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Experiments on the stability of the circular interface formed in a Hele-Shaw cell when air dis-
places a viscous oil have shown that available theories underestimate the wavelength of the most un-
stable wave when the capillary number (N, ) is large. Apparently this is caused by a modification of
the interface boundary condition by three-dimensional effects. At small values of N, the results
overlap several of the theories and we are unable to choose among them on the basis of the present

experiments.

INTRODUCTION AND THEORY

When a less viscous fluid displaces a more viscous one
in a Hele-Shaw cell, the moving interface between the
two fluids becomes unstable by mechanisms that are, in
general, well understood.! 3 However, since these early
works a number of questions have arisen concerning the
exact boundary conditions to be applied at the interface,
and application of these has slightly modified the theory
given by the authors introduced above. In particular, in
the earlier theories the pressure drop across the interface
was assumed, ad hoc, to be of the form
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where o is the surface tension between the two inter-
penetrating fluids, b is the gap between the plates, and R
the radius of curvature of the interface in the plane of the
plates. Here it is assumed that the contact angle between
the interface and the plate surfaces is zero [Fig. 1(a)].

Under these conditions the wave number of the most
unstable wave, i.e., that with the maximum growth rate,
was found to be
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where N, is the capillary number, equal to Vu/o, Vis
the velocity of the interface, and pu the viscosity of the
displaced fluid, while the viscosity of the displacing fluid
is assumed to be much smaller than u.

A more precise derivation of this boundary condition
by Park and Homsy* led to an expression for
Ap=—0(2/b+mw/4R) for N, much less than unity,
which in turn modifies the relationship for k,, to
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Further progress was made by Schwartz’® who used the
full boundary condition derived by Park and Homsy,*
taking into account first-order wetting effects, that is, the
influence of the viscous layer left behind on the plate as
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the interface moves, Fig. 1(b). This condition can be

written, following Schwartz, as
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where in the Park-Homsy formulation J =3.8. Defining
a modified wave number as 4 =kbN_,'/? led to an equa-
tion for the wave number with the maximum growth rate
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which is plotted together with (1) and (2) in Fig. 2 for
J =3.8 and leads to longer wavelengths than the simpler
version of the Park-Homsy boundary condition.

With this as a basis it is a simple matter to modify
Schwartz’s result to take account of the wetting effect
more precisely. We make use of the numerical results of
Ref. 6, which appear, based on comparison with the
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FIG. 1. Interface conditions: (a) The ad hoc Chouke et al.
and Saffman-Taylor and the simpler of the Park-Homsy condi-

tions. (b) The correct conditions with the dynamic, two-
dimensional wetting-layer effect included.
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FIG. 2. Modified wave number for the most unstable wave vs capillary number. The various theoretical results are shown. The

experimental points are for values of b and pu equal to O, 0.034

cm, 1.17 P; V, 0.065 cm, 1.17 P; A, 0.128 cm, 1.17 P; O, 0.191 cm,

1.17 P; O, 0.0153 cm, 0.061 P; @, 0.065 cm, 9.95 P; and @, 0.128 cm, 9.95 P, while the heavy line is the average drawn through these

points. The lighter solid curve is the experimental average corr
to the case shown in Fig. 3.

dynamically similar flow in a tube, to accurately describe
the interfacial pressure drop for all values of N_,. An
empirical fit to their curve of N, versus N, (their Fig. 5)
gives

No,=—192N%%,

where cp is the pressure drop across the interface.
Whence Eq. (3) becomes
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This result is plotted in Fig. 2 as well. As expected, the
smaller pressure drop associated with the correctly calcu-
lated flow results in shorter wavelengths than those found
in the Schwartz formulation and is actually closer to the
Park-Homsy result.

Available data on the stability of such an interface, as
outlined, for example, in Ref. 7 show large error bars,
and, as described in that paper, are subject to compro-
mise due to side-wall interference effects. Also the range
of N, studied has been somewhat restricted for practical
reasons and so the full stability problem has not been in-
vestigated.

In what follows we have devised an experimental
method that removes some of these difficulties. It is
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ected for the effects of plate wetting. The solid point é corresponds

based, formally, on the work of Paterson® who calculated
the stability of a radially expanding interface and found
that the number of waves formed around a circle of ra-
dius R was given by
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for the ad hoc boundary condition leading to Eq. (1). For
most cases of interest the first term in the parentheses is
much larger than unity so that the equation reduces to
Eq. (1) when one realizes that n_, =k ., R. Thus the
effects of the other assumptions concerning the pressure-
jump boundary conditions can easily be incorporated into
the circular geometry.

APPARATUS AND PROCEDURE

Two Hele-Shaw cells were used: the first consisted of
two glass plates 1.9 cm thick and 60 cm in diameter,
while the second was made of the same material but was
only 25 cm in diameter. They were mounted in an alumi-
num ring that supported the bottom plate around its peri-
phery. The top plate rested on six supports that were 2
cm square and of the appropriate thickness. Five
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FIG. 3. Photographs of the evolving instability on an inter-
face. The scale on the bottom is 15 cm long. Time interval be-
tween photographs is 0.3 s. Thirty-five waves can be counted.
The change in grey level in the central region is due to the
thicker layers of oil left behind by the rapidly moving interface
after the initial circle of air was formed by slow air injection.

different thicknesses were used, resulting in gap widths
(b) of 0.0153, 0.034, 0.065, 0.128, and 0.191 cm, as found
by injecting known volumes of fluid and measuring the
area of the circle of fluid thus formed. The gaps were
uniform to within 0.001 cm, as measured in this way. In
the larger cell the top plate was clamped into place by a
circular ring and O-ring that was attached to the bottom
ring by 12 machine screws; in the second it was held in
place by a heavy retaining ring. A small hole was drilled
into the center of each of the top plates and a thin-walled
stainless-steel tube glued within to provide the source for
the injected fluid, in this case air. The displaced fluids
were a DC200 silicone oil of the following properties: (i)
viscosity (u) 1.17 P and surface tension (o) 21.2 dyn/cm,
(i) ©u=0.06 P, 0=19.9 dyn/cm, and (iii) ©u=9.95 P,
0=21.2 dyn/cm, at the operating temperature of the
cell.

An initially circular interface of large diameter, ap-
proximately 15 cm, was formed by injecting air very
slowly into the central supply hole. The inflow velocity
was sufficiently slow that no unstable waves were formed.
At the initiation of an experiment the flow rate was sud-
denly increased to a larger constant value, the interface
velocity ¥V increased, a thicker layer of oil was left on the
plates, and after a short time instability waves appeared
and grew on the interface (Fig. 3). The values of b, 1, and
V used were such that at least 30 waves were always
formed, so that enough waves were generated to give a
good average value for the wave number of maximum
growth rate. A video camera and recorder or a motor-
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driven 35-mm camera were used to record the interface
position as a function of time, the interface radius at
which instability first appeared R;, and the number of
waves formed n,, .

By measuring the increase in area of the central circu-
lar region over a known time interval the ‘“‘apparent”
inflow rate can be calculated and set equal to 27R;V;,
where R; is the radius at which the instability first ap-
peared and V; is the actual interface velocity at that time.
As discussed in the next section, it is possible to recast
this result in terms of a true independent variable, i.e.,
the velocity at which the interface would move if there
were no wetting of the glass plates. This has been done
by using the results of Reinelt and Saffman® to calculate
the total thickness (1—p)b of the wetting films at the
value of N, calculated using the measured velocity V;.
The corrected velocity is then SV; and the actual inflow
rate 27R;BV;b.

RESULTS

Some 110 experiments were run at the five values of b
and three fluids mentioned previously and at several
values of flow rate. From the measured values of V; and

R;, and the number of waves formed n both N, and

Kk max could be found. Here it has been assumed that the
observed wave number corresponds to that of the most
unstable waves.

In order to emphasize the discrepancies between
theory and experiment, it was found most convenient to
plot the results in terms of the modified wave number
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and N, itself, in which case the simpler theories reduce

to A, =const. The results are shown in Fig. 2 for a
range of N, of almost four orders of magnitude. Data

scatter is fairly large, representing variations of +10%
typically; however, the trends are quite clear and allow a
number of interesting observations.

DISCUSSION

The results presented in the preceding section show
clear deviations from all of the theoretical predictions at
the larger values of N, whether based on the actual

measured interface velocity (lower experimental curve) or
velocity corrected for the presence of the wetting layers
(upper curve). These smaller wave numbers are also con-
sistent with the result discussed in Ref. 9 for the case of a
plane interface driven by gravity. Furthermore, there is a
clear tendency for the experimental results to approach a
wavelength that is a constant multiple of the gap width b,
for values of N_, greater than unity, approximately.
There are two possible reasons for this discrepancy, finite
Reynolds-number (Ng.=V;b/v) or three-dimensional
effects.

If one looks at the Reynolds-number distribution of the
plotted points there is a slight tendency for the very-low-
Reynolds-number cases, i.e., the solid points of Fig. 2
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(Nge <0.07), to be higher than the other points
(0.2 < Ng. <0.7); however, the variation is well within
the experimented inaccuracies and data scatter. That
three-dimensional effects are a more likely source, for the
observed differences can be inferred from the observation
that the measured wavelengths at large N, approach a
value of about five times the gap width. This is very rem-
iniscent of the result of Paterson'® for the interfacial sta-
bility of miscible fluids, i.e., those for which no surface
tension exists. In this case the most favored wavelength
was found to depend solely on viscous dissipation be-
tween the three-dimensional finger structures. This sug-
gests that in the present case, even when N, is of order
1, that surface-tension effects are negligible and that here
too the wavelength of maximum growth rate is deter-
mined solely by dissipation in a three-dimensional viscous
flow.

At the smaller values of Nca, the experiments fall be-

tween the Schwartz® and Park-Homsy* theories and
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perhaps agree reasonably well with Eq. (4); however, here
also the experimental scatter makes it difficult to choose
between the theories. What is surprising is the observa-
tion that N, must be less than O (10~ ?) before any of the
theories can be considered valid.

It has been suggested!! that the use of the extended
boundary conditions presented by Reinelt!> might help
improve the agreement between theory and experiment
especially at values of N, removed from the regime of
constant A/b. Unfortunately, such a theory does not ex-
ist at present, but one hopes that the present experiments
might provide some impetus to generate one.
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face. The scale on the bottom is 15 cm long. Time interval be-
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