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Size of Quantized Vortex Rings in Liquid Helium II
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The energy dependence of the size of quantized vortex rings in He II is measured by study-
ing the transmission of charged vortex rings through grids with holes of the order of a micron.
A maximum-energy ring which can be transmitted is found for each hole size. These cutoffs
are interpreted geometrically and lead to a relationship between ring size and energy which
supports the quantization of circulation and the applicability of classical hydrodynamics to this
problem. The circulation K and core radius a of the rings are determined to be
K = (l. 002 +0. 03) & 10 3 cm sec and a = (0.90+0.50) x 10 cm.

I. INTRODUCTION

A. General

The suggestion by Onsager' and Feynman that
circulation in superfluid liquid helium should ap-
pear in the form of quantized vortices and the dis-
covery by Rayfield and Reif that charged particles
in liquid helium could produce and become attached
to quantized vortex rings has stimulated a resur-
gence of interest in the subject of vortex motion.
Rayfield and Reif, hereafter referred to as RR,
found that the ion-vortex complex moved through
the superfluid with a velocity related to its energy
in precisely the manner predicted for a classical
vortex in an ideal fluid, with the exception that the
circulation was fixed at the value h jM as predicted
by theory and with a core radius of atomic dimen-
sions. Apart from the numerical values of these
parameters —both determined by microscopic con-
siderations —the behavior of the vortices was ac-
counted for by equations derived nearly a century
earlier. These early results had been worked out

by Kelvin, Thomson, and others, particularly in
connection with a vortex theory of atomic struc-
ture.

The present experiment was designed as an in-

dependent test of the remarkable observation that
classical equations, supplemented by a quantiza-
tion condition, could give a quantitative description
of a macroscopic quantum phenomenon.

B. Plan of Experiment

The present work, a brief account of which has
appeared earlier, concerns the physical size of

vortex rings created by ions in superfluid helium.
RR observed that at sufficiently low temperatures
ions create quantized vortex rings, become bound

to them, and convert work done electrically into
hydrodynamic energy of the vortex ring. The bound

charge provides a "handle" on the motion of a vor-
tex ring and allows one to change its physical size
by applying electric fields.

The equations describing the behavior of vortex
rings in a perfect fluid predict that the size of a
ring is approximately proportional to its energy but
inversely proportional to its velocity. The exact
equation to be used depends somewhat on the na-
ture of the core of the vortex ring. For a hollow

core, for example, the classical equations are

E = 2 p It,
" g ]n——2
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(2)

where E is the energy, v the translational velocity,
p the fluid density, R the ring radius, a the core
radius, and w the circulation. If the core is not
hollow, then the equations are the same except for
a change in the value of the constant to the right
of the logarithmic term in Eqs. (I) and (2). ' Amit
and Gross derived quantum-mechanical equations
where a de Broglie wavelength a~ appears within
the logarithm. Their equations are
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where p is the density of the fluid far away from
the core and M is the mass of the helium atom.

RR used the classical equations and eliminated
R, finding a relationship between v and E which
represented their data extremely well. In this work
we study the dependence of R on E. This is ac-
complished by studying the motion of the charged
rings through screens with openings of known size.
When the rings are smaller than the openings, a
fraction will pass through the mesh, while no
charged rings will be transmitted when the rings
are larger than the holes. The size of the rings
is controlled by the total potential through which
the charged rings are passed. In the absence of
friction and if the charge on a ring is the electronic
charge, the total energy E is e V~, where e is the
electron charge and V~ the total potential differ-
ence. We thus sought a cutoff in current for a giv-
en size opening as V& was varied. The data pre-
sented will consist of current-voltage (I V) char--
acteristics for various size grid openings.

II. EXPERIMENTAL TECHNIQUES

A. General

lcm 0.7 cm 0.6 cm

Guard

Ring

210
0

Source G2 Collecto

FIG. 1. Electrode structure.

A recirculating He cryostat is used to lower the
temperature of the sample He to about 0.3'K. Such
a low temperature is necessary in order to mini-
mize frictional effects and to consider the vortices

(c)
7p.

(d)
10@.

FIG. 2. Photomicrographs of a small region of each
of the four grids. Fiduciary lines on (a) and (c) are sep-
arated by 10 p.

to be quasifree. The sample chamber is filled by
condensing high-purity He gas which is passed
through a charcoal trap cooled with liquid nitrogen.

B. Experimental Cell

The electrode structure is 3. 1 cm in diameter
and 2. 3 cm long and is immersed in liquid helium
in the sample chamber. A diagram of the structure
isshownin Fig. I. It consists of a Po radioactive
source, ' two grids, and a guarded collector. The
source is fastened to a round gold-plated nickel
disk by using a conducting Epoxy resin. The diam-
eter of the source is && in. and the inside diam-
eter of the grid holders and the collector is 8 in.
The assembly is held rigid by insulated metal
posts running through the disks. The mesh for the
first grid G& is made from gold-plated tungsten
wire 30 p, in diameter. " The grids G& are made
from photoetched nickel mesh welded to a nickel
washer. ' The opening size of the grids was mea-
sured from photomicrographs taken from different
regions of each grid. One photograph of each grid
is shown in Fig. 2. The crosshairs in (a) and (c)
are spaced by 10 p. ; they are used to measure the
openings, which are squares of side l. Values of l
and the geometrical transmission coefficient 7 are
"4" grid l=3. 86+0. 25 p, 7=0. 053; "5" grid l =4. 85
+0. 30 p. , 7=0. 155; "7" grid l=7. 25+0. 40 p, , 7.

= 0. 180; and "10"grid l = 10.08 +0. 40 p, , 7= 0. 380.
The errors quoted are average deviations.
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.60

.55

.50

FIG. 8. Ring radius as a
function of distance for rings
approaching a wall with a 0.5-p
radius aperture. Curves are
shown for incident radii, rang-
ing from 0. 45 to 0.51 p,. The
dashed line represents the case
when the aperture size is zero.

.45
0 .2 .4 .5

s(+)
.8 1.0

R & 2/. As expected, the value of t goes over to
the geometrical transmission coefficient 7 of the
grid when R =0.

Let us now assume that this model is applicable
for vortex rings whose radius R, yb virtue of Eq.
(1), is nearly proportional to the total "accelerating"
voltage Vr = V, + V, . Equation (5) can thus be re-
written as

in the wall. In the hydrodynamic case we can speak
e all.of a distribution of vorticity induced in the w

We calculate the induced vorticity from the require-
ment that the boundary conditions at the plane be
satisfied, and then compute the effect of the induced
vorticity on the motion of the ring. The method

I.o

I=O if Vz&Vq.

I; is the incident current, I the transmitted cur-
rent, and V~is the cutoff voltage, at which the vor-
tex ring radius equa s 2 .d quals —l We assume that the ring
radius is much larger than the core and that fric-
tional effects are negligible.

In app yj.ng q.1
' E . (7) we assume that the radius of

the vortex ring does not change as it approaches
the aperture. This in fact is not true since hydro-
dynamic effects tend to enlarge it as it gets near
a wall. Owing to the complexity of the problem,
we have not ana yzel d the actual situation encountered
in the experiment, but have solved approximately
the simpler problem of a single ring approaching
coaxially a round aperture in a w all. The details
of the calculation have been given elsewhere, "

t brief 1 the method of solving the problem is as
roaches afollows: A vortex ring of radius Ro approac

wall. The velocity field is identical with the mag-
netic field which would be produced by a current
loop near a superconduct~ng wa ll. In the latter
problem a distribution of current would be induced

0.8—

0.6—

IOO

Vg+Vg (VOLT)

FIG. 9. Square root of the current vs voltage.
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current vs voltage, as explained in text. The data points
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can be checked in the limiting case of vanishing
aperture size, where the problem can easily be
solved by the method of images.

The results are shown in Fig. 8, where we plot
the radii R of various vortex rings as a function of

FIG. 12. Cutoff energy Ez vs opening size. The point:
are experimental. The solid line is a plot of Eq. {1)
using the least-squares best-fit values of x and g. A
curve drawn using RR parameters would not be discern-
ibly different.
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~200—
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their distances from the aperture in the wall. The
plots show that the radii do grow as the rings get
closer to the wall, their growth depending on the
ratio of the radius at infinity to the aperture size.
Small rings get through with only a slight interac-
tion and only rings very close to the aperture size
and larger do not pass through. An exact solution
to this problem has appeared recently" and it is
consistent with ours within our expected accuracy.
We find that if the ratio of the initial ring radius
to the aperture radius is greater than about 0. 94,
no ring will pass through the hole. From this we
conclude that within experimental error no cor-
rection to Eq. (V) is justified.

B. Reduction of Data
150—

100—

50—

I I I I I I I I I I I I I

6 5 4 3 2 1 0 -1 -2 -5 -4 -5 -6

Vs {VOLT)

FIG. 11. Cutoff voltage V~ vs source voltage V,. The
horizontal lines are average values of V& for each grid
size.

One can now find V~ by plotting I'~~ vs Yr (Fig. 9)
and locating the point where the current goes to
zero. Cutoff should be approached with a finite
slope in such a plot, but the data will not lie on a
straight line unless I& is constant. The plots are
not straight, and the reason is that the current
incident on the second grid Ga does not remain
constant as V» is varied, as is evident from the
170-p, data of Fig. 3. To overcome this problem
we normalize all data from the small grids to the
170-p, case. We assume that the current trans-
mitted by the 170-p, grid (Io) is equal to the cur-
rent incident on a small grid under identical oper-
ating conditions', except for the fact that the geo-
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119+4

Rp(u)

1.93+0.12

2. 42+ 0. 15

&1.80
0. 72

&0.20

&1.80
0.72

&0.20

TABLE I. Tabulation of the core radius using the ex-
perimental values of E» 2l = R&, and v = 1.00 x 10" cm /
sec in Eq. (1). The upper and lower bounds on a are
obtained from the error limits in EI, and R&.

V. INTERPRETATION OF DATA

We see from the points plotted in Fig. 12 that
there is a monotonic relationship between the cut-
off energy and grid size. Let us now assume that
at cutoff the radius of the vortex ring is given by
It„=&1, and use Eq. (1) to compare theory and ex-
periment by adjusting the parameters w and a.
The solid line in Fig. 12 is a. plot of Eq. (1) using
the least-squares best-fit values

K=(1.002+0. 030)&&10 ' cm /sec, a=0, 9+0.5 A.

168+ 8

267+ 15

3.63+0.20

5. 04+0. 20

&5.3
2. 00

&0.58

&1.80
0.60

&0. 18

The value of the circulation is in very good agree-
ment with RR's value lr= (1.000+0.002)x10 cm /
sec, from a n(E) curve, and supports the notion
that only singly quantized vortex rings are observed
One quantum of circulation is

K=h/M =0. 997&& 10 cm /sec.

metrical transmission coefficient Tp of the 170-p,

grid is less than 1. Thus the current incident on
the second grid is I& =Io/ro, and t=I/I, = (I/Io)vo is
the transmission coefficient of a small grid for
vortices.

If all is consistent then a plot of (I/r) ~ vs Vr
should yield a straight line crossing the voltage
axis at the point V„, and approaching (I/r) = 1

for small voltages. Figure 10 shows some typical
data reduced in this manner. The plots do have the
expected characteristics. They are approximately
straight lines, yielding well-defined cutoff voltages,
and approaching (t/r)'I =1 for small voltages. Cut-
off voltages thus determined are plotted against
source voltage in Fig. 11. The data fall nicely in-
to four groups, characterized by the grid size,
and within experimental error the cutoffs are in-
dependent of V,.

In Fig. 12 we plot the cutoff energy EI, -=e V~

against the grid size 2l. The vertical error bars
represent the average deviations of several in-
dependent determinations of E~ using different val-
ues of V„V„andpolarity. The error bars on
the opening size are also average deviations and
are based on the measurements discussed previous-
ly.

Our value of the core radius is within experimen-
tal error of RR's number (a = 1.28 A) but we note
in Table I that three of the four points indicate a
value of a about one-half that reported by RR, but
in agreement with Amit and Gross's estimate of a~.
However, owing to the scarcity of experimental
points and the error in each, we cannot claim an
accurate determination.

We have avoided any discussion of the shape of
the I- V curves, for such a study was not needed
for the interpretation of the cutoff voltages. Study
of the behavior of vortex ring beams and the I-V
curves are interesting subjects, which will be dis-
cussed elsewhere. '

VI. CONCLUSIONS

The experimental results reported here show
that the physical size of charged quantized vortex
rings can be calculated from the classical equation
relating energy and radius. The data lend support
to the quantization of circulation, and to the notion
that only singly quantized rings are seen. We also
have shown that the encounter of a charged ring
with a grid can be interpreted to a sufficient ap-
proximation by a simple geometrical picture.
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On the basis of our previous theory used to calculate the static properties of crystalline Hes

and He4 at T =0, we compute the exchange interaction of the nuclear spins in bcc He3 as a
function of molar volume, obtaining good agreement with experiment. Comparison with the
theories of Nosanow and co-workers and of Guyer and Zane shows that the success of the
theory is mainly due to the effective-force constant used in the computations.

I. INTRODUCTION

In recent years the exchange interaction J between
two atoms in solid He3 has been measured by a num-
ber of workers. ' ' The absolute value of J ranges
from abouts 10 to 10 K as the nearest-neighbor
distance a runs from 3.V to 3. 5 A corresponding
to molar volume between 23. 5 and 19.9 cm in the
bcc phase. These values of J are large compared
to what one would predict for a classical crystal
because of the large zero-point motion of the rela-
tively light He atoms. However, J is still very
small compared to the ground-state energy E0 which
is of order 1 'K per particle and consequently the
possibility of exchange may be ignored in calcula-
tions of E0 and related thermostatic quantities.
This is done in most theories of quantum crystals
and was done by us in Ref. V where the thermostatic
properties of crystalline He3 and He4 are calculated
at T=O. In the present work we evaluate the ex-
change interaction as a function of molar volume on
the basis of the theory and results of Ref. V.

A theoretical determination of Jwas first given
by Bernardes and Primakoff and subsequently by
Mullin, Nosanow, and co-workers. " In addition,
Guyer and Zane' have recently calculated J, basing
their work on the quantum crystal theory of Guyer'
and Sarkissian. '

The approach that we use is similar to that of the
previous theories; J is defined in terms of the en-
ergy difference between the singlet and triplet spin
states of two nearest-neighbor He atoms. There
are, however, important differences among the three
approaches as regards the formalism and the ap-
proximations used in computing this energy differ-

ence; these are discussed below.
The calculation of J is an important one because

J is extremely sensitive to the force constant n
describing the single-particle effective potential in
which each atom sits, and there is also some sen-
sitivity of the result to the form of the two-particle
correlation function. Thus J should be a good test
of any quantum crystal theory. In this context it
should be mentioned that there is some disagree-
ment among experimental values of Jwhich are ob-
tained from several different types of experiment.
In particular, the values inferred from NMR mea-
surements are sensitive to small concentrations of
impurities. Reference 5 contains a discussion of
this problem.

The remainder of this paper contains (i) in Sec.
II, a brief review of the formalism of Ref. V and
construction of symmetric and antisymmetric space
states for nearest neighbors; (ii) in Sec. III, the
calculational details and numerical results; and
(iii) in Sec. IV, a discussion of our results and a
comparison of them with experiment and other
theories.

II. FORMALISM

We begin by summarizing the theory of Ref. V

in which exchange effects are ignored and the par-
ticle statistics play no role. The single-particle
Green's function for the He localized at position
R, is given by"

g((I, I'; ~) =~, 0;,(I)0;,(I')/(~. —«, )

in the frequency representation. The single-par-
ticle wave function P„(1)obeys the equation




