=-, (r, —r,),
Eq. (9) then becomes

(10)
Let us try to find a solution of the form

g(r) = P,(r) e""'"', (19)

(
2 1 2 2

V(g + o V +, — +k& + V, In/&(r, )]R+PI P

'(V )llgi V 1 g())gj(R g)= D . (11)

In their previous work, '3 VPS tried to find a
solution to the approximate equation

(o Vgg + o Vg + I/R —1/p+ ky ) g ~(R, p) = 0, (12)

which led to the following two hypotheses: (a) The
term

= V, iny&(r, ) ~ (vR)ng& —Voh g&) (18)

is neglected, and (b) it is supposed that R =p and

q&(p)=C,'&(p)e 1 &("( with p=(x;j.
Assuming R =p, we get

gi(R, p)= Ca~(R) 4;&(p) .

(20b)

(21)

These wave functions must then obey both of the
equations

(V„+2/R+ K) ) C) gg)(R) = 0, (22a)

(Vg —2/p+K& ) 4)g'&(p) = 0, (22b)

and let us determine the value of the parameter ~,
such that the terms in V cancel out in these equa-
tions. We get

8&(R) = 4gg&(R) e ' &'"( with R =(X;), (20a)
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with

2 2 2K) ——k) -Q( C)( (23)

therefore compensation can be made for them,
whereas this is not the case in the "post" approxi-
mation.

We state that introducing in the differential equation
the neglected term in the form suggested here, in
the "prior" case, is equivalent to replacing, in the
differential equations, the real energy of the in-
cident electron by a virtual and smaller energy de-
pending on the initial state considered. The wave
function relating to the "prior" approximation can
then be expressed as

go(R, p) = Noe'"o '''E(i/Ko, 1, iKO R —iKO ~ R)

x F( —i/ K01, iKop —iK ~ p), (24)

where F(a, b, z) is the confluent hypergeometric
function, the vector Ko having the direction of the
incident wave vector ko and its modulus being given
by Eq. (23).

In the "post" approximation, taking into account
the previously neglected term, we see that the en-
ergy of the scattered electron is smaller than that
given by energy conservation.

The wave function in this approximation is given
by

g „(R,p) = N„e' ' '""'E (- i/K„,1, —iK„R—iK„~R)

x E (i/K„,1, —iK„p—iK„~p), (25)

with K„given by Eq. (23). The normalization co-
efficients are then

(26)

Let us note, before proceeding, that the wave func-
tions given by Eqs. (24) and (25) do not have the
asymptotic behavior required since the unperturbed
wave is not obtained when V- 0.

By this theoretical hypothesis, we therefore can-
not hope to obtain a real physical representation
of the collision phenomenon. However, as we shall
see, this study allows us, on the one hand, to know
the importance of neglected terms and, on the other
hand, to choose between the two approximations, a
choice not possible with the formal theory.

In fact, if we consider that the hydrogen atom is
initially in its ground state, the calculation of C&

gives us for the "prior" approximation

B. Modified "Prior" and "Post" Transition Amplitudes

The transition amplitude in the 'prior" approxi-
mation is obtained by replacing the wave function
given by Eqs. (8) (with j= 0) and (24) in expression
(2). Then we obtain

T&tol 0
( )don (2&)3 gon

x e' VF'(i/Ko, 1, iKOR —
iKO

' R)

where

x E( i/Ko, l-, iKop —iKO ~ p) e" ' "' dR d p,
(28)

Ko kn ~ (29)

go„(o.) = f &0(r,) p„*(r,) e' ' d7', . (3o)

Using Nordsieck's method' to calculate this in-
tegral, we get

To„' =4Nogo„(q) ( /q v) F( i/ Kio/Ko, 1, z)-,
(32)

with

(33)

Since in the Born approximation the transition
amplitude relative to the attractive term 1/r2 is
zero, it can be considered' (the VPS method being
a modification of the Born approximation) that this
term is negligible compared to the contribution of
the term 1/I rz —r, I, and this hypothesis is justified
by Omidvar. Moreover, the integral over R ap-
proaches infinity when I sl- 0 and, as in Ref. 2, we
suppose that the main contribution to 1'o„comes
from the region s=0 since, in this region, go„(q—s)
is a slowly varying function. From this it follows that

go„(q—s)-g„(q)(called the "peaking approxima-
tion"), and thus Eq. (28), after integration over s,
is reduced to

T~~""= 4Nog„(q) f (e '~'/r) F(i/Ko, 1, iKor —iKo ' r)

xF(-i/Ko, 1, iKor iKO r) dr . (3-1)

)Co) ——1 .2 (27) This last relation is always such that
The virtual energy is therefore independent with
regard to the position of the electron in the atom.
This is no longer the case with the "post" approxi-
mation since g, C&, depends on the position r, for
the spherically symmetric excited states and also
on the orientation for the nonspherical states.
These considerations show that the neglected terms
in the "prior" approximation can be estimated, and

(z[ &1, (34)

Tg" = 4N „*g„(q)(v/q ) F( i/K„,i/K„,1, z), - (35)

whatever may be the excited state under considera-
tion.

In the same way, the "post" transition amplitude
is expressed by
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FIG. 1. Cross-section calcu-
lations for the 1s-2s excitation of
atomic hydrogen by electron im-
pact. Curves (a) (———-) and (b)
(———): VPS "prior" and "post"
approximations without term A.
Curves (a') ( ) and (b')
(' ' ' ' ' ' ): "prior" and "post"
approximations including term A.
4: experimental results (Ref. 6).

with

kp -Kn q
2 2 2

'
2+k 2 ~2+ p

(35)

q=R, -K„. (37)

Here K„is the wave vector having the same direc-
tion as k„but with its modulus given by Eq. (23);
the g, C„,, which here are dependent upon the posi-
tion of the atomic electron, are calculated using
for the distances x, the maximum probability posi-
tion of the atomic electron under consideration in
the excited state ns or np. Moreover, in the case
of the nP excitation, the azimuthal angle 8 is taken
to be zero,

C. Excitation Cross Sections: Numerical Results
and Discussion

The "prior" and "post" cross sections are ob-
tained by replacing the transition amplitudes given

by Eqs. (32) and (35) in relation (l). The numerical
calculations are plotted in Figs. 1-4 which, re-
spectively, represent the excitation cross sections
relative to transitions 1s- 2s, 1s- 3s, 1s- 4s, and
1s- 2P. The curves corresponding to the "prior"
approximation without term A are indicated by (a)
and those corresponding to the "prior" approxima-
tion with term A are identified by (a'); the same
notation applies to the curves (b) and (b') which are
related to the "post" approximation without and

JI U (')t'. a', )

012

0.08
FIG. 2. Cross-section calcu-

lations for 1s-3s excitation of
atomic hydrogen by electron im-
pact (curves are labeled as in
Fig. 1).
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0.02-

FIG. 3. Cross-section calcu-
lations for ls 4s excitation of
atomic hydrogen by electron im-
pact (curves are labeled as in
Fig. 1).
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with term A. The curves (b') almost coincide with
the curves (b) as we have K„=)I„for the chosen
values of r, and 6.

In the studies previously obtained with "prior"
and "post" approximations, either by neglecting
the term ' A or by taking into account the neglected
terms by introducing an effective charge ', the
divergence, in the case of small energies, between
the results of each approximation remains appre-
ciable even though, in our modification, we note a
good convergence for the transitions under consid-
eration-especially in the excited states of spheri-
cal symmetry. For the 2P excited state, the con-
vergence is not as good, but this result can be ex-
plained by studying the term gI C„I. Indeed for the

ns excited states the variations of this term de-
pend only very slightly upon the variations of r& for
an electron position with a finite probability, mak-
ing the present hypothesis, which takes A into ac-
count, valid. On the contrary, for the 2P state we

get

p 1 1 1
4 r, cos B,

a relation which greatly depends upon the possible
variations of 6.

III. CONCLUSION

From this study, one can conclude the following

Ji
(}'('Ka', )

FIG. 4. Cross-section calculations
for ls—2p excitation of atomic hydro-
gen by electron impact (curves are la-
beled as in Fig. 1). Experimental re-
sults are from Qef 7.
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important points.
(i) The numerical results show that the important

divergence at small energies of the cross sections
calculated by "prior" and "post" is due to the ne-
glected term A which does not play the same role
in the two cases.

(ii) Furthermore, this study enables us to deduce
that in the "post" approximation for excited states
ns, the neglected term is small, but for other non-
spherical excited states, it is impossible to know
its importance. Qn the other hand, in the "prior"
approximation the term A plays an appreciable role
at small energies and, in order to take it into ac-
count, one can modify the energy of the incident
electron by a constant value. If compensation can
be made for this modification, the "prior" approxi-
mation then offers a decided advantage since this
correction must remain the same whatever the final
state. However in the 'post" approximation it
would seem difficult to introduce a correction which
takes into account the neglected terms.

(iii) An examination of Eqs. (22a) and (22b) shows
us that to neglect the term A is equivalent to over-

estimating the attractive potential and therefore
underestimating the repulsive potential. Thus, as
we shower elsewhere, a compensation of the ne-
glected term can be obtained by modifying these
potentials.

(iv) Finally, the sign change +i to —i arbitrar-
ily introduced by VPS, a device by which the mod-
ulus of z passes from a. greater value than 1 to a
lesser value, was apparently intended not for the

purpose of compensating the overestimation of
the "peaking" approximation, as recognized by
these authors, but to take into account the neglected
term A. ; in this case the effective charge would no

longer play the role attributed to it by these au-
thors, and in particular its physical meaning would
not be significant.

In conclusion, the wave functions (24) and (25)
chosen to represent the state of the system do not
have satisfactory asymptotic behavior and there-
fore do not represent the physical problem con-
sidered here. As a result one cannot expect a
convergence between these results and experimen-
tal values at small energies.
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