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X-ray scattering study of the critical correlation scaling function
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A new method for evaluating the critical exponent g and the critical correlation scaling function
of a binary liquid mixture is presented by using small-angle x-ray scattering. The new procedure
has the benefit that it is free from the uncertainties in collimation corrections, the effects of the
cross-section factor, and the cell size used. The procedure was applied to the measurement and
analysis of a binary critical mixture of perAuoromethyl-cyclohexane and n-heptane. The experimen-
tal data agree with the theory of Bray within experimental error [Phys. Lett. A 55, 453 (1976);Phys.
Rev. Lett. 36, 285 (1976); Phys. Rev. B 14, 1248 (1976)]. The close agreement between present re-
sults and those of Chang and co-workers [Phys. Rev. Lett. 37, 1581 (1976); Phys. Rev. A 19, 866
(1979)] reconfirms that the binary liquid and the Ising model belong to the same universality class
and also confirms the validity of the present procedure.

I. INTR(ODUCTIQN

It has been known that the results from scattering
studies of the equilibrium properties of a fluid and a
binary liquid mixture near their critical points agree
within experimental uncertainty v ith the predictions of
scaling theories. ' Recent small-angle x-ray scattering ex-
periments have shown that the correlation scaling func-
tion can no longer be represented by a simple scaling law
without corrections. ' On the contrary, light scattering
studies have provided no evidence for correction-to-
scaling contributions in the correlation scaling function. '
These experimental results, which apparently conflict, re-
sult from the differences in the two methods used for the
determination of the critical exponent g and of the corre-
lation scaling function from the scattering data, where g
is a measure of the extent to which the actual correlation
function differs from the classical behavior predicted by
the Ornstein-Zernike theory. For the determination of g
and the correlation scaling function, it is desirable to
probe the region of large Q&" with substantial accuracy,
where Q is the scattering vector (=4nsi O/nA, , k is the
wavelength, 28 is the scattering angle) and g is the corre-
lation length. This region is entered by making either Q
or g large. The former is accessible with x-ray and neu-
tron small-angle scattering, while the latter is accessible
with light scattering. A very careful light scattering
study of the correlation function near the critical point of
a binary liquid mixture has been reported, where prob-
lems occurring at large g, such as multiple-scattering and
gravitational effects, were minimized. On the other
hand, the experimental results obtained by small-angle
scattering studies are still marred by distortions produced
by the instrumental effects. Therefore, substantial im-
provements in the experimental techniques have been
needed to clarify the details of the corrections.

In the present paper, we present a new method of
evaluating g and the correlation scaling function of a
binary liquid mixture using small-angle x-ray scattering.

We made an effort to obtain high-precision experimental
data. First we chose a system amenable to the x-ray stud-
ies, the binary liquid mixture of perfluoromethyl-
cyclohexane and n-heptane, which has a large difference
in electron densities between the two components and a
reasonably low absorption coe%cient. This is one of the
best systems from the viewpoint of x-ray contrast.
Second we have performed the scattering experiments un-
der infinite slit collimation. Accordingly, theoretical
equations derived for infinite slit collimation have been
employed in the actual data analysis to exclude various
uncertainties accompanied by the slit-collimation correc-
tion. Third we used molybdenum radiation instead of the
usual copper radiation, by which a drastic improvement
of the x-ray sample cell has been made; i.e., the sample
cell has a uniform and precisely measurable size and is an
interchangeable cell in the strictest sense. Last a reason-
able background correction was applied to analyze the
experimental data, which permitted us to neglect the
effects of the cross-section factor. These measures en-
abled us to determine the first precise correlation scaling
function from small-angle x-ray scattering measure-
ments.

II. EXPERIMENTAL

Reagent-grade perfluoromethyl-cyclohexane was
purified by passing it through a 1-m long, 8-mm-diam
column packed with silica gel. The treated solvent was
fractionally distilled in a nitrogen atmosphere. Reagent-
grade n-heptane was fractionally distilled over metal
sodium in a nitrogen atmosphere. The purity of these
solvents was at least 99.99 mole %. The preparation of
the solution was performed in a dry box under nitrogen.
A detailed description of the sample preparation pro-
cedures has been reported elsewhere. We paid particular
attention to avoiding moisture in the air.

Since the precise value of the critical point for
perfluoromethyl-cyclohexane —n-heptane has not been re-
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ported, we tried to determine the critical point by the
phase-equilibrium measurements. The system has an
upper critical point. The critical point (TC=26.38 C,
$„=0.488) was established by the coexistence curve and
the diameter, where P„ is the volume fraction of
perAuoromethyl-cyclohexane. Although the same sample
was used for the small-angle x-ray scattering experiments,
it showed the critical point (T, =26.35 C, P&, =0.488).
This is slightly different from the critical temperature
determined by phase-equilibrium measurements. The
slight difference between these critical temperatures is at-
tributed to differences of thermostated baths and temper-
ature detection employed in the two measurements.

The sample cell consisted of a 85-Inm-long pyrex tube
with internal and external diameters of 4. 15+0.01 mm
and 4.75+0.01 mm, respectively. The cell was specially
manufactured by Shigemi Standard Joint Industrial Com-
pany. It was filled with a sample of critical composition
and was frozen and sealed with a torch under vacuum.
The cell was inserted into a thermostated brass block
with openings only large enough to allow passage of the
x-ray beam and exit of the scattered radiation. These
openings were covered with aluminum foil (thickness 15
p,m) and the surroundings of the cell were evacuated.
The sample cell and the sample holding block are shown
in Fig. 1. The sample holding block was thermostated by
circulating water from a constant temperature bath. A
chromel-alumel thermocouple was inserted in a hole near
the cell on the block which indicated a constant tempera-
ture within 0.01'C. The thermocouple was calibrated by
a HP Model 2804A quartz thermometer.

The scattering system and equipment for measurement
were almost the same as those reported previously except
for the following points. The x-ray source was a

Toshiba's line-focus molybdenum target tube operated
from Rigaku Denki x-ray generator (D-10C type) at an
average potential of 37.5 kV and an average current of 22
mA and the x-ray intensity was detected by a scintillation
counter. The monochromatization was accomplished by
a pulse height analyzer with a Zr filter to separate the Mo
Ka line. The intensity fluctuation of the x-ray source
was measured repeatedly using a pure solvent at a fixed
angle.

The collimation system employed was a modified
Kratky small-angle camera made by Rigaku Denki Com-
pany. The Kratky camera was set in order to fulfill the
conditions required by infinite slit collimation. The
infinite slit condition in our present collimation was
satisfied within the scattering angle of 2.0, whose angle
was evaluated from the knowledge of the weighting func-
tion calculated according to Hendricks and Schmidt and
was confirmed using the measured weighting function.
Since it is known that termination errors can be apprecia-
ble for the infinite slit collimation, particularly for inten-
sity functions like the Lorentzian curve which decreases
relatively slowly as the scattering angle increases, ' we no
longer corrected the measured intensity. Instead, we
tried to transform the theoretical equations for point col-
limation into the corresponding equations for infinite slit
collimation. The transformation was made analytically
to the Ornstein-Zernike equation, " the Fisher-Langer ex-
pansion, " and numerically to the Bray equation. ' In the
above transformation, the effect for beam width was con-
sidered as follows. After interpretation of the data, the
experiment was carried out under the slit condition with
the thickness of one-half of the original width. The two
curves after background correction agreed within the ex-
perimental error. Further validity has been obtained by
the calculation of the weighting function for the width.

Noting that the scattering intensity observed at the
minimum angle is dominated by a parasitic scattering,
the data point at the angle was eliminated in a later
analysis. The scattering intensities from the empty cell
and each solvent have been measured to estimate the
background component.

The absorption of the critical sample, the empty sam-
ple, and each solvent, which are the same samples as
those employed in the scattering measurements, was mea-
sured using the Mo Ku line monochromatized by the
crystal of aluminum at a wide angle.

III. DATA ANALYSIS

x rayS

FIG. 1. Sketch of sample cell and sample holding block used
in this study: A =4. 15+0.01 mm; B=4.75+0.01 mm; C=85
mm; D, to a constant temperature bath; E, to a vacuum pump;
and F, a thermocouple.

Jc(Q) =2j I,((Q'+y')'")dy . (2)

The critical component I, (Q) is usually represented as a

The total scattered intensity near the critical point for
infinite slit collimation JT(Q) is separated into a critical
component Jc(Q) and a background component Jz ( Q),

JT(Q) =J,(Q)+Jg (Q),
respectively. The mathematical relation between J, (Q)
for infinite collimation and I, (Q) for point collimation is

given by'
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product of the form factor of a molecule @(Q) and the
structure factor of critical fluctuation S, (Q), except a
proportional constant, i.e.,

I, (Q) =@(Q)S,(Q), (3)

CX Q ff 4 gCX QkQ ff (4)

In the condition of contrast matching, Eq. (4) is reduced
to

cx Q ff 0 k)=S (0)gcx(Qk Qa fr

and then gcx(Q(, Qa,ff~0) is reduced to g, (Qg).

(4')

where S,(Q)=S,(0)g, (Qg), S,(0) is S, (Q) at Q=O, and

g, (Qg) is the correlation scaling function for point col-
limation.

In evaluating the S,(Q) from Eq. (3), it is very impor-
tant to exclude any effect of the form factor on the S,(Q).
It is noted that in the small-angle scattering experiment,
the molecular arrangement around a molecule in interest
is approximated by a shell structure first introduced by
Belbeoch and Guinier. ' The concept of shell structure
has been developed by Kirste' and applied to interpret
the experimental data in a polymer solution. ' ' The
background component is not expressed by Jz but by
J~~, in which the Jzz represents the function of the elec-
tron density. The effect of the form factor 4(Q) can be
minimized by using this model, that is, the two effects of
inner and outer shells are canceled out by changing the
electron density in the background component (the con-
dition of contrast matching). Then 4(Q) does not de-
pend on the scattering vector, especially in the present
small-angle region. Such a molecule with shell structure
(an effective molecule) may be considered as a sort of "re-
normalized particle" in quantum field theory. ' Further-
more, the condition of contrast matching is confirmed by
checking a systematic deviation from g, (Qg) which ap-
peared in the plot of a correlation scaling function ob-
tained from the exPeriment gcx(QJ, Qa, ff) against Qg,
where a,z is the size of the effective molecule. The struc-
ture factor Scx( Q, a,ff, g) is then represented by

In the present analysis, the background component J~~
was evaluated from the following equation by assuming
the additivity of intensities and neglecting the cross
terms

gc,(Qg)=J,2(Q)/Jc2(0) . (6)

The correlation scaling function gc2 agrees with the fol-
lowing equations in the boundary conditions: '"
goz(x)=1(1+x )' (x (& I) (7)

g„,(x)=(c,/x"-~')(I+c, /x"-""+c,/x "+
(x»1) (8)

where x =Qg,

c,&mr((1 —q)/2)
C, =

COI (1 —q/2)

C2I ((1—q)/2)r([1 —r)+(I —a)/v]/2)
Cq=

I (1—q/2)r(1 —q/2+(1 —a)/2v)
C r((1 —g)/2)r((1 —r)+ 1/v)/2)

C =
r((1 ~)/2)r(1 (~ 1/v)/2)

(9)

Cp =3. 1784 C~ =0.962 C2 = 1.773 C3 = 2.745, and a
and v are the critical exponents of specific heat and corre-
lation length, respectively. In order to interpret experi-
mental data of any values of x, the correlation scaling
function proposed by Bray' was numerically integrated,

g B,.„(x) = f gs...[(x '+ A
')' "14' f g B,.„(b' )dy

(10)
where

JBX UXCJX+(1 UXC )JG

where v~c is the volume fraction of component X at the
critical composition, the subscripts X=G, 1 and 2
represent the glass tube, perAuoromethyl-cyclohexane,
and n-heptane, respectively. By changing the combina-
tion of these components, we obtained J~z as the back-
ground component which agreed with the above condi-
tion of contrast matching. Under the condition, the
correlation scaling function for infinite collimation g&2 is
given by

gB„„'(x)=1+x(1+x /9) I I+g[sz(x) —(w/2)ln(1+x /9)/(1+x /36)]]

with

s, (x)=(x /9) f du[1 F(u)]/[u(u +x—/9)] .

Here m is a parameter restricted to the range—I/7~ w ~ 1 and F(u) is the spectral function, truncat-
ed so as to vanish for u (2, ' which is derived from the
Fisher-Langer expansion

through the relation

sin(mr)/2)/C&
ImgFt'(i x )=

gF„(x)=(C, /x ")(1+C2/x"

+C /x "+ ) (x»1)

IV. RESULTS AND DISCUSSION

The scattering curves after the correction of the sample
transmission and the background component are shown
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FIG. 2. Scattering curves, corrected for background scatter-
ing, for the binary mixture of perAuoromethyl-cyclohexane and
n-heptane: 1, t=3.672X10; 2, 5.676X10; 3, 1.603X10
4, 3.539X10;5, 6.844X10; 6, 1.536X10;7, 3.628X10
8, 6.056X10;9, 9.819X10;and 10, 1.243X10
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in Fig. 2. The scattering curves numbered 1 —10
represent the values of the reduced temperature
difference t, where t is (T Tc )/Tc —and Tc is the critical
temperature. Taking into account of the temperature
range in which a simple power law is applicable, only
seven curves (l —7) are analyzed in the present paper.
The background scattering from the empty cell is then
smaller than 6% of the total intensity. Noting that g~z is
represented by Eq. (7) in the limit of Q~O, the correla-
tion length $2 and the scattering intensity at
Q~O, Jc2(0) were evaluated from the slope and the or-
dinate of the scattering curves numbered 3 —7 using the

FIG. 4. Double logarithmic plot of the experimental correla-
tion scaling function gc~{Q() vs Qg restricted to Qg~ 10. The
solid line represents the Fisher-Langer equation [see Eq. (8) in
text] fitted to the data. For further details see text.
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FIG. 3. Double logarithmic plot of the correlation length
and the scattering intensity at the scattering vector Q =0 vs the
reduced temperature difference t = ( T—T, ) /T, .

FIG. 5. Plot of the deviations (g pt g„.], )/g, ,], in (%) as a
function of the scaling variable Qg. g„„represents the Bray
equation with v= —', a = —', g = —'„, c, =3. 1784, c l =0.962,
c2 =1.773, and c& = —2.745.
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Ornstein-Zernike equation, where the data analysis was
made in the range of Qg(3. Because the data points
numbered 1 and 2 do not agree with this condition, we
evaluated the values of gz and Jcz(0) for Nos. 1 and 2 by
using those obtained from the scattering curves num-
bered 3 —7 and by assuming a simple power law. In this
paper we adopted the convention of quoting as error two
standard deviations which included the effect of sys-
tematic differences between data points of different
scattering curves. To obtain the critical exponent values
for gz and Icz(0), seven data points can be fitted to the
formulas

and

kz=ho&

and

Icz(0) =(9.94+0.49) X 10 r

The results verify that the critical exponent values of v
and y agree with the values calculated theoretically for
the Landau-Ginzburg-Wilson model within the experi-
mental uncertainty. Furthermore, these values do not de-
pend on the subtraction method. Using the Fisher rela-
tion of y=(2 —z))v, we obtain r)=0.03(2)+0.03(2). Al-
though the value of g determined in this way can be quite
sensitive to uncertainties in other exponents employed in
the calculation, our work shows g to be definitely smaller
than the values of 0. 11+0.03, ' 0.07+0.01,
0.09+0.02, ' and 0.085(8)+0.026(3) (Ref. 20), without
corrections previously reported for fluids and binary mix-
tures in the neutron and x-ray small-angle scattering ex-
periments and being close to the best value of
0.017+0.01S reported for a binary mixture in the light
scattering experiment.

In order to examine the condition of the contrast
matching and to the more direct determination of g, a
double logarithmic plot of gc~ versus Qg is shown in Fig.
4 for the different subtraction methods. The so1id curves
in Fig. 4 are the scattering curves calculated from the
Fisher-Langer expansion of Eq. (8), where v= —,', a= —,',
and g =

—,', are employed as the critical exponent
values. ' The best fit to this equation is found in g&2

Icz( 0 )
= Iczor

where the values of Icz(0) were calculated from the rela-
tion of Icz(0) =gzjcz(0)/vr. The relationships between gz
and Icz(0) against t are shown in Fig. 3. We thus obtain

( 2 33+0 1 1 )r
—0.622+0. 01

and an upward deviation from Eq. (8) is observed in gcG,
while a downward deviation from Eq. (8) is observed in

g&, . It is seen that the values of g almost equals
Furthermore, it is important to note that the data points
for gc, and gcG are considerably scattered in comparison
with those for gc2, and the origin for the scattered data is
explained by taking into account of the shell structure
around each molecule. That is, the downward scattering
data for gc, stem from the downward deviation of &P, (Q)
at each t from N, (Q)=1, where the cross-section factor
4&(Q) is almost dominated by the outer shell, while data
for gcG stem from the upward deviation of 4G(Q) at
each t from 4G(Q) =1, where 4&G(Q) is dominated by the
inner shell. In the present case, it is easily seen that the
condition of the contrast matching is realized in g&z in
the Q range investigated.

It is further worthwhile to compare present results
with a more general correlation scaling function. As the
more general scaling function, the correlation scaling
function proposed by Bray was selected because the func-
tion contains Eqs. (7) and (8) as the boundary conditions
and the extensive experimental verification of this func-
tion have been already given by the light scattering
method. These results are shown in Fig. S. It is noted
that no systematic deviation of the experimental data
from the calculated values was observed in the plot of de-
viations (gcz —g„&,)/g„~, vs Qg, while an upward devia-
tion was observed in the plot of (gcG —g„„)/g„„and a
downward deviation was obtained in the plot of
(gc, —g„„)/g„„. These results provide further
verification of the application of the model of shell struc-
ture to the evaluation of the cross-section factor. A pre-
liminary analysis with the critical exponents fixed at their
best known values ' gave equally satisfactory representa-
tions of the experimental scattering data.

In conclusion, the present procedure cross checks the
finding that binary liquids and the Ising model belong to
the same universality class without any correction-to-
scaling contributions in the correlation scaling function.
The procedure, never before suggested, thus has the
benefit that is free from the uncertainties in collimation
corrections, the effects of the cross-section factor, and the
cell size used.
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