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We report the first quantitative theoretical and experimental studies of frequency shifts of
nuclear-magnetic-resonance (NMR) lines of noble-gas atoms and the corresponding frequency shifts
of electron-paramagnetic-resonance (EPR) lines of alkali-metal atoms in mixtures of nuclear spin-
polarized noble gases and vapors of spin-polarized alkali-metal atoms. The shifts are primarily due
to the Fermi-contact hyperfine interaction. For the heavier noble gases there can be relatively large
(=10%) contributions to the shifts from van der Waals molecules. The NMR frequencies of polar-
ized ¥*Kr and '?’Xe were measured in a vapor of spin-polarized alkali-metal atoms oriented parallel
and antiparallel to the external magnetic field. The shift in the EPR frequency of the alkali-metal
vapor due to the polarized noble-gas nuclei was measured simultaneously, thus providing a mea-
surement of the absolute noble-gas nuclear polarization. The frequency shifts can be used as a con-
venient way to measure the absolute nuclear spin polarization of noble gases.

I. INTRODUCTION

Polarizing nuclear spins through spin exchange'? with
optically pumped alkali-metal vapors has become increas-
ingly widespread. Applications have included precise
measurements of magnetic moments, >~ searches for per-
manent electric dipole moments in atoms, ® surface stud-
ies,”® and polarized nuclear targets.” Magnetic reso-
nance is often employed in these experiments, and when
there is a need to determine magnetic-resonance frequen-
cies precisely, it is important to identify mechanisms
which can result in frequency shifts. As was first shown
by Grover, '° the spin-polarized nuclei of noble-gas atoms
will cause a shift in the EPR frequency of the alkali-metal
atoms when both types of atoms are in the same gaseous
sample. Similarly, the spin-polarized valence electrons of
alkali-metal atoms will cause a shift of the NMR frequen-
cy of noble gases. These shifts are due to the well-known
Fermi-contact interaction aK-S between the nuclear spin
K of the noble-gas nucleus of magnetic moment p, and
the electron spin S of the alkali atom. The coupling con-
stant a depends on the distance R between the nuclei of
the noble-gas and the alkali-metal atom, and can be writ-
ten as

8, HE

Here |¢(R)|? is the square of the valence-electron wave
function of the alkali-metal atom at the site of the noble-
gas nucleus, gg~2 is the Landé g factor, and up is the
Bohr magneton. The shift is closely analogous to the
Knight shift,!! caused by polarized conduction electrons,
in the magnetic-resonance frequency of nuclei in metals,
and to the pressure shift!? of alkali-metal-vapor frequen-
cy standards, both of which are due to the interaction (1).

We have made a quantitative experimental study of fre-
quency shifts in the 33KrRb and '“?XeRb systems. These

39

shifts are by no means small. For example, in Fig. 1 we
show two NMR lines, corresponding to the ground-state
Zeeman splitting in **Kr. The NMR lines were measured
in the presence of polarized alkali-metal vapor. The
curves correspond to alkali-metal spins oriented parallel
and antiparallel to the external magnetic field. The de-
tails of the experiment are described in Sec. III.

At low magnetic fields where the quadratic Zeeman
splitting of the alkali-metal EPR resonance frequencies is
negligible, the EPR frequency shift due to the polarized
noble-gas atoms is

1 wmplegsl 8r mk
Alv,l=- OIiD K [XUK,) . )

The NMR frequency shift of the noble-gas atoms due to

the polarized alkali-metal vapor is given by the analogous
formula

1 gl
A|Vxl=___1—<~*83z'T'ﬂBgsKXA[A]<SZ) . (3)

Here [ X] is the noble-gas density, [ 4] is the number den-
sity of alkali-metal atoms, I is the spin of the alkali-metal
nucleus, {K,) is the longitudinal spin of the noble-gas
nuclei, {S,) is the longitudinal spin of the alkali-metal
valence electrons and A is Planck’s constant. The dimen-
sionless enhancement factors k 45 and ky, were intro-
duced by Grover'? to describe the frequency shifts which
he observed in spin-polarized mixtures of rubidium vapor
and the noble-gas isotopes %Kr and '*Xe. Grover
defined k 4y as the ratio of the mean magnetic field incre-
ment, actually experienced by the valence electrons of the
alkali-metal atoms, to the macroscopic field increment
(87/3)(ug /K){K,)[X] which would be produced in a
spherical cell by a noble gas with the same density and
nuclear-spin polarization. The enhancement factor ky ,
has an analogous meaning.
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FIG. 1. Nuclear-magnetic-resonance (NMR) scan for ®Kr.
For the lower resonance curve, (S,) and {K,) are parallel to
the external magnetic field B; and for the upper curve, {S, ) and
(K,) are antiparallel to the external field. The nuclear reso-
nance appears as a decrease in the magnitude of the electron-
paramagnetic-resonance (EPR) frequency shift. As discussed in
the text, the EPR frequency shift is directly proportional to the
nuclear spin polarization of the Kr atoms. The krypton polar-
ization scale is subject to the 33% uncertainty in the Rb polar-
ization. The width of the curves is dominated by the small split-
ting of the ®*Kr spin sublevels by the interaction of the nuclear
quadrupole moment with an electric field gradient, which acts
on the nucleus while the Kr atom is close to the surface of the
sample cell.

In Sec. IIB we show that it is possible to write the
enhancement factors in the form

K q4x = (Kog—K) T € 45K 4)
and
Kyq=(Ko—K|)tEx K7 - (5)

Here ky—k; is the contribution from free noble-
gas—alkali-metal pairs and € 44k, and €y 4k, are the con-
tributions from bound pairs or van der Waals molecules.
Theoretical formulas for the parameters «, and «, are
given by (18) and (28), respectively. However, k; and «,
also have a simple physical interpretation, which we sum-
marize here. Define (|¢|?),, the ensemble-averaged
valence-electron density at the nucleus of a noble-gas
atom, as the sum of the valence-electron densities |1|? at
each noble-gas nucleus in the sample at some instant of
time, divided by the total number of noble-gas atoms in
the sample. The valence-electron density at most nuclei
will be nearly zero because there will be no alkali-metal
atom close by. However, a small fraction of nuclei will be
in the process of a binary collision with an alkali-metal
atom, and for these nuclei |1|? will be relatively large.
There will also be a small fraction of nuclei which are
bound in van der Waals molecules, and || will be rela-
tively large for these nuclei too. Of course, the average
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valence-electron density (|#|?),, will be proportional to
the number density [ 4] of alkali-metal atoms, and the
constant of proportionality is the enhancement factor «,
that is,

(1), =xr[ 4] . (6)

Similarly, we may define the contribution (|#|3),, to (6)
from van der Waals molecules by adding the valence-
electron densities ||? at all noble-gas nuclei of van der
Waals molecules, and dividing the sum by the total num-
ber of noble-gas atoms in the sample. The contribution
(|¥]%),, from van der Waals molecules will also be pro-
portional to the number density [ A] of alkali-metal
atoms, and the constant of proportionality is the
enhancement factor «,, that is,

(Ul ) =r[ 4] . (7)

There is also a simple physical interpretation of the
suppression factors € 4,4 and €y ,. When a van der Waals
molecule is formed the electron spin S and the nuclear
spin I of the alkali-metal atom will begin to precess about
the rotational angular momentum N of the van der
Waals molecule and about the nuclear spin K of the no-
ble gas. If the molecule is quickly broken up again, nei-
ther (K,) nor (S,) will have had time to change very
much from their values before the molecule was formed.
However, if the molecule lives long enough, there will be
large rotations of the angular momenta about each other.
Consequently, the effective magnitudes of (K, ) and (S, )
which act within the molecule will be reduced by the
suppression factors € ;4 and €y, to the values € .y (K, )
and €y, (S, ), respectively.

We show in Sec. II B that the suppression factors can
be adequately represented by the formulas

1+ /[1])7

T /T ®
and
(o2 1
3 1+(a/[1])?
1 ! (m;)?

" )
I(I+1D)[1] mlg,, 1+(¢m, /x [1])?

Statistical weights of angular momentum quantum num-
bers are denoted by square brackets, i.e.,

[I]=2I+1 (10)

and m; is one of the azimuthal quantum numbers of the
alkali-metal nuclear spin. The phase angle is

=17 (1n
#i
the product of the mean spin-rotation coupling frequency
v N /# and the mean lifetime 7 of the van der Waals mole-
cules. The Breit-Rabi parameter is

x=XN (12)
a
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FIG. 2. (a) Frequency-shift suppression factors € for van der
Waals molecules. (b) Frequency-shift enhancement factor « 4y
(solid line) as a function of gas pressure for #*Kr. At low pres-
sures, the suppression of the van der Waals molecular contribu-
tion to the frequency shift reduces the value of « 4 slightly from
the high-pressure value k; given by the upper dotted line.

To ensure the validity of the perturbative theory of Ref.
1, which was used to derive the suppression factors (8)
and (9), it is necessary to have x2>>1.

The mean lifetime 7 of the van der Waals molecules is
inversely proportional to the gas pressure p in the cell
and we can therefore write (11) as

s=20 (13)

p

where p, is a characteristic pressure which depends on
the composition of the sample gas. For example,'® in the
129X e Cs system, if the gas is predominantly N,, the '**Xe
Cs van der Waals molecules are almost always broken up
in collisions with N, molecules and the characteristic
pressure is po =177 torr. If the gas is predominantly He,
the characteristic pressure is po=384 torr. Representa-
tive suppression factors €y, and €,y are shown in Fig.
2(a) as a function of the relative pressure p /p,.

Values of the enhancement factors «, and «,, as calcu-
lated with (18) and (28) at a temperature of 100°C, are
shown in Tables I and II. The temperature coefficients

TABLE 1. Calculated values of the enhancement factors
from Eq. (18).

Alkali metal He Ne Ar Kr Xe Rn

Na 1.9 10.5 28.9 117 309 733
K 2.7 13.4 55.7 235 661 1340
Rb 2.7 15.0 60.5 276 726 1440
Cs 3.1 17.4 82.9 337 879 1820

T, of Table III were calculated according to (21), and
they can be used in (22) to estimate values of k; at tem-
peratures other than the reference temperature
T,=100°C. Over the temperature range from 0°C to
200°C, the enhancement factor «; is very nearly propor-
tional to T 372, where T is the absolute temperature.

The calculated values of ky and «; in Tables I and II
are sensitive to two rather poorly known factors: the
repulsive part of the van der Waals potential ¥ and the
wave-function enhancement factor 7, first introduced by
Herman!* and defined in Eq. (15). As described below,
we have used the most reliable values of ¥ and 7 that are
known to us to compute the numbers for Tables I and II.
Precise measurements of the frequency shifts will provide
useful constraints which can lead to more reliable experi-
mental estimates of ¥ and 7. For the few cases where ex-
perimental measurements of k, and «; are available, the
calculated values in Tables I and II are within about 10%
of the measured values, so we think that the numbers in
Tables I and II can be used as reasonable initial estimates
of the true values of the enhancement factors.

As discussed in detail in Sec. III we have measured «,
for RbKr and RbXe. The measurements are summarized
in Table IV along with the corresponding theoretical
values from Table I. The theoretical estimates of «, are
within the estimated experimental error. The theoretical
ratio (kg)xerb/(Ko)krrp = 2. 63 inferred from Table I, is in
reasonable agreement with the experimentally deter-
mined ratio (kgy)x.rp/(Ko)xrrb=2-38%0.13, which is dis-
cussed Sec. III.

So far there are no direct experimental measurements
of the pressure dependence of the frequency shifts, which
would allow one to judge the reliability of the theoretical
estimates «, in Table II. We can, however, estimate «, in-
directly from other experimentally measured quantities,
as discussed in Sec. III. The results of these indirect esti-
mates of k, are summarized in Table IV, and are com-
pared with the theoretical estimates of Tables I and II.
The agreement between experimental and theoretical
values of «; is remarkably, and perhaps fortuitously,
good.

Table II and Fig. 2 show that under most experimental
conditions the van der Waals molecules, which are re-
sponsible for most of the spin-exchange and spin-
relaxation rates for the heavier noble gases, contribute
very little to the frequency shifts. In the most extreme
case of Rn, the molecular contribution «, is about 15% of
Ko at 100°C. Since the magnitude of k; decreases more
rapidly with temperature than the magnitude of k,, the
contribution of molecules to the frequency shift will be-
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TABLE II. Calculated values of the ratio «, /ky at T =100°C from Egs. (18) and (28).

Alkali metal He Ne Ar Kr Xe Rn
Na 2.6X107° 6.9%x107* 0.016 0.039 0.074 0.13
K 8.9X107° 6.6X1074 0.015 0.040 0.083 0.14
Rb 7.9%x10°¢ 7.1X10°* 0.012 0.043 0.078 0.14
Cs 49X107° 8.2X107* 0.018 0.044 0.086 0.15

come less important as the temperature increases. At the
pressures of many experiments, the contribution of the
molecules to the frequency shift will be very nearly
saturated (see Fig. 2), and will be nearly independent of
small changes in the pressure.

The EPR frequency shift (2) is proportional to the
noble-gas polarization. The insensitivity of the factor
K 4x to the pressure and temperature of the cell and the
precision with which the frequency shift can be measured
suggest that the EPR frequency shift could provide a
convenient and precise new way to measure the nuclear-
spin polarization of the optically pumped noble-gas tar-
gets which Chupp et al.” have developed for nuclear
scattering experiments. The size of the expected shift is
quite large. For instance, if 3.5 atmospheres of *He were
50% polarized, the shift would be about 5 kHz. Since
frequencies can be determined very precisely, the pre-
cision of the polarization measurements would be limited
only by the determination of k,, a quantity which in prin-
ciple can be determined quite accurately by experiment,
although probably not very accurately by calculation.
When conventional NMR is used for the determination
of an absolute polarization in an optically pumped target,
the fractional error is typically inversely proportional to
the size of the static magnetic holding field. In the case
of Chupp’s work, the magnetic field was between 30 and
100 G. At higher fields, nuclear polarizations are more
easily determined, and a simultaneous measurement of
the nuclear polarization using conventional NMR tech-
niques and the EPR frequency shift could provide a mea-
surement of k, accurate to several percent. Such a mea-
surement would provide a calibration for the interpreta-
tion of frequency shifts at lower fields, where polarimetry
would otherwise be more difficult. Because of the low
magnetic fields used in our measurements (=0.11 G)
conventional NMR techniques were impractical. Our
measurements of «, were thus limited by sensitivity to
alkali-metal polarization and to alkali-metal number den-
sity.

The EPR frequency shift (2) due to the contact interac-
tion (1) is independent of the cell shape, in contrast to the
smaller shift due to the long-range magnetic dipole-dipole

TABLE III. Calculated values of the temperature coefficient
T, in °C at T,=100°C from (21). This Table may be used with
Eq. (22) to calculate the temperature dependence of k.

interaction, which depends on the shape of the sample
through the classical depolarization factor.'” In the case
of the heavier nobles, the large value of the enhancement
factor k, ensures that the frequency shifts are indepen-
dent of cell shape to better than 1%. In the case of the
lighter nobles, such as He, Ne, and to some extent Ar, the
enhancement factors are smaller, and care needs to be
taken in accounting for some cell shape dependence due
to the dipole-dipole interaction.

II. BASIC THEORY OF THE FREQUENCY SHIFT

The simplest spin interaction Hamiltonian which is
consistent with all data for alkali-metal noble-gas systems
: ol
is

H= AI-S+yN-S+aK-S
Hk
+g5,uBB-S——K—B~K+ e, (14)

where AI-S is the hyperfine coupling between the elec-
tron spin S and the alkali-metal nuclear spin I and yN-S
is the coupling between the rotational angular momen-
tum N of the alkali-metal-noble-gas pair and the elec-
tron spin of the alkali-metal atom. The term aK-S is the
Fermi-contact hyperfine interaction discussed in conjunc-
tion with Eq. (1). Herman'* has pointed out that ¥(R) is
substantially larger than ¢(R), the valence-electron wave
function of the unperturbed ground-state alkali-metal
atom at a distance R from the nucleus. Following Her-
man'* we will define an enhancement factor for the wave
function

= (15)

TABLE IV. Comparison of experimental results to theory.
The values for «, are from this work; the values of «x, are de-
duced from experiments of van der Waals molecules as dis-
cussed in the text. All theoretical numbers are at 100°C. The
measurement of x, for RbKr was done at 90°C, and we note
that the expected correction due to the temperature difference is
less than 1%. The measurement of the ratio of «, for RbKr to
ko for RbXe, which was used to deduce the quoted value of k,
for RbXe, was done at 80°C, and again the correction due to the
temperature difference is expected to be less than 1%.

Alkali metal He Ne Ar Kr Xe Rn

Pair (KO)CXPI (Ko)thenr (KI )c.\pl (Kl )thenr
Na 443 614 890 1220 2060 25800 RbKr 270%95 276 11.7+£2.5 11.9
K 426 714 956 1430 3490 — 5880 RbXe 6441260 726 43.5+7.3 56.7
Rb 440 748 926 1700 3450 —4870 KXe 661 52.6+14.4 54.9
Cs 427 808 1270 2060 6380 —3560 CsXe 879 58.9+22.1 75.5
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and we will assume that 7 is independent of R and, for a
given type of noble gas, is approximately the same for all
alkali-metal atoms. Calculations of 7 have been carried
out by Walker et al.'® The last two terms in (14) are the
interaction between an external magnetic field B and the
spins S and K.

Since the measured frequency shift involves an average
over many bound and free quantum states of the van der
Waals molecules we shall approximate the averages with
the methods of classical statistical mechanics. From the
viewpoint of a single noble-gas atom the interaction (14)
will be time dependent because the distance R will
change during collisions. The coupling constants a and
vy will be zero most of the time because no alkali-metal
atom is nearby but they will become large for a few pi-
coseconds during binary collisions, which occur every
few milliseconds under representative experimental con-
ditions (saturated Rb vapor at 90°C). The duration of the
binary collision is short enough that the spins precess
only a tiny amount, typically 10™* rad, during the col-
lision. At much less frequent intervals, typically once a
minute, the noble-gas atom forms a bound van der Waals
molecule in a three-body collision for which a nitrogen
molecule or another noble-gas atom is the third body.
The interaction (14) can then act throughout the relative-
ly long molecular lifetime 7 of the van der Waals mole-
cule and the spins S and K can rotate by large angles
about each other and about the rotational angular
momentum N. A representative collisionally limited
molecular lifetime 7 at a gas pressure of 35 torr is 2 ns.

Using the methods outlined in Ref. 1 one can show
that the average value of the fluctuating microscopic in-
teraction (14) produces a shift in the EPR frequencies of
the alkali-metal atoms. The EPR shift can be ascribed to
an effective static field acting on the alkali-metal valence
electron

87 Mk
BBAZTTKAX[XKK) . (16)
Similarly, there will be a shift in the noble-gas NMR fre-
quency, which can be described by an effective field

_8m

3

The frequency shifts (2) and (3) follow from the effective
magnetic fields (16) and (17), respectively.

SBX: gSIJ’BKXA[A]<S) . (17)

A. Frequency shifts at high pressures

At high third-body pressures, where the spin-evolution
angles during a molecular lifetime are small, it is possible
to replace the time average of (14) by an ensemble aver-
age over a Boltzmann distribution of the rotational angu-
lar momentum N and of the internuclear separations R
between the noble-gas and alkali-metal atoms. Then the
effective magnetic fields 6By and 6B , are the ensemble-
averaged values of the term aK-S of (14) per alkali-metal
atom and per noble-gas atom, respectively. In this high-
pressure limit the enhancement factors approach a com-
mon limiting value, « 4y — kg and ky , — K, Where

K0=n2f0°°|¢0(R)|2e—V(R)/kT4,n.R2dR ) (18)

where V(R) is the van der Waals potential which de-
scribes the force between an alkali-metal atom and a
noble-gas atom.

Representative values of the van der Waals potential
V(R) and of the Boltzmann factor e ~V®/4T for RbKr at
100°C are shown in Fig. 3. Note that the well depth is
about 30% of the thermal energy k7, so the Boltzmann
factor does not greatly exceed unity, even at the
minimum of the potential well. The parameters of the
van der Waals potentials are determined from atomic
scattering experiments and are subject to some ambigui-
ties of interpretation.

We have used our best estimates of the van der Waals
potentials ¥ and wave-function enhancement factors 7 to
calculate values of k, at 100°C according to (18). The po-
tential curves used for Ar, Kr, and Xe are those of Pas-
cale and Vandeplanque.17 For He, the calculations of

20
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FIG. 3. Some representative properties of the RbKr van der
Waals molecule. (a) Effective potential of Eq. (39) for various
values of the rotational angular momentum N. The maximum
angular momentum for which a bound RbKr can exist is
N_,~102. (b) Boltzmann factor occurring in Eq. (18), the max-
imum angular momentum M (R) that a bound molecule can
have at an internuclear separation R, and the fraction fz(R) of
alkali-metal-atom-noble-gas pairs which is bound at an inter-
nuclear separation R.
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Pascale!® are used. For Ne, the measurement of Ref. 19
of the potential curve for NaNe was used to estimate the
curves for the other alkali-metal Ne molecules. Ex-
pressed in the Morse potential form

V(R)ZD(e~2a(R——RO)_26 a(R—R, )) (19)

The values D =1.0 meV and a =0.89 A ~! were chosen
to be the same for all the alkali-metal Ne pairs, and the
ethbrlum separatlons R, were chosen to be Na, 5.29 A

, 5.64 A; Rb, 5.68 A; and Cs, 5.80 A. Potentials for
alkah metal-Rn molecules were extrapolated from
alkali-metal-Xe and alkali-metal-Kr molecules. Here
the values for the Morse potential were chosen to be
D =18 meV and a =0.8 A _‘, with the following values
for R,: Na, 5.1 A; K, 5.3 A; Rb, 5.4 A; and Cs, 5.5 A.
The values for 1 used are the partial-wave (PW) results
from Ref. 16: n(He)=—5.3, n(Ne)=9.4, n(Ar)=—22,
n(Kr)=44, n(Xe)=—73, and n(Rn)=114.

Since the wave function v, is required at distances
greater than the inner core of the alkali-metal atom, we
have chosen to use the Coulomb wave functions of Bates
and Damgaard.?”® These wave functions use the experi-
mentally known binding energies to ensure the correct
asymptotic behavior of the alkali-metal wave function.
To obtain a better normalization, we have divided the
Bates-Damgaard wave functions, as prescrlbed by
Seaton,?! by the factor V/p, where p—1+(2/v Ydu/de,
the binding energy of the valence electron in rydbergs is
—e, the effective quantum number v is defined by
v2= —1/¢,and u=n —v is the quantum defect of the or-
bital of principal quantum number n. From experimental
data for the alkali-metal atoms Na, K, Rb, and Cs, re-
spectively, we obtain for v, 1.63, 1.77, 1.80, and 1.87,
while for du/de we obtain —0.066, —0.156, —0.209,
and —0.284.

The precise form of the repulsive part of the van der
Waals potential has a major effect on the evaluation of
(18). For example, the potentials of Pascale and Vande-
planque, which were used to calculate the values of «, in
Table I give for RbKr at 100°C, k,/9>=0.12, if we use
the potentials of Buck and Pauly, 22 the computed value
of ky/7* is 0.089, a factor of 30% different.

The rate of change of k, with temperature follows
directly from (18) and is

dk 2 w
Rt S/ |1/JO(R)|2V(R)

T =i e VIR T4nR2R . (20)

We may define a temperature coefficient T, by

1 _ 1 %K 1)

One can use the temperature coefficient T, to estimate
the enhancement coefficient at a temperature 7T, different
from the reference temperature T, for which (18) and (20)
were numerically evaluated, according to the formula

T
Ko( T): 1+

ko(T,) . (22)
0
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In Table III we list values of T, calculated with the
same parameters used for Table I. For all of the noble
gases except Rn, the temperature coefficients are large
and positive, which means that the values of k; will in-
crease slightly with increasing temperature. Except for
NaRn, all of the temperature coefficients for Rn are nega-
tive. The negative characteristic temperature means that
ko will decrease slightly with increasing temperature.
This is because frequency-shift interactions at internu-
clear separations for the deep attractive well of the Rn 4
van der Waals potentials dominate over interactions on
the repulsive inner barrier. The sign change in the tem-
perature coefficient occurs for reasons closely analogous
to the sign change with temperature of the Joule-Kelvin
coefficient of gases.”> The van der Waals potentials V
and enhancement factors 7 are not known well enough to
be sure about the predicted signs of T, that is, whether
the enhancement factors «, increase slightly or decrease
slightly with temperature. The large magnitudes of T,
implied by Table III are probably correct, that is, not
much temperature dependence of k; is to be expected for
the heavier noble gases.

B. Frequency shifts at low pressures

In Egs. (33) and (26) of Ref. 1 it was shown that bound
van der Waals molecules shift the EPR frequency of
alkali-metal atoms in the Zeeman multiplet of total angu-
lar momentum f =I=+1 by

1
21TTF

&sUp
[17h

Sv,= s(fL,KNXK,)=% (6B )y , (23)
where 1/Ty is the rate of formation of van der Waals
molecules per alkali-metal atom and (K, ) is the mean
longitudinal spin of the noble-gas nuclei. We have antici-
pated in the last term of (23) that it will be possible to de-
scribe the shift due to van der Waals molecules (denoted
by the subscript B) with an effective magnitude field in-
crement (8B ,)p of the form (16).

An approximate formula for the shift coefficient valid
in the low-pressure, low magnetic field regime is given by
Eq. (86) of Ref. 1 and is

aTEAX
s(f,K _¢_[I] =+ A (24)

where the expression for the suppression factor € ,y was
already given by (8) in the introduction. Substituting
(24), with a given by (1), into the middle of (23) and sub-
stituting (16) for 8B , into the right, with k ,y —€ ,yk; We
find that the contribution to the field-enhancement factor
of van der Waals molecules is

[Yl57e 4x _

T [X] kchem‘llj‘%?eAX . (25)

€ 4xK1=

The chemical equilibrium constant for the van der Waals
molecules k., has been introduced into (25) by means
of the identity

(X4 _ 7 _ T ,
[X1L 4] Te[X] Tx[4]’

k (26)

chem
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which holds in chemical equilibrium, between the mean
breakup rate 1/7 of the molecules and the mean molecu-
lar formation rate 1/T; per alkali-metal atom, or the
mean molecular formation rate 1 /T per noble-gas atom.
From classical statistical mechanics, the chemical equilib-
rium constant for the van der Waals molecules is

kenem= [ " fa(R)e ™V ®T4xR R 27)

where fp(R) is the probability that an alkali-metal-
noble-gas pair at an internuclear separation R is in a
bound or quasibound molecular state. We shall explain
how f(R) is determined in Sec. IIC. For bound mole-
cules, the average value of the valence-electron probabili-
ty density |¢|% at the site of the noble-gas nucleus is
given by

=7 [ "19o(R

=Kehem | ¥% - (28)

)2fp(R)e "V RV/KT4r R 2GR

In Table IT we have listed values of «, calculated accord-
ing to (28), with the same temperature, interatomic po-
tentials and values of 7 that were used to calculate the
values of k; from (18).

The contribution of free alkali-metal-noble-gas pairs
to the field-enhancement factor can be evaluated in analo-
gy to (18) with the bound fraction f, which is taken into
account by (28), excluded from the integral,

=k = [ (R 1= f5(R)]
Xe VIRV/KT4rR2GR . (29)

The sum of (25) and (29) gives the total enhancement fac-
tor (4).

Similarly, in Egs. (33) and (26) of Ref. 1 it was shown
that bound van der Waals molecules shift the NMR fre-
quency 8vg of the noble-gas nuclei by an amount

vy = zs K, f){f,)=——-(8By)s , (30

27 TK h
where we have anticipated that the shift due to the van
der Waals molecules can be written in terms of an
effective magnetic field (8By)z. Note that I(f,)
=(a,)+(b,)=(F,)=(S,)+(I,), where F=S+1I is
the total spin angular momentum operator of the alkali-
metal atom. The frequency-shift coefficients are given by
Eq. (87) of Ref. 1 and are

Q aTef
XmY T m 3D

where the suppression factors are
=2 L
3 1+(¢/[1])?
1 f (mf)
TTGHDUT 2, T Gy /< T

s(K, f)=

(32)
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The suppression factor €, for the upper Zeeman multiplet
f=a=I+7 of the alkali-metal atom, the suppression
factor €, for the lower Zeeman multiplet f =b =1 —1,
computed according to (32), and the suppression factor
€x4 for the single Zeeman multiplet of the noble-gas
atom, calculated according to (8), are sketched as a func-
tion [I]/¢ in Fig. 2 for 3*Rb¥Kr with x =9.85 and I =3.
We note that € 4, differs significantly from €, and €,, but
the latter two functions are both well represented by €y 4
which was defined by (9). For alkali-metal atoms with
I > we will therefore make little error if we replace
both €, and €, in (31) by €y, of (9). Then (30) becomes

(a,)—(b,) | arey,
(1] KTy

Substituting (33) into the left-hand side of (30), with «
given by (1), and substituting (17) into the right-hand
side, with «ky ,—e€y k;, we find that the contribution of
van der Waals molecules to the enhancement factor must
be

5 ATEy 4
Ve =
K hTy

(s,>. (33

kchemhp'%ieXA (34)

in complete analogy to (25).

€Exq K=

C. Determination of fz(R)

The probability of finding an alkali-metal-noble-gas
pair separated by R is proportional to

ZO(R)=fe—~E/de3p=(27T‘ukT)3/2e—V(R)/kT’ (35)

where the integral extends over all momentum space for
the relative motion of the pair and u is the reduced mass.
The energy is the sum of the van der Waals potential and
the kinetic energy of the pair

2
E=V<R)+g;. (36)

To calculate the bound fraction, we restrict the integral
over momentum space to those momenta which corre-
spond to bound states, and normalize to (35),

fB(R)———— e E/KTg3p | (37)

Z o * bound

For convenience, we write the energy as

E=Vy(R)+2L 2L (38)
where the effective potential energy is
2
Vy(R)=V(R)+ TN (39)
2uR

and p, is the component of linear momentum along R.
Representative values of Vy(R) are shown in Fig. 3(a).

The rotational angular momentum of the molecule is
related to the component of linear momentum p, trans-
verse to the internuclear radius by

Rp,=#N . (40)
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Since the van der Waals potential is conservative and
central and since the noncentral spin Hamiltonian (14) is
relatively small and can only change N by one unit, the
alkali-metal-noble-gas pair will oscillate along the
effective potential V) with essentially constant total ener-
gy E and rotational angular momentum N. The molecule
will eventually be broken apart by collisions, or in the
case of quasibound molecules with E >0 by spontaneous
decay. As was already shown by Bouchiat et al.,** for
pressures above a few tenths of a torr the spontaneous de-
cay rates of most quasibound molecules are much smaller
than the collisional breakup rates, and we will therefore
ignore spontaneous decay of van der Waals molecules
and the inverse process, resonant two-body molecular
formation, in our subsequent discussion.

From inspection of Fig. 3 we see that molecules can ex-
ist only with angular momenta smaller than N, =102 for
the RbKr, where N, is the angular momentum for which
the local minimum of ¥y (R) becomes an inflection point.
We define the function E_,,(N) to be the maximum ener-
gy for which a state of angular momentum N can be
bound. The maximum angular momentum M (R) al-
lowed for a bound molecule at internuclear separation R
is found implicitly from the equation

E i M)=Vy,(R) . (41)

max (

If no bound states exist at R, we define M (R)=0.
With the above definitions, the fraction of bound mole-
cules becomes
ﬁl
Z,R

Vy(R)/KT

foR=—" [N amne

2/2ukT

P|max -p
x [ dpje 7 (42)
5 MR) —#N2/2uR kT
= kTszg dN Ne 7N/
u

X erf(p fax /2ukT)? (43)

where p . =2u[E . (N)—Vy(R)]. A numerical calcu-
lation of f3(R) of RbKr is shown in Fig. 3(b). Note that
it has a maximum of about 0.13 at the bottom of the van
der Waals well.

For internuclear separations where the Boltzmann fac-
tor is on the order of 1 (i.e., except at the repulsive wall of
the potential), the temperature dependence of fz(R) is
dominated by the 73/ dependence of Z,. Since the
chemical equilibrium constant (27) and k; involve in-
tegrals of fz(R) their temperature dependences will
closely follow a T~ 3/? dependence. We have verified this
by numerical calculations. For most molecules, the small
size of k; will make this temperature dependence unim-
portant.

III. EXPERIMENTAL STUDIES

We have performed experiments in which we have ob-
served EPR frequency shifts in Rb-metal vapor due to
polarized ¥Kr and '*’Xe, and NMR frequency shifts in
$Kr and '”Xe due to polarized Rb-metal vapor. A
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schematic of the experimental apparatus is shown in Fig.
4. The krypton studies were performed with a spherical
pyrex glass cell containing 25 torr of krypton, isotopical-
ly enriched to 70% %Kr, and about 10 torr of nitrogen
gas. The pressures are quoted for a cell filling tempera-
ture of 25°C. The cell also contained several milligrams
of rubidium metal of natural isotropic composition. The
cell was contained in an oven, heated to a temperature of
90°C by flowing hot air. This resulted in a Rb number
density of about 3.0X 10> cm3.2%5 A static magnetic
field of about 0.1 G was produced by a solenoid, sur-
rounded with two concentric p-metal shields which
reduce the field fluctuations to less than 1 mG. An opti-
cally pumped Cs magnetometer, not shown in Fig. 4, was
located within 3 cm of the sample cell and was used to
sense the total magnetic field. Any fluctuations in the
field were canceled by feedback of current into the com-
pensating coils of Fig. 4. The active stabilization held the
longitudinal field at the cell constant to about 2 uG.

A key feature of this experiment was the detection of
nuclear polarization by the observation of the induced
EPR frequency shift in the rubidium. A feedback system
was used to actively lock a voltage controlled oscillator
(VCO) to the 90th harmonic of the EPR frequency
(=51.28 kHz) of ¥Rb. The VCO output frequency was
divided by a factor of 90, filtered, frequency modulated
(FM) at 70 Hz, and applied to the Rb rf coils while the
cell was probed by circularly polarized 7948-A D, light
from a Rb resonance lamp. The probe light, collected
with a lens, was detected by a silicon photodiode, the out-
put of which was fed to a lock-in amplifier. The 70-Hz
modulation frequency of the rf provided the reference
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FIG. 4. Schematic diagram of the experimental apparatus.
Only the frequency-locking apparatus is shown in detail. The
important field-locking apparatus and the NMR coils are dis-
cussed in the text.
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frequency for the lock-in amplifier. If we were to scan
the central rf carrier frequency in an open-loop
configuration, the output of the lock-in amplifier would
resemble the derivative of the EPR resonance line. The
lock-in thus provides a suitable error signal which can be
processed through a feedback circuit containing both a
proportional and an integral (P.1.) branch (shown in Fig.
4 as the P.I. feedback circuit), and can be applied to the
control voltage of the VCO to keep its 90th subharmonic
locked to the EPR resonance. The EPR frequency is
determined by measuring the VCO frequency with a gat-
ed counter. The VCO frequency was chosen to be 90
times greater than the EPR frequency in order to reduce
the measurement error during a specified gate time.

Each data point in the NMR lines of Fig. 1 was ob-
tained using a technique that consisted of three distinct
phases. In the first phase, the cell was subjected to a
strong inhomogeneous oscillating magnetic field at the
Larmor frequency of the krypton. This ensured that no
polarization existed in the krypton. During the next
phase, the Rb atoms in the vapor phase were maintained
at high polarization by optically pumping with several
hundred milliwatts of circularly polarized 7948-A light
from a cw dye laser, pumped by a krypton-ion laser.
During this pumping phase, angular momentum was
transferred from the spin-polarized Rb atoms to the nu-
clear spins of the 83Kr atoms by spin-exchange collisions
in van der Waals molecules. > Simultaneously, a
homogeneous oscillating magnetic field was applied at the
frequency specified in Fig. 1 as the NMR frequency.
When the NMR frequency is near the Larmor frequency
of the krypton atoms, the buildup of polarization is inhib-
ited because of the precession of the krypton atoms. The
final phase consists of probing the nuclear polarization of
the krypton by measuring the EPR frequency shift in the
Rb metal. During the pump phase, the polarization of
the alkali-metal vapor can be oriented either parallel or
antiparallel to the applied field, indicated by the circular
and square data points, respectively. The splitting be-
tween the two NMR lines is thus twice the NMR fre-
quency shift.

The line shape of resonance curves, such as those plot-
ted in Fig. 1, are well understood when the energy of a
magnetic sublevel of azimuthal quantum number mg
varies as fiwymg, as is the case when there is a pure mag-
netic dipole interaction with a homogeneous external
field. In this case, the line shape is given by

2 2
(K= (K (Qo) +T (44)

A +T2+0}

where Aw is the detuning of the oscillating magnetic field
from the central frequency w, I is the relaxation rate of
the krypton polarization, and

1 Mg
Q,=——H s 45
T S @3
where H, is the amplitude of the oscillating magnetic
field. The factor of 1 is needed because the oscillating
field is composed of two rotating components. Only the
component rotating in the same sense as the krypton pre-

cession has a significant effect.

The line shape for Fig. 1 is complicated by the ex-
istence of coherent quadrupole interaction’ between the
noble-gas nuclei and the walls of the slightly aspherical
cell. Because of this, there are actually nine Zeeman in-
tervals AE, /i=w,+nAwy, where —4=n =4. We have
measured Aw, in a manner similar to that for Ref. 7. The
resulting spread in frequency of 8Aw,/2m=1.9%0.3
mHz is approximately equal to the linewidth of the reso-
nances shown in Fig. 1. For this reason, we have not
used the known values of I" and Q; to fit the data, since
the resulting lines are too narrow. Instead we allowed I'
and Q, to vary from their known values in order to better
fit the wings of the lines when determining line centers.
It is this fit which is plotted in Fig. 1.

The Rb electron polarization in the cell 2(S, ) deter-
mines the splittings between two resonance curves of Fig.
1. Care was taken to maintain the same optical pumping
conditions for each of the data points. The actual polar-
ization of the rubidium electrons, however, is not known
to great accuracy. In a separate set of measurements, we
measured the dependence of the ®Rb EPR frequency
shift on laser power, after pumping the cell long enough
to allow the 33Kr nuclear polarization to approach its sat-
uration value. This is a direct indication of the volume-
averaged rubidium hyperfine polarization (F,). The
measurements were compared to models of the optical
pumping mechanisms in our system. These models in-
cluded the effects of optical pumping, electron randomi-
zation, van der Waals molecular formation, diffusion, and
refraction of the pumping light as it enters a spherical
cell. Based on these models we infer that the rubidium
electron polarization for the data of Fig. 1 was 45+15 %.

This value of the rubidium polarization implies a value
for kg rp Of 270195 at 90°C. To arrive at our quoted er-
ror we have added in quadrature a 33% uncertainty in
the rubidium electron polarization, a 10% uncertainty in
the rubidium number density, and as much as a 5% error
in other measured quantities. We note that we are
confident of the rubidium number density at the 10% lev-
el because the cell was completely cured, that is, it had
been maintained at a temperature of 90°C for hundreds
of hours, thus ensuring that the alkali-metal number den-
sity was no longer being effected by chemical reaction
with the cell walls.

The ratio of the saturation value for Avgpg (51.1%£2.0
Hz for ®Rb) to the value for Avyyr (4.9+0.1 mHz) al-
lows one to convert the rubidium frequency shift to an
absolute polarization of the ®*Kr, as shown by the right-
hand scale for Fig. 1. This scale is, however, subject to
the 33% uncertainty from the value for the rubidium po-
larization. We estimate that the suppression factor was
€ 4x = 0.95 for the samples used in this experiment, which
contained =25 torr of nitrogen gas. From inspection of
Table II we conclude that the measured enhancement
factors kgpk, and kg .gp, Of (2) and (3) were within 1% of
the high-pressure limit x,. We have therefore entered our
measurements as experimental determinations of «, in
Table IV.

In a similar experiment, we measured the frequency
shifts of polarized 3°Kr and '**Xe in a cell containing
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both gases. The results of this measurement are summa-
rized in Fig. 5. The observed EPR shifts were due to ei-
ther the nuclear polarization of #*Kr or the nuclear polar-
ization of '?Xe, but not to both. The relaxation times of
the ¥Kr and '*°Xe in our cell were about 1000 and 60 s,
respectively. When measuring the EPR shift due to 33Kr,
the data were taken 250 s after the laser was blocked.
This assured that less than 1/(e*) of the EPR shift was
due to '2’Xe polarization. When measuring the EPR
shift due to 'Xe, two precautions were taken to ensure
that the #*Kr polarization was nearly zero. In addition to
the oscillating field that was applied to scan the '?*Xe res-
onance, an oscillating magnetic field was also applied at
the previously measured frequency of the **Kr resonance
in order to inhibit the buildup of polarization. The rf
power used was about five times higher than it had been
while measuring the 3*Kr frequency shifts. The higher
power caused the **Kr NMR line to be broadened, thus
making small errors in the frequency less important. The
second precaution was that a pump time of only three
minutes was used. This allowed the '**Xe to pump nearly
to saturation, while the 33Kr could at best reach about
17% of its saturation value. Since the oscillating field
alone would inhibit at least 95% of the buildup of polar-
ization, the reduced pumping period and the oscillating
field together ensured that the **Kr contributed less than
1% of the measured EPR shift attributed to '*Xe. Dur-
ing all of these measurements care was taken to keep the
laser power constant, thus ensuring a nearly constant ru-
bidium polarization.
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FIG. 5. Experimental determination of the NMR frequency
shifts of '*Xe and ¥*Kr in the same sample cell. The lower two
curves are for (S, ) and (K, ) parallel to the external magnetic
field B, and the upper two curves are for {(S,) and (K, ) anti-
parallel to the external field. For a given alkali-metal atomic
density [Rb] and electron-spin polarization (S, ), the ratio of
the NMR frequency shift of '*Xe to that of **Kr is 17.1+0.9.
If the values of the alkali-metal number density (Rb) and the
spin polarization (S, ) are constant, as they were in these mea-
surements, the absolute values do not have to be known too pre-
cisely to determine the ratio of the enhancement factors
Kxerb/Kkrrb =2.38+0.13 from the ratio of the NMR frequency
shifts.
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According to (3), the ratio of the NMR frequency

shifts should be given by
Avy, _ KxeroxeK K r

Kkrrb MKr K xe

Ave, > (46)

which is independent of alkali-metal number density and
polarization. Thus, the ratio is independent of the major
sources of systematic error present in the individual
frequency-shift measurements. The gas pressures, about
0.2 torr for '2°Xe and 20 torr for 3*Kr, were chosen so
that the ¥*Rb frequency shifts due to the two gases were
approximately equal. Substituting our measured ratio
17.1+0.9 and the known values of the nuclear spins
(K x. =1 for '¥Xe and K, =2 for ¥*Kr) and moments (in

nuclear magnetons, ux.=—0.772 for '?Xe and
Ly, = —0.967 for 3Kr) into (46) we find
K
2R —2.3840.13 . (47)
KkrRb
Combining this with our direct measurement

Kgrrp=270195 implies that kg, =643+260.

Although we have not measured the pressure depen-
dence of « , y or ky, to obtain values for «,, we can
deduce k, from other measurements and so estimate the
molecular contributions to the frequency shifts. We find
from (25) and (1)

kchema

= (48)
Substituting into (26) values of 7 and T inferred from
the measurements of 7p and Tpp? of Bouchiat et al.,?®
and noting that p =[X]kT for their work, we find that
the chemical equilibrium constant of RbLKr is
K pemn =(1.5240.12) X 10722 cm’. Combining the mea-
sured spin-rotation constant YN /h =26.8+0.8 MHz
from Bouchiat et al.?® with the measurement of
x =yN/a=9.85£1.97 by Schaefer,’’” we find
a/h =2.721+0.54 MHz for RbKr. Substituting these ex-
perimental values into (48) gives xk,=16.2+3.5 at 300 K.
In a similar way the measurements of Zeng et al.? and
Bouchiat et al.?® were used to infer the experimental
values for «;, which are entered into Table IV for KXe,
RbXe, and CsXe.

IV. CONCLUSIONS

The results of this paper show that the NMR and EPR
frequency shifts which are observed in mixtures of
nuclear-spin-polarized noble gases and vapors of spin-
polarized alkali-metal atoms can be quantitatively de-
scribed by the Fermi-contact interaction aK-S between
the nuclear spin K of the noble-gas atom and the
valence-electron spin S of the alkali-metal atom. Some of
the most important conclusions of this work are as fol-
lows.

(1) The high (=50%) electron-spin polarizations of the
alkali-metal atoms in these experiments produced NMR
frequency shifts which substantially exceeded the width
of the NMR lines (see Figs. 1 and 5).
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(2) The low ( =5%) nuclear-spin polarizations of the
noble-gas atoms in these experiments produced EPR fre-
quency shifts which were only about 5% of the EPR
linewidth.

(3) Both NMR and EPR frequency shifts can be mea-
sured with great precision with the actively field-locked
and frequency-locked apparatus of Sec. III.

(4) For quantitative comparisons between experiment
and theory, the most difficult experimental parameters to
measure are the spin polarizations (K, ) and {(S,). The
alkali-metal atom number density can also be subject to
large uncertainties if it is inferred from saturated vapor
curves and sample temperatures. It is common experi-
ence that the alkali-metal vapor pressures can be substan-
tially smaller than expected because of chemical reactions
at the cell walls. Measurements of ratios of frequency
shifts in the same cell often avoid these problems.

(5) The agreement between the measured and predicted
values of the enhancement factors, summarized in Table
IV, is fairly good. Initial estimates for the enhancement
factors for other alkali-metal-atom-noble-gas pairs can
therefore be obtained with some confidence from the pre-
dicted values of Tables I through III.

(6) The theoretically predicted frequency shifts are al-
most totally due to binary collisions in the lighter noble
gases, and even for a gas as heavy as radon, the contribu-
tion of van der Waals molecules to the frequency shifts is
probably no more than 15%. In contrast, the spin-
exchange rates and spin-relaxation rates for the heavier
noble gases are dominated by contributions from van der
Waals molecules, except at very high sample pressures.

(7) According to theory, the contributions of van der

Waals molecules to the frequency shifts are suppressed by
a factor € at low pressures. Formula for € are given by (8)
and (9).

(8) The reliability of the theoretical computations of
the frequency shifts is limited by poorly known van der
Waals potentials ¥ and by equally poorly known
enhancement factors 7 for valence-electron wave func-
tions at the nuclei of noble gases. Precise experimental
measurements of the shifts could serve as an excellent
constraint on V and 7, and could lead to much more pre-
cisely determined values of both.

(9) Measurements of the EPR frequency shift caused by
polarized noble gas in spin-polarized targets could be a
precise and convenient way to determine absolute nuclear
polarizations if careful measurements were made of «.
For both He and Ne, theory (see Table II) indicates that
the pressure-dependent contributions to the frequency
shifts should be completely negligible, but that it would
be important to account for possible cell-geometry-
dependent contributions to the shift due to long-range
magnetic dipole-dipole interactions. In the cases of Kr
and Xe, however, the geometry dependence of the shift
should be less than 1%, and at pressures greater than
about 100 torr, the pressure dependence of the shift
should be at worst several percent.
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