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Expressions for the =0 forward scattering amplitudes for He®-He? and He%-He* quasiparti-
cle pairs in dilute solutions of He! in liquid He® are derived in terms of thermodynamic quan-
tities. A Fermi-liquid theory of the solutions is developed, and various thermodynamic quan-
tities are derived. The theory agrees well with the available experimental data.

I. INTRODUCTION

The physics of dilute solutions of He* in liquid
He® has been a subject of some interest both experi-
mentally? and theoretically®~® during the past ten
years or so. However, there has been little de-
tailed theoretical work done in this area., The prin-
ciple reason for this is clear: No experimental data
have been available in the temperature region
amenable to quantitative theoretical treatment, The
He* concentration x, is so low here (in the single-
phase region) that the properties of the solutions
are determined almost completely by the excitations
intrinsic to the He®, Nevertheless, looking toward
future improvement of experimental technique, and
in view of the fact that our investigations shed some
light both on the basic nature of the phase-separation

transition and on the interactions between He®-He*
and He*-He! quasiparticle pairs, we present our
results,

Section II is devoted to a discussion of the inter-
actions between He®-He* and He*-He* quasiparticle
pairs. The [ =0 spherically symmetric parts of the
forward scattering amplitudes for these pairs are
derived by phenomenological arguments (a more
rigorous derivation using Green’s-function tech-
niques will be published elsehwere). In particular,
we find that the 7 =0 forward-scattering amplitude
for a He®-He* quasiparticle pair is given by

axt=(1+a)/v), (1)

where v(0) is the density of states at the Fermi sur-
face in pure He® and « is the fractional excess
volume occupied by a He? atom in liquid He®. Using
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FIG. 1. Diagrams contributing to the forward scat-

tering amplitude a3’
cluded for clarity.

The external propagators are in-

the experimental result® a=~ - 0. 32 this becomes
adt=0.68/v(0) , (2)

a result which should be compared with the analo-
gous quantities for parallel and antiparallel scat-
tering in pure He?,”

ay'=2.9/v(0), ay=-1.1/v(0) . (3)

Equation (2) thus gives us the important result
that the temperature range over which a quasipar-
ticle description is valid for the He* atoms may be
expected to be the same as that for He® quasipar-
ticles (i.e., T7=0.1K).

Another result found in Sec. II is that

a‘é‘=(a—‘ﬂ) , (@)

an4 X

in which pu, and ug are, respectively, the He* and
He® chemical potentials, and #, is the He? number
density. This equation is of the same form as that
for He®-He® quasiparticle scattering in dilute solu-
tions of He® in superfluid He®.?® qf?is evaluated
using an assumption concerning the nature of the
phase separation transition as x,, 7'— 0; the result
is ag*=0, from which it follows that at small x, and
T, the transition is closely related to that of a free
Bose gas.

In Sec. III we develop a Fermi-liquid theory for
the excitations and derive formulas for various ther-
modynamic quantities, including the specific heat.

A comparison withthe available experimentaldata is
made, and suggestions for future experimental work
are given in Sec. 1IV.

II. QUASIPARTICLE SCATTERING AMPLITUDES

As mentioned in the Introduction, the derivations
presented here will be phenomenological ones. One
of us (W. F. S.) has derived the same results using
a Green’s-function formalism in a paper which will
be published elsewhere.

Let us consider the general diagrammatic struc-
ture of the He3-He* scattering amplitude. The dia-
grams contributing to the forward scattering ampli-
tude (see Fig. 1) may be derived into two classes:
diagrams contributing to collective-mode exchange,
and all other diagrams. The only /=0 modes in He®
which can be exchanged by He® and He* quasiparti-
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cles are sound waves (spin modes are ruled out
since the He! has zero spin). The contribution
a3t to ad! due to collective modes must then be of
the form

ag'=VapnV s li hm lim Xg(K, ) , (5)

E-0 w=0
in which V3 , and V4, are renormalized quas1par—
ticle -phonon interaction vertices and xg(K, w) is
the density-density correlation function (the phonon
propagator) in pure He®. V4. just measures the
change in He? chemical potential u, due to a long-
wavelength disturbance in the He® density #;. Hence
we have

V4_,,,=<g—‘:l:>"4_0—(1+a)<8n3>"4=0, (6)

using a thermodynamic identity in the last step.
Similarly, V;_,, measures the change in the He?
quasiparticle energy €3, due to a long-wavelength
disturbance in ng:

9

Vs ’h=< _€_32.) .
9M3 Jny=0|p=pp

(7)

The quasiparticle momentum p is set equal to the
Fermi momentum p . after the derivative is taken
since one must exclude effects of a purely statisti-
cal nature.® The derivative in (7) may be expressed
in terms of the / =0 symmetric Fermi-liquid param-
eter F§ in pure He®. We have, then,

V3-nh= FS/V(O) . (8)
Since!?
. . g V(O) Ong >
lim lim Xg3(k = (9)
El~o “1"0)(33( » ) 1+F5 (aus n4=0
we obtain
cadt=-(1+a)F§/v(0) . (10)

The remaining term "a3* is Just the response of the

energy of a He® atom when a He! atom is added,
keeping the collective-mode coordinate n; constant:

"°ag4=<§-&-3-> =(1+a)<g&§>
914 / nglng=0 973/ ny=0

=(1+a)Q+F3)/v(0) .
Adding the results (10) and (11), we obtain (1)

1)

ad=Q1+a)/v(0) . (1)

We note in passing that (1) is easily shown to be
equivalent to

apt=( G2 1)
8”4 IJva

p=pp, nyg=0
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It is interesting to note at this point that af’ and
al' [see Eq. (3)], given by'!

F; F}
VO = T T

12)

w__F} Fq
vOa' =1 T FE
may be derived in the same fashion if one takes care
to include paramagnon exchange.
The 7 =0 forward scattering amplitude ag* of two
He* quasiparticles (in the limit of very small quasi-
particle momenta) is easily derived along the same

lines. The phonon exchange part is
- ou,\2 /9
“aff =V fanlim limxs(, )= - 224) (522). .
-0 w=0 ana ny=0 8“3 n4=0
(13)
and the part due to other processes is
9
“at=(32) | . (14)
3/ ng|ny=0

Adding (13) and (14) and doing some simple variable
transformations yields

a34=<éﬂi> ’
3%4 kg lng=0

This result is of the same form as that used in the
effective potential of Bardeen, Baym, and Pines.®
However, it is important to note that (15) includes
exchange, so that if one were to construct an effec-
tive potential for He*-He* scattering here, then its
zero-momentum transfer limit would be

(15)

- 1/9
Vi(k=0)= 5(;‘2‘1)
B3

(16)

ng=0

With the aid of a very plausible assumption con-
cerning the nature of the phase-separation curve,
one may evaluate a¢j’. The assumption is that the
endpoint of the phase-separation line (at x,=0,
T=0) is a consolute point [in the sense that
(814 /8n4),=0 there]. To understand the import of
this assumption, let us examine the possible alter-
natives: (i) The end point is neither a X point, nor
a consolute point. In this case there is a metastable
region at T=0 and x,+#0 in which we have a non-
superfluid gas of Bose quasiparticles. Also, in
this region (9 u,/9n,4)p,r-0, Which for small x, is
equal to (94 /8n4),y,r-0, Must be greater than
zero.!? From this it follows that the effective po-
tential [see Eq. (16)] is repulsive. Existing theory
indicates®® that a dilute Bose gas with repulsive
interactions should be superfluid at 7=0. Hence,
we reject alternative (i). (ii) The end point is a
Apoint and not a consolute point. In this case there
would be some region for small x, and T where
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there would exist a dilute solution of superfluid He*
in liquid He®. Such a solution has never been ob-
served. Finally, we call attention to the calculation
of Cohen and van Leeuwen® on a dilute-gas model of
He®-He* solutions which verifies our assumption in
a special case.

Proceeding on the assumption that the end point
of the phase-separation curve is indeed a consolute
point, and noting again that (8 ,/9n4)p,r is equal to
(g /an,;)us'r in the limit as x,~ 0, we immediately
see from (15) that

agt=0. 17)

III. FERMI-LIQUID THEORY

We commence the development of a Fermi-liquid
theory for the mixtures in question by expanding the
energy to second order in deviations of the quasi-
particle distribution functions n, and n,, from their
values at T7=0 and x,=0:

L5 33
E - Eg=20 €5,0n5,+ 21 €4,0m4p + EE, S opOn3pnspe
» » o5

20 003, 0 + 520 S O pONape +o oo 5 (18)
9’ pp’

here E, is the ground-state energy of pure He®.
This theory is, of course, valid only in the one-
phase region. Our object now is to evaluate the
terms on the right-hand side of (18) in terms of T,
ng, and dng=n3 —n3, 13 being the particle number
density in the ground state of pure He®. We use the
spectrum

- 2 *
€4p=€o+D%/2m y ,

where €, is the zero-temperature zero-concentra-
tion limit of u, and m} is an effective mass. Then,
denoting by €g(n,, T) the energy per particle of a
free Bose gas, we have

(19)

(20)

For low temperatures (hence, small He* momenta)
we take the =0 part of fj5 equal to a constant in-
dependent of 7. Then we have

1 44 _ 1,44 2
zE'f,,:5n4,,5n4,:— 3fo ny .
pp

275 €40n4p=n4l €40+ €5y, T)] .

(21)

dng, will be nonzero only very near the Fermi sur-

face. Hence we find
23 f 5500n3p0np0 = f 3 neBn3 (22)
pp’
320 f 5 OngyOngp = lE‘i—(ﬁna) 2, (23)
pp' 2 V(O)

where f 3! is the 1=0 part of f3p in the limit of
small He* momentum p’. The sum J, €,5#3, must
be carefully evaluated, taking into account both the
effect due to nonzero T and that due to the fact that
addition of He¥s changes the equilibrium He® den-
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sity. The latter effect is
(22 €,0m3,) " = u30n5+[20(0)] (6n5)? , (24)

the second term accounting for the change in the
Fermi momentum p . The former effect is the
usual'* change in 0ny, due to an increase in T, eval-
uated at the new density n;=n + 6ns:

(ZP 6.05”39)(2) =%'7T2V(0) I ng¢5n3(KB T)z

1 81/(0)
2(0) on 6”3)

%ZV(O)(KBTV(I

(25)
Thus, we find

1 2
-0 2
Z,) €,0n3,= 3dng + 21/(0)(6"3) + 6 v(0)

1 aw(0)
=5 e 6n3>. (26)

X (K5T)? (1 N

Collecting our results, we have

E-E,= ugﬁns +[€os+ €5y, T)lnyg+ S 3'omen,

2 (O) (1 +F3)(6n3)2+ 2f0 1’[4
1 (0

+%172(KBT)2U(0)(1 o=

6”3) . (27)

From (27) we may calculate various thermody-
namic quantities of interest. The specific heat is
given by (we use the classical limit €5=2KzT here;
the validity of this use is shown below)

v(0)7® 1 aw(0)
3 KgT< 1+ 700 on

Cy=3n,Kp+ 6n3> (28)

Since the He* is added at constant pressure (which
is equivalent to constant He® chemical potential for
small x,), we have

ong=—(1+ a&)n, . (29)
In addition, we have

ng w(0)_ 1 ng 8m}

0) oms - 3 m¥ omg (30)
and®®

N3 3m’3k - 3

m¥ ony 2.2, (31)

so that (28) becomes!®
Cy=3n,Kg+3v(0)m?KET[1 - 2.5(1 + &)x,] . (32)

The chemical potentials are found to be

 (KpT)? 1 de)
%—2-(611) <1+€ BFG > (33)

fa= p3ng) —

1e= €qu(ng) +< %) ng+pplng T), (34)
4/ ug

where wg(n,, T) is the chemical potential of a free
Bose gas composed of particles of mass m¥ and
characterized by number density n,. Note that u,
changes from its value at x,=0, T=0 only by the
usual temperature factor, corrected to the new He
number density. Using (15) and (17), (34) reduces
to

3

W= €oq(ng) + pplng, T) . (35)

Since we have

ny 8¢y 2 my dm¥ _
—t= = ~1.9 36
z‘i ong 3 ms Ong ’ (36)

Eq. (33) becomes

ts=pa(nd 71r2 (E%T—)-—[l +1.9(1+a)x,]. (37

The result (35) is important since it states that,
to order n,4, there are no corrections to the free-
Bose-gas result for u,. In addition, (35) is consis-
tent with the assumption of Sec. II that the end point
of the phase-separation curve at x,=0, T=01is a
consolute point. This follows from the fact that the
X line determined by pz(n,, 7) ends at #,=0, T=0,
and that on this line (315 /8n,)7=0.* However,
since this A line is actually inside the phase-transi-
tion curve (it in some sense “bounds ” the metastable
region), our argument is not a rigorous one.

IV. DISCUSSION OF EXPERIMENTS

To date there exist no experimental data in the
temperature range (7=0.1 K) where we expect our
theory to have quantitative validity. The most com-
plete experimental data on the determination of the
phase-separation curve do, however, extend down
to 0.17 K. ? 1t is thus worthwhile to apply our theory
since a good determination of the phase-separation
curve would provide an experimental test of the
basic relation (17).

The phase-separation curve is found by equating
the He* chemical potential in the upper (small x,)
and lower (large x,) phases. Denoting the latter by
w% and using (35) together with the formula

pplng, T)=KpT[In(3) —ngr3/2%%+...1, (38)

we obtain

%4= (1/mA3)(1 + ¢ /KBT /23/2)p¢ /KBT (39)
Here n=n3;+n, and
[ 2mm® \Y?
kT_(mIK;;T) (40)

is the thermal wavelength for the He* quasiparticle
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gas

€ =€) —puyf . (41)

The second term in brackets in (39) results from the
quantum correction [second term in brackets in
(38)] to the chemical potential of a noninteracting
Boltzmann gas. This correction is negligibly small
at very low temperatures, but with the figures we
obtain is alrealy = 2.2% at T7=0.2 K. According to
our theory it is the only correction when ag*=0. It
is possible to write (39) as

3/2 -
In T—_ < 7 —1n< 1 +e_T__xp(23 €/K8T>

X4 ZKB
zﬂﬁz 3/2
+]n[<meB> ] )

At very low temperatures a plot of the left-hand side
of (42) versus 1/T should give a straight line from
which the parameters €, and m¥ could be deduced.
Such a plot is given in Fig. 2 for the range of tem-
perature 0.17 K= T'=0.5 K using the data of Ref. 2
on phase separation in dilute He* mixtures. The
best fit with the right-hand side of (42), using for

u% the computed values of Radebaugh,'” is obtained
for €,=-6.61 K and m}=4.5m, (m, is the He* bare
mass). !® It is remarkable that even at a temperature
as high as 0.5 K the theory is in very good agree-
ment with the experimental results. This seems to
indicate that concentration and temperature-depen-
dent corrections to ag* are very small.

The values of €, and m} differ from those ob-
tained earlier.!® But it should be noticed that the
previous value of €,;, was obtained from specific-
heat measurements on a 4.6% mixture at tempera-
tures higher than 0.5 K and using for the excitation
spectrum one different from (19). Also the extra-

(42)
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FIG. 2. In(T%?%/xy) vs 1/T. The heavy dots denote
the experimental points and the line denotes our theoreti-
cal curve (€,p=—6.61K, mf=4.5m,).

polation of the phase-separation curve was at that
time more difficult because no experimental data
were available below 0.3 K. 8

The phase-separation curve in the zero-tempera-
ture limit now becomes

x4 0.85 T2 05T (43)

In conclusion it appears that the theory developed
here is in very good agreement with experiment.
The parameters €, and m§ could be determined
with better accuracy (especially in the case of my)
if phase-separation measurements were extended
to lower temperatures.
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Relaxation Oscillations in Stimulated Raman and Brillouin Scattering*
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The equations describing the transfer of intensity from a pump beam simultaneously
to forward and backward stimulated scattered beams in an infinite medium are shown
to lead to pulsations similar to relaxation oscillations in the scattered intensities. The
period of the pulsations is simply related to the gain length for the forward-scattered
beam, and may be much longer than the ordinary transient time (related to the damping
of material excitations) usually associated with stimulated scattering. Similar oscilla-
tions occur for backward scattering alone (stimulated Brillouin scattering) if the scatter-

ing medium is finite.

In this case the period equals the photon round-trip time in the

medium if the latter exceeds the backward gain length. Both phenomena should be ob-
servable in scattering from gases such as N, and H, at high pressure, and may also
play a role in determining the temporal structure of light scattered from the region of

a self-focus in liquids.

I. INTRODUCTION

The transient growth of light scattered inelasti-
cally from thermal or quantum fluctuations in a me-
dium has been examined theoretically by previous
authors in a variety of special cases. A typical
analysis begins with the set of coupled equations
describing the motion of a limited number of modes
of the optical radiation field and of the medium.
These are then simplified using various plausible
assumptions about the mechanisms responsible for
the particular phenomenon under investigation,
Thus Kroll' has analyzed the growth of stimulated
Brillouin scattering in the low conversion regime
where linearized equations are valid. Similar stud-
ies of stimulated Raman, thermal, and Rayleigh
wing scattering have appeared more recently.?
Tang® has extended the Brillouin scattering analysis
to the nonlinear high conversion regime. Recently
Maier, Kaiser, and Giordmaine® have investigated
transient solutions of nonlinear equations describing
the interaction of backward-Raman-scattered light
with the driving beam. In this paper we report the
results of a similar theoretical study in which it
was found that the backward-scattered beam experi-
ences transient behavior resembling relaxation os-
cillations, the duration of which may vastly exceed
the transient periods studied in the linear regime.

This behavior has nothing to do with self-focusing,
but occurs under very general conditions.

There are two related kinds of “ relaxation” os-
cillations in stimulated scattering situations involv-
ing backward-scattered waves, Both are most con-
veniently observed in the time dependence of the
backscattered intensity at the entrance to the scat-
tering medium.

The simplest case is the finite-cell oscillation
which can occur whenever a forward-traveling pump
beam drives a stimulated scattered beam in the
backward direction in a finite medium. The period
is proportional to the sample length L, and there-
fore no oscillations of this type are observed if the
sample length is infinite.

In contrast, three-wave oscillations may be ob-
served even in a medium of infinite length, but
stimulated scattering must occur in the forward
as well as in the backward direction. These are
similar to the finite-cell oscillations in that the de-
pletion of the incident pump beam intensity by the
forward wave effectively truncates the region in
which the backward wave experiences gain. Thus
the period is proportional to the distance L, over
which the forward wave travels before growing to
an appreciable fraction of the pump intensity. (We
are assuming for simplicity that the pump intensity
remains constant at the cell entrance, after the



