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mination of optical anisotropies. There is no doubt
that one or more effects, not related to the re-
orientation and redistribution phenomena, rise to
disparities in this case. New theoretical work on
the dc Kerr effect, such as that recently published

F. B. MARTIN AND J.

R. LALANNE

[

by Hellwarth, ! is of great importance.

We wish to thank Professor P. Bothorel for
his help and advice, as well as Professor S. Kie-
lich, with whom we discussed some aspects of
the work.

IR. W. Hellwarth, J. Chem. Phys. 52, 4, (1970); 52,
2128 (1970).

%V, A. Zamkov, Opt. i Spektroskopiya 15, 654 (1963)
[Opt. Spectry. (USSR) 15, 355 (1963).

M. F. Vuks, Opt. i Spektroskopiya 23, 6 (1966);
697 (1966)[Opt. Spectry. (USSR) 23, 697 (1966)]

‘a. Mayer and F. Gires, Compt Rend. 258, 2039
(1964).

%S, Kielich, Acta Phys. Polon. 30, 4 (1966); 30, 683
(1966).

®M. Pauthenier, Ann. Phys. (Paris) 14, 239 (1920).

"F. Gires, Ann. Radioelec. 23, 281 (1968).

p, Langevin, Le Radium 7, 9 (1910); 7, 249 (1910).

°I. E. Tamm, Fundamentals of Electrical Theorie
(Moscow, 1954), p. 145.

101, Landau and E. Lifchitz, Electrodynamique des
Milieux Continus (Editions de Moscou, Moscow, 1969),
p. 77.

U\, Paillette, Ann. Phys. (Paris) 4, 671 (1969).

123, R. Lalanne, J. Phys. (Paris) 20, 643 (1969).

13The correlation coefficient 7 is defined by 72
=3, - =323, (3 =9)/3, (Ju 3)?%, where y; is the
experlmental value of (A[/I)1 , 9 the mean value of
the y;, and y{ the adjusted value of y; by using a linear
relation between (AI/I)!/2 and P. See for example,
E. Morice and F. Chartier, Méthode Statistique
(Imprimerie Nationale, Paris, 1954), Vol. 2, p. 289.

14p_ Bothorel, J. Colloid Sci. 27, 529 (1968).

15¢, such, C. Clement, and P. Bothorel Compt. Rend.
271C, 228 (1970).

SFrance patent, CNRS, No. 102 348 (1967).

1. Kielich, J. R. Lalanne, and F. B. Martin, Compt.
Rend. B 272, 731 (1971).

183, Kielich, Acta Phys. Polon. 19, 149 (1960); 22,
299 (1962).

®R. W. Hellwarth, Phys. Rev. 152, 156 (1966).

PHYSICAL REVIEW A

VOLUME 4,

NUMBER 3 SEPTEMBER 1971

Origin of Bound States of He®> Atoms on Free Superfluid He* Surfaces

W. F. Saam
Department of Physics, Ohio State University, Columbus, Ohio 43210
(Received 3 March 1971)

An approximate theory of the motion of a He® atom in the vicinity of a superfluid He? sur-
face is presented. The theory predicts a bound state of the He® atom in the vicinity of the

surface, in accord with experimental results.

The theoretical value for the energy of this

state (measured with respect to the He? chemical potential) is within 35% of the experimentally

determined value.

I. INTRODUCTION

The existence of bound states of He® atoms on free
superfluid He* surfaces was first proposed by And-
reev! in order to explain the observed drop®* in the
surface tension of dilute solutions of He® in He* at
low temperatures. Andreev did not, however, ex-
plain the existence of these surface states. Recent-
ly Lekner® has derived, using the variational princi-
ple, a simple one-dimensional Schrodinger equation
governing the motion of a single He® atom near a
free He! surface at zero temperature. Assuming a
plane surface in the x-y plane, he took a trial wave
function of the form Y(¥,, Ty, . .., Ty)= [¥(z1)/n *(2,)]
X Pg(Ty, T, - .., Ty). Here T, is the coordinate
of the He® atom and ¥;, Ty, ..., I'y are the coordi-
nates of N —1 He atoms. ¥,(¥;, %5, ..., Fy) is the
ground-state wave function for N He? atoms with a
surface in the x-y plane, and n(z) is the number
density associated with ¢,. Application of the varia-
tional principle give the equation

2
TV b - U@ We)=0 )
for ¥(z). The effective potential U(z) is given by
2 1/2,
vie)- ( —%)t<z>+n-1/2<z>%@ . (2)

(#%/2my)t(z) is the kinetic energy per particle in pure
He?, the bulk of the He* atoms being located at z > 0.
mg and m, are the masses of He® and He* atoms, re-
spectively. The surface-energy levels € = (%%/2mM
are measured with respect to the chemical potential
in pure bulk He®.

Equation (1) was not solved by Lekner, although
he did point out that U(z) can have an attractive re-
gion if #(z) and n(z) decrease monotonically as the
surface is approached from the bulk. In this paper
we show that the asymptotic values of U(z) far from
the surface can be determined exactly. Then we
construct a simple analytic form for U(z) by inter-
polating between these values and solve numerically
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the resulting equation. The equation has a single
bound surface state with an eigenvalue about 35%
above the experimentally determined value. This
discrepancy is understandable if we note that the
bare He® mass is used in the kinetic energy part of
Eq. (1). This must lead to an overestimate of the
kinetic energy contribution to €.

II. DETERMINATION OF EFFECTIVE POTENTIAL

The determination of U(z) proceeds from the fact,

proven in the Appendix, that the ground-state wave
function ¥,(F,, ¥z, . .., Fy) for N He* atoms with a
surface (the bulk being located at z > 0) has the as-
ymptotic behavior

lim ZPO(F1> ...,‘I"N)'“’ea‘l/zg(Fz, ...,FN), (3)
[ St

where
a/2=[(2me5/m?]V2 . (4)

€p is the binding energy per atom for pure He*.
This is just what we expect on intuitive grounds if
we think of each He* atom as being bound in a well
of depth € 5.

From (2) we may easily find the limit of U(z) as
The density n(z) is defined by

n(z)= zf ar"E(F, Ty, L a L, Ty), (5)

L being the dimension of the system parallel to the
surface and d#"~! being a compact notation for
d®vd®ry. . .d*y. Using (3) in (5), we obtain

L2 e® [ ar¥ g¥(F,, ..., Ty). (6)

It follows immediately that

Z = -0,

n(z)

£ =

dan/Z(z) Olz om
-1/2 —_—= 4
n " %(z) T e a1T T €p. (7
Since
n(z) t(z)= = L2[ ar¥-1y,v2 4y, (8)

we may use (3) to find
_ms _ot
<1 m4>t(2) g 4 <1 m4>
_ 2my Mg
_—'—hTEB<1 m'4> . (9)

Combining (2), (7), and (9) gives

— U(z)

om "5 +EB’ (10)

as one might expect, especially if we note that in
this limit Lekner’s trial wave function (see Sec. I)
¥(¥,, ..., Ty) decouples, becoming proportional to
ZP(zl)g(FZ’ ey FI»')-

The limit of (2) as z—+ = is, clearly,

#® o ( _
2ms Ule) £os 2Mg —m4>t°=€3°’ (11)
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where (7%/2m,)t, is the kinetic energy per particle
in bulk He*. This approximate result was originally
derived by Baym6 for the energy €59 of a He® atom
in superfluid He* at 7=0.

We can now construct a reasonable form for
U(z). Assuming a surface symmetric about z=0,
we write

n(z)=ny/(1+e **). (12)

This agrees with (6) and with the bulk value %y which
n(z) must take on as z—~». It also makes precise
the definition of the surface. Further, we approxi-
mate #(z) by

2;:”3 ( - m4>t(2):€30—

This agrees with the limits (9) and (11), using
mg= (%)m.; . The coefficient a is determined by re-
quiring that far inside the liquid (z—~+«), where
vn(z) is small, we have

€50+€5/3
el w

_n? < - )Vt(z)——> 2530 (7). (14)
2m3 MMy z=w  9n

The term d%:! %(z)/dz? contributes no terms linear
in Vn(z) to this limit. Combining (12)-(14) gives

( 3530)/‘30 - as)

We use the experimental values €5="7.15 K" and
€30=4.36 K, 8 expressing energies in tempera-
ture units. Further, since €34 is the zero-He3-
concentration limit of the He® chemical potential

ug in He!, we have
o€ AU M o MyS?
~=30 _ __._Q e _ 40
on ™ =(1+ad) o 1+4) pall (16)

where s? is the sound velocity in He® and @=0. 28 is
the fractional excess volume of He® in superfluid
He* at T=0.° Using m,s?=27.2 K, and putting all
of these results together, we find

a=0.89. 1)
Combining (2), (12), (13), and (17) we obtain
a?[1-2e%* 8m €o+€3/3
— _ —07T=B/Y
V()= 7 [(1+e‘“)2 7 <€° 1+0. 89e“}]

18)

U(z) is plotted in Fig. 1 along with the wave function
of its single bound state.

III. NUMERICAL RESULTS AND COMMENTS

For numerical work, it is most convenient to cast
(1) in the dimensionless form

2
d_(;”-‘gﬂqx- d)]=0, (19)
x
with x= az. Then we have
A=2/a?=3¢,/16¢5, (20)
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FIG. 1. Potential (#%/2my)U(z)
in K (solid line) and the wave func-
tion for its bound state (dashed line)
in arbitrary units. The theoretical
(€g) and the experimental values
(€%") values of the He® surface ener-

and, putting in numbers,

1/1-2e 0. 708 >

U(x)= ((1_—)-2 +0.458 - 170.89 &% (21)

Equation (19) is rather easily integrated numerical-
ly with the result that U has one bound state with
energy

€,=3.1K. (22)
The most recent experimental result is*
€¥=2.32 K. (23)

Both values for the surface energy are indicated in
Fig. 1.

We conclude with some commentary on our theo-
ry. First, the fact that our value (22) for €, is only
about 35% above the experimental value probably
indicates that we have gotten the essential physics
right.
its excess Kkinetic energy relative to a He* atom, the
term proportional to #(2) in (2), falls off near the
surface more rapidly than the effective single-par-
ticle potential #"Y2(z)n!/?” (z) rises near the sur-
face. [Note that if mg=m,, (1) is solved by ¥ (z)
=n1/2(z), just what we expect in this case for the
single-particle wave function.] In other words, a
He® atom finds it advantageous to sit on the surface
because it gains in reduction of kinetic energy rela-
tive to its large bulk value more than it loses in in-
creasing its energy due to its attraction to the He!
bath. Nevertheless, our theory is still quite crude.
The assumption of a symmetric surface [see (12)]
is certainly open to question. In fact, if we replace
(12) by

n(2) =ny/(1 +be**) (24)

and try to lower €, by varying b, we can reduce €,
by 2 maximum of 0.3 K. 10 This seems to be about
the best which a simple theory using the bare He®
mass can do. Physically, it is clear that (1) should
reduce, as z—~+%, to

The He® atom is bound to the surface because

gy are indicated.

'7- +
where m} ~ 2. 34m;, is the effective mass for He®
quasiparticle motion in bulk He'. Qualitatively,
then, in the region of the surface we should use a
mass varying between m4 and m;. This would re-
duce €, further by lowering the kinetic energy of the
surface quasiparticle. It is not worthwhile, how-
ever, to attempt this in view of the approximations
already made. In point of fact it is not in principle
clear how to consistently include a position-depen-
dent effective mass.

Finally, it is perhaps surprising that the effective
potential (see Fig. 1) becomes negative near the
surface. One expects this potential to be greater
than the corresponding one for a He* atom, which
must rise as z—~ —» because of the surface energy.
However, there is nothing in principle preventing
such a He* potential from dropping near the surface
before rising as z — -, In fact, if one uses the
variational principle to derive the equation analo-
gous to (1) for the motion of a He* atom, taking care
to symmetrize the trial wave function, !* one finds

d*(z) _
dz’

azyp <7\ 2m3

‘%Tfsc)¢=0, (25)

1/2( ) (Z) ¥(z)

- / ©d2'S(z, 2)¥(Z), (26)

-o0

where the structure factor S(z, z’) is defined by

Iz;)d(z;) - -
dr W ﬁ(rl,...,rN)

yl 1
- f dz,dzy Wz )S(ey, 20 Wzp). (27)

In the limit as z—«, Eq. (26) gives the well-known
Feynman®? result for the excitation spectrum in
pure He", while for z— —, it reduces to a free-
particle equation. The potential term n1/ %,/ 2
appears both in (1) and (26), and it is this term
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which causes the potential in Fig. 1 to be negative
near the surface.
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APPENDIX

Here we examine the asymptotic behavior of the
ground-state wave function ¥,(¥, ..., Ty) for N He'
atoms with a surface near z=0, the bulk located at
z2>0. 3, solves the Schrodinger equation

RN AN A
Hig= (‘ %31-2_’”1_4- 5 ;;3 V(ri—rj)> Yo=Ex¥y. (A1)

For z, large and negative and all other z;>z;, ¥,
must be of the form

Yo(Fy, - , Ta). (A2)

Since ¥, may be chosen to be real and non-negative,
we may choose f and g real and non-negative. Put-
ting (A2) in (A1) and noting that V(¥, - T,) falls off
rapidly when 7, is far from ¥;, we obtain

'y.;N)zf(Zl)g(‘f'z, vos
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w2 d®f(z,)
2m4 dz1

N 320 2
=E~fg—f(—2”——i—v Loy v@,-fj)) g (A3)
i=2 2my 2 s34

When - z, is sufficiently large (A3) can be solved
for all z;> z; (4# 1) only if

N h—2V2 1 - - >
(DEi.t % VE-F)) £ F)
=2 2myg 2 yp481

=Eg(fz, ...,?N), (A4)

where E is a constant. Since g is real and non-neg-
ative, it must then be the ground-state wave function

for N -1 He* atoms with a surface, and
E= EN-I . (As)

Combining (A3)-(A5) and noting that Ey_; —~Ey=¢€5,
the binding energy per atom in He* at T= 0, gives

2 2
eoa g d—ﬁ—zz‘2 =€5f(z))g,

ZWL4 dzl (A6)
so that as z,~ - we have

1/)0=gf(21)~ e"'a/zg(fz’ ey F1\1')’ (A7)
with a = 2[2m e 5 /m2]H/2,
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