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Ly-subshell fluorescence yields w, and Ly-L3X Coster-Kronig transition probabilities fy;
have been calculated for 21 elements with atomic numbers 26 < Z <93, and L; fluorescence
yields w3 were computed for 14 atoms with 26 <Z <85. Radiationless transition probabili-
ties were calculated in j-j coupling from screened nonrelativistic hydrogenic wave functions.
All contributing Auger matrix elements including states through 4f;,, were included. The
theoretical Auger widths were combined with Scofield’s x-ray emission rates to derive
fluorescence yields. Results from w, and w; are in very good agreement with experiment.
The calculated Coster-Kronig transition probabilities are close to those derived by McGuire
from a self-consistent-field potential. However, the theoretical f,3 curves differ by ~35%
from measured values of fy3. No explanation for this discrepancy has been found.

I. INTRODUCTION

The fluorescence yield of an atomic excited state
is the relative probability of radiative deexcitation
of the state, or the ratio of radiative width to total
width of the state. Fluorescence yields are of con-
siderable importance in the interpretation of a
wide range of experiments in nuclear and atomic
physics. Recent advances in experimental tech-
niques have led to increasingly precise measure-
ments of fluorescence yields of atoms with vacan-
cies in the K, L, and even M shells. A comprehen-
sive review of the subject is in preparation.! The
growing number of accurate experimental results
provides new incentive for efforts to derive fluores-
cence yields from theory.

In a previous paper, > we have shown that atomic
K-shell fluorescence yields can be calculated with
rather surprising accuracy from Auger matrix
elements based on simple nonrelativistic screened
hydrogenic wave functions, provided that (a) all
radiationless transitions that contribute measur-
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ably to the Auger width of a state are meticulously
included, (b) careful attention is paid to screening,
particularly of the continuum wave function, and

(¢) radiative widths are derived from relativistic
calculations, ? since they dominate the K-shell width
at high Z. In the present article, we report ex-
tension of this work to atomic states characterized
by a vacancy in the 2p,,, or 2p;,, subshell.

The definition of L-shell fluorescence yields is
complicated by the effect of Coster-Kronig transi-
tions that shift vacancies to higher L subshells.
Thus, the vacancy distribution filled through ra-
diative transitions from higher shells is, generally,
different from the primary vacancy distribution.
The reader is referred to review articles!* for
thorough discussions of the pertinent definitjons.
In the present work, we calculate three basic
quantities: (i) the Lg-subshell fluorescence yield
wy=T% /T3, defined as the ratio of radiative width
T'} to total width I'® of an atomic state character-
ized by a 2pg,, hole; (ii) the L,-subshell fluores-
cence yield w,=T% /T2, where the total L, width
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T2=T%+T% +I'* is the sum of radiative, Auger,
and Coster-Kronig partial widths; and (iii) a,3, the
radiationless part of the Coster-Kronig transition
probability f,3 of shifting a 2p,,, vacancy to the
2ps/, subshell. It is generally true® that the ra-
diative component w,; of the Coster-Kronig transi-
tion probability f,3 is negligible, whence a,3= f33.

For ease of comparison with experimental re-
sults, we also list a derived quantity v, =w,+ fo3w,,
which is the total yield of L x rays emitted in the
deexcitation of an atom with a primary L, vacancy.

We omit calculations of quantities pertaining to
2s-hole states for the following reason: The most
intense L, Auger transitions are of very low ener-
gy, so that large transition-energy uncertainties
result from incomplete knowledge of electron bind-
ing energies in atoms that are singly or doubly
ionized in inner shells. The radiationless transi-
tion probabilities depend strongly on the continu-
um-electron energy. Furthermore, many partic-
ular transitions are only energetically possible
over restricted ranges of atomic numbers; there
is insufficient information on the exact limits of
these ranges. It therefore appears that calcula-
tions of w; and related Coster-Kronig probabilities
are bound to involve large uncertainties until more
accurate input data become available.
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FIG. 1. Comparison of some typical Slater-screened
hydrogenic radial wave functions for Hg, as used in the
present calculation, with the corresponding SCF wave
functions of Mann (Ref. 7).
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FIG. 2. Schematic representation of direct (D) and
exchange (E) radiationless transitions, illustrating the
notation used here to designate quantum numbers that
characterize the pertinent states.

II. THEORY

The calculation of radiationless transition prob-
abilities is based on Wentzel’'s ansatz.® A hole
representing the initial atomic vacancy and a hole
in the continuum, each described by single-particle
wave functions and coupled to a given total angular
momentum, undergo a transition due to the Coulomb
interaction; the final state consists of two vacan-
cies in bound levels, coupled to the same total an-
gular momentum as in the initial state. Spherical
symmetry of the potential is assumed, permitting
separation of radial and angular parts of the single-
particle wave functions. Screened nonrelativistic
hydrogenic wave functions are employed. Neglect
of relativistic corrections is not expected to in-
troduce an appreciable error. The use of the ana-
lytic hydrogenic wave functions greatly simplifies
the calculation. For low principal quantum num-
bers, these wave functions are quite good at in-
termediate distances from the nucleus, where the
largest contribution to the Auger matrix element
is located. This fact is illustrated in Fig. 1, which
contains a comparison of some typical screened
hydrogenic and Hartree-Fock” radial wave func-
tions for Hg. Only in higher shells, an appreciable
shift in the position of radial nodes is noted that
could lead to errors in the overlap with the continu-
um wave function. However, if the Coulomb con-~
tinuum wave function® is suitably screened, ? such
errors are minimized.

Bound-state wave functions were screened ac-
cording to the Hartree recipe,® choosing the
effective charge Z* so that the mean hydrogenic
radial distance (7 ) coincides with (» ) as computed
from the neutral-atom Hartree-Fock wave func-
tions of Froese.!® The continuum wave functions
were screened in accordance with the procedure
developed for the calculation of radiationless tran-
sitions to the K shell, ? whereby Z* is taken to be
the geometric mean of the effective charge ap-
propriate for the state from which the continuum
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TABLE I. Theoretical L;-subshell radiationless widths I}, total widths T, fluorescence yields w;, Ly-LyX partial
Coster-Kronig widths T%, transition probabilities fy3, and x-ray yields v,.

3 r? T s 3
Element eV) eV) Wy (eV) (eVv) ws (eV) Sos vy
seFe 1.292 1.395 0.00143 1.321 1.323 0.001 49 0.101 0.0724 0.001 54
g Ni 1.324 1.475 0.00269 0.147 0.0997
29Cu 1.366 1.539 0.003 57 1.401 1.406 0.00383 0.168 0.109 0.00399
30Ge 1.429 1.477 0.00772 0.0368 0.0249
33As 1.514 1.594 0.008 85 1.565 1.579 0.00874 0.0659 0.0413 0.009 21
345e 1.610 1.730 0.009 94 0.103 0.0595
35BT 1.733 1.899 0.0109 0.145 0.0764
36KT 1.866 2.083 0.0119 1,941 1.965 0.0123 0.192 0.0922 0.0130
37Rb 1.955 2.221 0.0132 0.237 0.107
20Zr 2.138 2,491 0.0189 2.238 2.284 0.0201 0.305 0.123 0.0214
1Mo 2.210 2.603 0.0245 2.312 2.374 0.0259 0.329 0.126 0.0278
1Ag 2.406 2,910 0.0430 2.552 2,672 0.0449 0.379 0.130 0.0488
5050 2.546 3.155 0.0567 0.430 0.136
51Sb 2.600 3.247 0.0616 2,798 2,987 0.0633 0,447 0.138 0.0703
seBa 2.791 3.682 0.0907 3.168 3.481 0.0899 0.557 0.151 0.104
goNd 2.963 4.012 0.120 3.268 3.713 0.120 0.569 0.142 0,137
¢5Th 3.069 4.363 0.166 3.471 4,133 0.160 0.571 0.131 0.187
n 3.152 5.151 0.271 3.680 4,924 0.253 0.602 0.117 0,301
s0HE 3.209 5,942 0.352 3.857 5.683 0.321 0.639 0.108 0.387
gsAt 3,242 6.779 0.422 4,008 6.460 0.380 0.676 0.100 0.460
93Np 3.252 9.842 0.460 4,217 7.991 0,472 2.059 0.209 0.559
electron originates and the effective charge per- steadily decreasing charge.
taining to the next higher state. This approach A general analytic expression for the complete
takes account of the fact that the continuum elec- radial Auger matrix elements is derived in Ref.
tron, as it moves away from the nucleus, sees a 2, to which the reader is referred for details. The

TABLE II. Experimental L,~ and Ls-subshell fluorescence yields w, and w;, L,-L3X Coster-Kronig transition
probabilities fy3, and L x-ray yields vy =wj +fy3ws.

Element Wy wg fo3 vy Ref.
¢5Th 0.160+0.018 0.188+0,016 0.090+0.014 0.177+0.019 15
70Yb 0.182+0.011 0.183+0,011 0.170+0.009 16
nLu 0.251+0.035 0.290+0.040 17
oHE 0.228+0.025 0.329+0,035 17
5T 0.254+0.025 0.303+0.030 17

0.250+0,013 0.228+0.013 0.180+0,007 18

0.25+0.02 0.27+0,01 0.20+0.04 0.31+0,01 19

72aW 0.272+0.037 0.330+0.,045 17
sRe 0.284+0,043 0.347+0.052 17
7608 0.290+0.030 0.366+0,038 17
T 0.262+0.036 0.351+0.048 17
18Pt 0.317+0.029 0.382+0.035 17
194U 0.317+0.025 0.395+0,032 17
soHE 0.367+0.056 0.455+0,062 17
0.316+0.010 0.300+0.010 0.190+0,010 21

81Tl 0.386+0.053 ‘ 0.450+0,061 17
0.319+0.010 0.306+0.010 0.169+0.010 0.371+0.010 22

g2Pb 0.354+0,028 0.410+0,039 17
0.363+0,015 0.315+0.013 0.164+0.016 0.417+0,015 20

g3Bi1 0.362x0,029 0.427+0,034 17
0.23+0.02 0,345+0.018 23

90Th 0.517+0,042 0.540+0,043 17
92U 0.500+0,040 0.610+0.049 17
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angular factors in the Auger matrix elements were
computed in j-j coupling. While the total radiation-
less transition rate is independent of the cou-
pling, ! difficulties arise with the use of LS cou-
pling when the initial vacancy is included in the
final configuration, 2 making the j-j scheme most
appropriate for the present purpose. All energeti-
cally possible transitions that involve electrons
through the 4f,;,, sublevel were included. Thus,

to compute the radiationless transition probability
for filling an Lj vacancy in an atom of high atomic
number, 1392 direct and an equal number of ex-
change matrix elements were computed; for an in-
itial L, vacancy, the number of direct and exchange
matrix elements included in the calculation was

178 each for high Z.

Electron binding energies used in these calcula-
tions were taken from the compilation of Bearden
and Burr.'? Following Callan, *!® we used neutral-
atom binding energies for E,:;» » and E,;, (see
Fig. 2 for notation). To take account of decreased
screening due to inner-shell ionization, the binding
energy of a neutral atom of the next higher atomic
number Z+1 was taken for E, 0 .

Radiationless transition probabilities computed
in the manner outlined above were combined with
x-ray emission rates calculated by Scofield®!* from
relativisitic Hartree-Fock-Slater wave functions,
in order to find fluorescence yields.

III. RESULTS AND DISCUSSION

A. L,-Subshell Fluorescence Yields

Our calculated L, radiationless widths I'} are
listed in Table I for selected elements from Fe
through Np, together with total L,-level widths I'?

obtained by adding Scofield’s*!* radiative widths
and our calculated Coster-Kronig widths '} to I'4.
The fourth column in Table I contains the theoreti-
cal L, fluorescence yields w, derived from these
widths.

Experimental information for comparison with
these results is still relatively scarce. Measure-
ments of pertinent quantities!®~? are summarized
in Table II. There are no direct measurements of
w, below Z=65. However, empirical L,-level
widths can be derived from x-ray emission line-
widths. For elements from 3,Rb through ;,Sn,
Gokhale® has measured Ka, linewidths. Subtract-
ing total K-level widths derived by Leisi et al.®
from the x-ray linewidth measurements of vari-
ous authors, total L, widths are found that can be
combined with Scofield’s*!* theoretical L, radiative
widths to derive values of w,, as indicated in Table
OI. All this empirical and semiempirical informa-
tion on w, is compared in Fig. 3 with our theoreti-
cal curve and with the recent theoretical results of
McGuire.?® This latter author used wave functions
calculated in a very different manner. He computed
the quantity — »V(7) by the self-consistent-field
(SCF) approach of Herman and Skillman, ¥ made a
piecewise straight-line approximation to the poten-
tial function, and hence obtained a one-electron
Schrddinger equation that he could solve exactly in
terms of Whittaker functions for the radial part.
From these solutions, he calculated both radiative
and radiationless transition rates.

B. L;-Subshell Fluorescence Yields

Theoretical L, radiationless and total widths and
fluorescence yields are listed in Table I for a num-
ber of elements with 26< Z< 85. The cost of com-

TABLE III. L,- and Ls-subshell fluorescence yields w; and w;, derived from the semiempirical K-level widths r¥
of Leisi et al. (see Ref. 25), x-ray emission linewidths I' (Ka,) and T (Koy) measured by Gokhale (see Ref. 24), and
Scofield’s (see Refs. 3 and 14) theoretical L, and Ly radiative widths T'2 and '}, Total Ly~ and Ly-level widths I'? and

I are also listed.

rk T'(Koy) r? r} T'(Ko) r3 r

Eleément (eV) (eV) eVv) (eV) Wy eV) eV) eV) wg
1Rb 2.518 4.79 2.272 0.02929  0.0129 4.39 1.872 0.02850  0.0152
365T 2.796 4.79 1.994 0.03447  0.0173 4.83 2.034 0.03349  0.0165
Y 3.097 5.16 2.063 0.04046  0.0196 5.10 2.003 0.03926  0.0196
WZr 3.421 5.93 2.509 0.04726  0.0188 5.49 2.069 0.04579  0.0221
4 Nb 3.770 6.02 2,250 0.05514  0.0245 5.97 2.200 0.05331  0.0242
Mo 4.144 6.66 2.516 0.06384  0.0254 6.42 2.276 0.06161  0.0271
o 4,975 7.32 2.345 0.08452  0.0360 7.15 2.175 0.08125  0.0374
s»Rh 5.435 7.91 2.475 0.09670  0.0391 7.86 2.425 0.09276  0.0383
«Pd 5.925 8.39 2.465 0.1105 0.0448 8.44 2.515 0.1057  0.0420
uhg 6.447 9.38 2.933 0.1253  0.0427 9.09 2.643 0.1196  0.0453
&Cd 7.004 10.03 3.026 0.1415  0.0468 9.98 2.976 0.1349  0.,0453
oln 7.595 10.75 3.155 0.1593  0.0505 10.42 2.825 0.1515  0.0536

__5Sn 8.222 12,27 4.048 0.1786  0.0441 11,15 2,928 0.1696  0,0579
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FIG. 3. Ly-subshell fluorescence yield w, as a func-
tion of atomic number. The solid curve links results
of the present calculation (Table I); the dashed curve
represents the results of a calculation by McGuire,
based on an SCF potential (Ref. 26). Experimental
points for Z >65 are those listed in Table II; semi-
empirical points were derived from measured x-ray
emission linewidths as discussed in Sec. IITA (see
Table III). The fluorescence yield w, increases abruptly
at Z =31, where Ly-L3M, ; Coster-Kronig transitions
become energetically impossible, and drops sharply at
Z =91, where transitions of the Ly-LsM; type again be-
come possible (see Sec. IIIC).

puting up to 2784 Auger matrix elements per atom
made it necessary to limit these calculations to 14
representative elements.

Figure 4 contains a comparison of our and Mc-
Guire’s?® theoretical w; curves with measured val-
ues from Table IT and semiempirical L, fluores-
cence yields derived from Gokhale’s?* Ka, line-
width measurements, the empirical K-level widths
of Leisi et al., ?® and Scofield’s®’!* theoretical x-
ray emission rates (see Table III).

C. L,-L3;X Coster-Kronig Transition Probabilities

An L, vacancy can switch to the L; subshell be-
fore being filled through a transition from another
major shell. Such transitions between subshells
are named after Coster and Kronig, who discovered
them through the study of x-ray satellite lines. 2
Coster-Kronig transition probabilities play an im-
portant role in a self-consistent scheme of defining
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subshell fluorescence yields.»* The partial L,-
level widths T'Z® due to radiationless transitions
of the L,-L.X type, computed in the present work,
are included in Table I. The corresponding Coster-
Kronig transition probabilities f,5 are also listed;
these have been computed on the assumption that
radiative L,-L, transitions can be neglected, being
of magnetic-dipole (spin-flip) character. Theo-
retical and experimental evidence confirming this
assumption has recently been gained.®

A curve linking our calculated values of f,3 is
shown in Fig. 5. A sharp discontinuity occurs at
Z=30; above this atomic number, the intense L,-
L,M,, 5 radiationless transitions become energeti-
cally impossible, since the M, 5 binding energy in
an L,-ionized atom exceeds the 2p,,,-2p;,, spin-
orbit coupling energy difference. A sharp rise in
fa3 takes place at Z=91; at higher atomic numbers,
L,-L,M; Auger transitions are again possible.

Also shown in Fig. 5 are values of f,; computed
by McGuire?® from an SCF potential as indicated
in Sec. IITA. The very close agreement of Mc-
Guire’s and our results (except for 47< Z < 54) is
especially gratifying in view of the drastically dif-
ferent approaches used in the two calculations.
All the more perplexing is the disagreement with
experiment. Of seven experimental results (see
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FIG. 4. Lg-subshell fluorescence yield w; as a func-
tion of atomic number. Results of the present calculation
(solid curve) are compared with the SCF-potential calcu-
lation of McGuire (Ref. 26), experimental points (Table
1), and semiempirical results derived from measured
x-ray linewidths (Table III).
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FIG. 5. Theoretical Ly-L3X Coster-Kronig transition
probability fy3 from the present work (solid curve), com-
pared with the results of McGuire (Ref. 26) and with
experimental points (Table II). Discontinuities in fys
occur near Z =31, where the prominent transitions of
the Ly-LgM, 5 type become energetically impossible,
and near Z=91, above which atomic number transitions
of the Ly-LsM; type are again possible. The poor
agreement between theory and experiment remains un-
explained.

Table II) obtained by an x-ray coincidence tech-
nique,'® the six measurements for Z> 70 exceed the
calculated transition probability, while the single
measurement for Z =65 lies below the theoretical
curve. The discrepancies are of the order of 35%
of the experimental results, far in excess of er-
rors of measurement. Radiative Coster-Kronig
transitions cannot be invoked to account for more
than an infinitesimal part of the difference.® The
theoretical approach appears to have been proven
by the very close agreement of calculated values

of w, and ws with experiment, but those subshell
fluorescence-yield calculations are less sensitive
to the input binding energies than the Coster-Kronig

0.2

L I I I A I AT I AT A
60 65 70 75 80
z

O.I

FIG. 6. Theoretical L x-ray yield vy=w, +fy3ws
(solid curve), compared with experimental data (Table
D).

probability calculations. At the present time, the
fog discrepancy remains unexplained.

D. X-Ray Yields v,

A quantity determined rather directly in many
experiments (see Table 1) is the total yield v, of
L-series x rays emitted in the deexcitation of an
atom with a primary L, vacancy. This yield

Vp =Wy +fh3ws

is included in Table I and is compared with experi-
mental results in Fig. 6.
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A variational perturbation method is used to evaluate the first-order wave functions of H-
and Li* in the presence of a monochromatic electromagnetic field. These functions are utilized
to calculate the dynamic polarizabilities and refractive indexes of H™ and Li* ions. Converged

results are obtained for both systems.

The converged static polarizability of H- in the pres-

ent calculation is shown to be206. 0 a.u., whichcompares favorably with previous theoretical
calculations. The wavelength for the Li* 115-2 1p transition from the dynamic polarizability

calculation, 199.16

INTRODUCTION

The interaction between radiation and matter has
been investigated extensively in recent years. The-
oretical work has been done using a semiclassical
approach. For atomic systems, variational' and
variational perturbation methods have been con-
structed.?® The advantages of these methods are that
in the Schrddinger perturbation theory the infinite
summation for the first-order wave function is
summed over through a variational procedure, thus
enabling us to calculate the first-order wave func-
tion of the perturbed system accurately. Static and
dynamic polarizabilities are readily obtained with
excellent agreement with experiment. L3 The first-
order wave function in a frequency-dependent -elec-
tric field is particularly interesting because it can
also be used to calculate the two-photon processes
for atomic systems such as spontaneous emission,
photon ionization, and photodetachment. * Hence,
the purpose of the present work is twofold: first,
to generate a set of accurate first-order wave func-
tions for the two-electron systems in the presence
of a frequency-dependent electric field, and next, to
use these to calculate the dynamic polarizabilities

A, is compared with the exact theoretical value of 199. 32 A.

and refractive indexes of Li* and H™ ions. In a sub-
sequent work, these functions will be used to in-
vestigate two-photon ionization and detachment pro-
cesses.

For the helium atom, the dynamic polarizability
has been calculated accurately by Chan and Dal-
garno3 using a variational perturbation method and
by Dutta et al. ® using a many-body technique. The
most accurate result for this atom is obtained by
Chung! using a variational procedure and a 2 'p-
type first-order wave function. This type of first-
order wave function will again be used in the pres-
ent work.

For two-electron ions, the available theoretical
calculations in the literature are more limited. For
the ground state of Li*, a coupled Hartree-Fock
calculation has been applied®; besides this, Dalgarno
and Victor” have also used the imaginary frequency
dynamic polarizability to calculate the van der Waals
forces between this ion and other atomic systems.
To our knowledge, the dynamic polarizability of
H™ has not been reported. This is perhaps partly
because of the poor convergence of the static po-
larizability calculations for this ion. In this re-
spect, it is interesting to note a previous work by



