
PHYSICAL REVIEW A VOLUME 39, NUMBER 2

Electron-impact excitation of Al +

JANUARY 15, 1989

J. Mitroy' and D. W. Norcross
Joint Institute for Laboratory Astrophysics, Uniuersity of Colorado and National Bureau ofStandards,

Boulder, Colorado 80309-0440
(Received 29 June 1988)

Detailed calculations of the electron-impact excitation of the sodiumlike ion Al' were per-
formed using both the unitarized Coulomb-Born approximation and the close-coupling approach.
Calculations were undertaken at both the five-state (3s, 3p, 3d, 4s, and 4p) and nine-state (+4d, 4f,
5s, and 5p) levels of approximation. Calculations using Hamiltonians both with and without
(semiempirical) core-polarization potentials were completed. Particular attention was paid to the
resonance (3s-3p) excitation. The inclusion of core-polarization potentials resulted in cross sections
for the resonance excitation that are 10% smaller in magnitude. As an additional check on the cal-
culations, binding energies of Al bound states, and oscillator strengths for Al + transitions, were
also computed and compared with the results of measurements and other calculations.

I. INTRODUCTION

In this paper we present the results of a detailed study
of electron-impact excitation of Al +, with particular em-
phasis on the resonance (3s-3p) transition. The calcula-
tion of electron-ion cross sections is motivated primarily
by the importance of cross-section information in a num-
ber of important applications, e.g. , the modeling of fusion
and astrophysical plasmas. While the applications aspect
provides justification in itself for a calculation on Al +,
the simplicity of the alkali-metal-like ions makes them an
ideal system for detailed calculations that can perhaps
provide guidance for calculations on more complicated
system.

Most reported calculations of cross sections for Al +

to date are based on rather simple approximations: the
classical binary encounter approach, ' first Born approxi-
mation, Gaunt factor approximation, and distorted-
wave approximation. There has also been a five-state
close-coupling (CC) calculation; the authors present
their results as a collision strength averaged over a
Maxwellian electron distribution. The literature contains
only one report of a measurement of electron-impact ex-
citation for this ion.

In this work we have undertaken some close-coupling
calculations of the Al + system at two different levels.
Both five- (3s, 3p, 3d, 4s, and 4p) and nine-state (+4d, 4f,
Ss, and 5p ) calculations have been performed. One- and
two-body polarization potentials have been included at
all stages of the calculations. In order to test the accura-
cy of the (unitarized) Coulomb-Born approximation, we
also report results for this approximation using exactly
the same wave functions and polarization potentials.

The remainder of this paper is arranged as follows. In
Sec. II we discuss the calculation of the Al + bound-state
wave functions and report oscillator strengths for the
various states included in the close-coupling expansion.
We also discuss the difFerent approximations used for the
scattering and bound-state calculations. In Sec. III we
report the results of our calculations of Al bound-state

energies. The results of our calculations for excitation of
the 3s-3p transition are presented in Sec. IV and com-
pared with the results of other investigations. In Sec. V
we present results for excitation of the 3d, 4s, and 4p lev-
els, all of which contribute by cascade to the emission
cross section for the 3p state. Finally, we summarize our
results in Sec. VI and discuss their implications.

II. DETAILS OF THE CALCULATION

Since the Al + ion can be thought of as a loosely
bound valence electron outside a tightly bound neonlike
core, a simple semiempirical model can be used to de-
scribe the Al + ground- and excited-state wave functions.
As a first approximation we can use a fixed-core Hartree-
Fock model to describe the structure of the Al + ion.
The primary defect of such an approach is that it does
not allow for the polarization of the core electrons by the
charge cloud of the valence electron. The effects of core
polarization are included using the semiempirical ap-
proach. Once we have constructed the fixed-core
Hartree-Fock (HF) wave functions the details of the
semiempirical polarization potentials can be determined
by the requirement that the calculated binding energies of
the Al + valence states be the same as the experimental
binding energies. This approach has the advantages of
being computationally inexpensive as well as providing a
natural extension to the second "scattered" electron.

In order to initiate our calculations we performed a
series of single-configuration HF calculations of Al
states using the numerical program of Froese-Fischer.
Koopman energies for the valence states determined from
calculations using a relaxed core and fixed core (deter-
mined by calculations of the 3s state) are given in Table I.
It is clear that the calculations using the fixed core pro-
vide a reasonable approximation to the fully relaxed HF
calculations.

Analytic HF wave functions, expressed in terms of a
Slater-type-orbital (STO) basis were ultimately used for
the scattering calculation. The primary reason for this is
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TABLE I. Theoretical and experimental binding energies (in a.u. ) for the low-lying valence states of
Al +. The experimental binding energies are averaged over the spin-orbit splitting. We use the abbre-
viations NHF and AHF to distinguish between single configuration HF calculations undertaken with
the Froese-Fischer program (Ref. 7) and those done with the Slater-type-orbital expansion technique.

State

3s
3p
3d
4s
4p

'Reference 8 ~

NHF
relaxed

core

—1.031 056
—0.791 072
—0.512 131
—0.466 271
—0.387 686

NHF
fixed 3s

core

—1.031 056
—0.791 346
—0.512 374
—0.466 530
—0.387 904

AHF
fixed 3s

core

—1.031 052
—0.791 354
—0.512 375
—0.466 521
—0.387 898

AHF
fixed 3s

core+ Vpp)

—1.045 433
—0.800 126
—0.517089
—0.470 326
—0.390 549

Expt. '
—1.045 433
—0.800 126
—0.517 089
—0.470 586
—0.390 746

that the polarization potential has been included in our
analytic HF program, while there is no provision for the
inclusion of a polarization potential in the numerical HF
program of Froese-Fischer. It is seen in Table I that the
present Koopman energies calculated with the analytic
HF program for a 3s fixed core are in excellent agreement
with the numerical HF Koopman energies.

Having adopted the 3s core, the description of the
valence states was improved by including the semiempiri-
cal polarization potential in the Hamiltonian and recom-
puting the wave functions for the valence states. We
chose a form for the polarization potential initially adopt-
ed by Norcross and Seaton, [1—exp( r /p )]'— (2)

A further test of the quality of our wave functions lies
in the calculation of the oscillator strengths between
those states to be included in the close-coupling expan-
sion. A comparison of the absorption oscillator
strengths, calculated at various levels of approximation,
is given in Table II. Also shown in Table II are measured
oscillator strengths from a number of sources. More ac-
curate values of the oscillator strengths require that a
core-polarization correction be made to the dipole opera-
tor. ' ' Oscillator strengths computed using a modified
dipole operator,

V,~= [1—exp( —r /pl )] .
2f

The value for the static dipole polarizability (az) of the
Al + core in the above expression was taken to be
0.268a0 (ao is the Bohr radius). This value was chosen by
scaling the result obtained from a perturbed HF calcula-
tion as follows. Calculations of the dipole polarizability
of Mg + using Hartree-Fock' and configuration-
interaction (CI) (Refs. 11 and 12) wave functions yielded
values of 0.514a o and 0.481a o, respectively. We used the
quotient of these two values (0.481/0. 514) to rescale the
value (0.287a 0 ) calculated for Al + in the HF approxima-
tion. ' The values of p& in expression (1) were determined
by the requirement that the computed binding energies
be the same as the experimental binding energies aver-
aged for spin-orbit splitting. The values of pI so deter-
mined were 0.8968ao, 0.9872ao, 1.1860ao, and 1.09ao, re-
spectively, for I=O, 1, 2, and 3.

The use of the polarization potential results in immedi-
ate improvement in the binding energies, which can be
expected to affect the scattering calculation. The binding
energies obtained with the semiempirical wave functions
(fifth column of Table I) agree with the experimental
binding energies to an accuracy of better than O. l%%uo. The
HF binding energies on the other hand have an overall
accuracy of about 1%. Since the same core potential was
used for states with the same J' value, the semiempirical
wave functions are orthogonal to quite a high degree of
precision; any residual nonorthogonality was removed by
the Schmidt orthogonalization procedure.

are also given in Table II. The value of p in the above ex-
pression was taken to be 1.04ao. This value is just the
average of p& for l between 0 and 3. It should be men-
tioned that this correction is motivated by the same basic
physics used to justify the use of a dielectronic polariza-
tion potential in the scattering calculation.

There is good agreement between the present ab initio
HF f& values and the relativistic HF values of Mig-
dalek. ' This demonstrates that relativistic modifications
to the wave functions (and the dipole integral) are minor.
Perhaps the most interesting feature of this table is the
excellent agreement between the semiempirical oscillator
strengths and the multiconfiguration HF (MCHF) values
of Froese-Fischer. ' The MCHF oscillator strengths are
the most precise currently available, using a large
configurational basis to include the effects of core relaxa-
tion and core polarization. The excellent agreement with
the MCHF results gives us confidence in the basic
correctness of the semiempirical approach. The experi-
mental f values for the resonance transition are con-
sistently smaller than the calculated values. This is not
surprising since the experimental data are derived from
beam-foil measurements, which often yield systematically
longer lifetimes (i.e., smaller f-values) due to cascade
effects. '

Having decided to do scattering calculations with a
basis supplemented by the inclusion of pseudostates, it is
necessary to specify how the pseudostates were chosen.
There are a number of criteria that we wish the pseudo-
state basis to satisfy. First, we would like to use a degen-
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TABLE II. Comparison of absorption oscillator strengths of Al + calculated in a number of different
approximations with experiment. We present oscillator strengths computed with both ab initio and
semiempirical HF wave functions. The semiempirical oscillator strengths include the core-polarization
correction to the dipole-length Inatrix element.

Transition

3s-3p 0.879 0.869

Ab initia
HF

Semiempirical
HF with modified

operator
fI

0.833 0.873 0.834

Other theory
RHF' MCHFb

f( fI Expt.

0.75+0.07'
0.81+0.08
0.77+0.03'

3s-4p
3p-4s
3p-38

4s-4p
3d-4p

0.013
0.129
0.927

1.289
0.171

0.013
0.129
0.945

1.280
0.176

0.016
0.132
0.891

1.278
0.171

0.014
0.131
0.915

0.016
0.132

1.277

0.15+0.02~

0.72+0.08'
0.71+0.04'

'Relativistic Hartree-Fock, Ref. 13.
Multiconfiguration Hartree-Fock, Ref. 14.

'Reference 16.
Reference 17.

'Reference 18.

e„,( )=0.002
(2l )!

Xexp[ Zr j(I +1)]—
1/2

(2~ )2n + I

+ 1.0
(2n )!

r" 'exp( —a„lr), (3)

where Z is the nuclear charge. These orbitals were
Schmidt orthogonalized to the lower-lying 1s-4p orbitals.
The parameters 0.„& were then adjusted until the excita-
tion energies of the pseudostates were equal to 1.3 a.u.
within a certain tolerance (e.g., ( 10 a.u. ).

We performed a number of different scattering calcula-

crate pseudostate basis; this greatly facilitates the solu-
tion of the close-coupling equations in the asymptotic re-
gion and makes it possible to characterize the pseudo-
state basis by one parameter, namely the excitation ener-

gy (e) of the pseudostates above the ground state.
Second, since we wish to do scattering calculations up to
a maximum incident electron energy of 1.0 a.u. , the pseu-
dostate excitation threshold should be at an energy of at
least 1.2 a.u. above the ground state, otherwise the pres-
ence of spurious pseudoresonances associated with the
pseudostates would cause the cross sections to be of dubi-
ous accuracy near the pseudostate thresholds. Some pre-
liminary calculations showed that neither binding ener-
gies nor partial cross sections (for 3p excitation) were sen-
sitive to small changes in E (between 1.3 and 1.5 a.u. ).
Since one value of c is as good as any other, E was fixed at
1.3 a.u.

The exact radial form adopted for the pseudostates is
similar to that adopted in a previous calculation for
Be+

~ The pseudostates were chosen to have the function-
al form

tions for the A1 + system. While these calculations often
used quite different approaches, the same set of bound-
state wave functions was generally used. Since the core-
polarization potential was used in constructing the Al +

valence states, it was also included in the Hamiltonian for
the second scattered electron for reasons of consistency.
Note that a value of 1.09ao was uniformly adopted for p&

for 1~3. The two-body dielectronic polarization poten-
tial was also included in the Hamiltonian. The form
adopted for this potential is

1 r2 6 6» t[1—exp( —rite' )1
rif 2

X [1—exp( r2/p' )) I
'~—

(4)

A value of 1.04 a.u. was adopted for p'.
The different calculations are now described in order of

increasing complexity.
(i) UCBAV5. This was a fully unitarized Coulomb-

Born calculation (with exchange up to a total angular
momentum L of 10) with on-shell coupling included be-
tween five states (3s, 3p, 3d, 4s, 4p). One- and two-body
polarization potentials were included in the scattering
calculation.

(ii) CC5. This is the only calculation in which we did
not include polarization potentials. Five states (3s, 3p,
3d, 4s, 4p) were explicitly included in the close-coupling
approximation. These states were represented by the
fixed-core analytic HF wave functions and the polariza-
tion potentials were omitted.

(iii) CCV5. This calculation is the same as the CC5
calculation except that the semiempirical HF wave func-
tions were used and the one- and two-body polarization
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potentials were included in the scattering Hamiltonian.
(iv) CCV9. This calculation is the same as the CCV5

calculation except that an additional four pseudostates
(4d, 4f, Ss, and 5p) were explicitly coupled together in
the close-coupling expansion. A fine energy mesh ( ~ 0.01
a.u. ) was used to map out the resonance structure for in-
cident energies below the 4p threshold.

The close-coupling calculations described above were
performed using the COLALG (Ref. 21) and IMPACT (Ref.
22) suite of programs. The program IMPACT was used to
solve the CC equations up to a maximum L value of 12.
We included exchange terms with a maximum polarity of
up to 10 in the kernel of the integrodifferential equations.
The higher partial waves were taken into account using
the five-state unitarized Coulomb-Born approximation
(UCBAV5). The close-coupling calculations using the
polarization potentials (i.e., CCV5 and CCV9) used UC-
BAV5 reactance matrices to complete the partial-wave
sum. Unitarized Coulomb-Born reactance matrices com-
puted without any polarization potentials and using
ab initio HF wave functions were used to complete the
partial-wave sum for the CC5 calculation. The error in-
troduced into the excitation cross sections by switching
from close-coupling to Coulomb-Born reactance matrices
at L=13 was less than 1% at all the energies considered
in this paper.

III. BINDING ENERGIES OF A1+

The binding energies of the Al+ system provide a sup-
plementary test of the accuracy of our model of the e
Al + system as well as being intrinsically interesting. A
previous binding energy calculation on the Be atom us-
ing the same semiempirical approach as the present work
gave binding energies which are in excellent agreement

with experiment. The present calculations confirm that
this method can be extended to larger atoms and still be
expected to give reliable binding energies.

A tabulation of binding energies for a number of states
of the Al+ ion, computed using a number of different ap-
proaches, is given in Table III. Comparison of the HF
and CI calculations of Weiss ' demonstrates con-
clusively that CI effects are quite important. The calcula-
tion of Weiss allowed for CI effects within the two
valence electrons, but the ten core electrons were fixed.
Since the basic physics of this calculation is essentially
identical to the purely ab initio CC5 calculation, it is not
surprising that the CC5 binding energies are generally
consistent with the CI results.

The inclusion of the polarization potentials in the
CCSV and CC9V calculations markedly changes the
binding energies. The polarization potential usually
causes an increase in the binding energy, leading to
significantly better agreement with experiment. A good
example of the importance of this effect occurs for the
3s3p 'P' level. Comparison of the CC5 and CCSV levels
reveals that inclusion of the polarization potential causes
a increase in the binding energy of 0.005 12 a.u. Since the
difference between the CC5 and experimental binding en-
ergies is only 0.00686 a.u. , the polarization potential
plays a large part in reducing the discrepancy between
theory and experiment.

Another of the interesting consequences of the polar-
ization potential occurs for those states (the 3p 'D',
3s4f 'F', and F' states) for which the CI and CC5 calcu-
lations predict larger binding energies than experiment.
This implies a breakdown of the variational theorem un-
less interactions between the valence and core electrons
(e.g. , core polarization) can lead to a decrease in the bind-
ing energy. In all these cases, inclusion of the core-

TABLE III. Binding energies (in a.u. ) of a number of low-lying Al+ bound states relative to the Al'+
3s series limit. The experimental binding energies of the triplet states correspond to the center of gravi-
ty of the different J states.

State

2 1S

3s4s 'S'
2 1Se

3s4s 'S'
3s3p 'P'
3s4p 'P'
3s3p 'P'
3s4p 'P'
3p2 3Pe

3p2 1De

3s3d 'D'
3s4d 'D'
3s3d D'
3s4d D'
3s4f 'F'
3s4f ~F'

HF'

0.6437
0.2438
0.1582
0.2674
0.3730

0.5122

0.2539
0.2149
0.2217

0.2472

CI'

0.6839
0.2558
0.1811
0.2741
0.4130

0.5193

0.2635
0.3044
0.1881

0.2551

0.1281

CC5

0.683 25
0.255 66
0.177 98
0.274 16
0.412 34
0.203 31
0.518 90
0.210 65
0.262 75
0.304 56
0.188 49
0.122 04
0.255 33
0.137 81
0.129 65
0.13002

CCSV

0.689 60
0.256 40
0.177 70
0.275 77
0.417 46
0.204 25
0.519 65
0.211 02
0.261 86
0.301 54
0.18948
0.122 71
0.256 28
0.138 29
0.129 33
0.129 54

CC9V

0.690 40
0.256 72
0.180 89
0.275 82
0.418 24
0.204 50
0.51990
0.211 07
0.262 38
0.301 69
0.19001
0.123 12
0.256 44
0.13840

Expt. b

0.691 93
0.257 49
0.183 27
0.276 06
0.419 20
0.204 77
0.521 42
0.211 54
0.263 11
0.302 45
0.19032
0.123 33
0.256 57
0.138 42
0.129 36
0.129 59

'Hartree-Fock and configuration-interaction binding energies taken from Refs. 23 and 24.
"Reference 8.
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polarization potential results in a decrease in the binding
energies, and the CCSV and CC9V binding energies are
now smaller than experiment.

IV. EXCITATION OF THE RESONANCE TRANSITION co0
o

I 5.0—

A1I ~+ 3s —3p

ccv9
WITH CASCADES
ENERGY AVERAGED
Wl TH CASCADES.

Total cross sections for the Al +, 3s-3p transition are
given in Table IV for a large variety of theoretical ap-
proaches. We have taken the liberty of interpolating pre-
viously published cross section data for presentation in
Table IV. One feature is apparent from a comparison of
the CC5 and CCV5 calculations: the use of polarization
potentials and semiempirical wave functions results in a
substantially lower total excitation cross section. The
same effect was even more pronounced in a previous cal-
culation of the electron-impact excitation of Ca+.

The two perturbation theory results, namely, the
UCBAV5 and the distorted-wave cross sections, have rel-
atively large differences ( ~ 20%) at all energies. Since we
have few details about the distorted-wave calculation or
the target wave functions employed, we can only specu-
late as to the reasons for the differences. Certainly con-
tributing to the difference is core polarization, which
(compare the CC5 and CCV5 results) is roughly a 10%
effect.

Comparison of the UCBAV5 cross section with the
CCV5 and CCV9 results reveals that this conceptually
simple approximation does a surprisingly good job of
reproducing the results of the close-coupling calculations.
At the highest energy considered, the UCBAV5 and
CCV5 cross sections differ by less than 5 Jo. Even at the
lowest energy, just above the 3p threshold, the UCBAV5
cross sections exceed the CCV5 results by less than 15%.
However, it would be dangerous to generalize this result.
A detailed comparison of UCBAV5 and CCV5 partial
cross sections at the lowest energies shows that there is a
fortuitous cancellation of the differences between the two
calculations. The UCBAV5 predicts smaller partial cross
sections at small L values, and larger partial cross sec-
tions for larger L values. A similar effect was noticed in
the previous study of Ca+.

The other significant feature of Table IV is the good
agreement between the CCV5 and CCV9 cross sections.
At all the energies considered, the CCV5 and CCV9 cross
sections agree to within 2%. This would indicate that
the cross section for excitation of the 3p level, at least,
has more or less converged with respect to increasing the
number of target states included in the CC expansion.

O

I

I

z lOO— l

l

I-
I

LJJ
V)

5.0
0.2

I

0.4

$d 4s 4p

0.6
E (O.u. )

0.8
l

I.O

The 3s-3p excitation cross section is shown in finer de-
tail in Fig. 1. The CCV9 calculation predicts two rela-
tively wide and deep minima in the cross section at in-
cident energies of about 0.39 and 0.44 a.u. The finite en-
ergy resolution typical of crossed electron-ion beam mea-
surements such as that reported by Belie et aI. will to
some extent obscure the resonance structure apparent in
Fig. 1, and will soften the formally finite onset of the
cross section at threshold. A measured emission cross
section also includes indirect contributions to the radia-
tion emitted by the 3p excited state due to cascading from
higher states also excited by the electron beam. All three
of these effects are illustrated in Fig. 1, where the contri-
bution to the emission cross section from cascades from
the 3d, 4s, and 4p states (discussed in more detail below)
is included, and the cross section is averaged over a hy-
pothetical Gaussian electron beam energy profile with a
width of 1.5 eV. The maximum in the resulting effective
cross section then becomes 11.7 X 10 ' cm, and occurs
at about 1.7 eV above the excitation threshold of 6.67 eV.

FICs. 1. Absolute emission cross section (units of m.ao) for
electron-impact excitation of the Al + 3p level as a function of
incident energy. The results of the CCV9 calculation are de-
picted without cascade corrections, with cascade corrections,
and energy-averaged with cascade corrections.

TABLE IV. Comparison of excitation cross sections (units of m.ao) for the 3s-3p transition in Al +

computed in a variety of approaches.

0.25 0.30 0.40
Energy (a.u. )

0.50 0.60 0.80 1.00

UDW'
UCBAV5
CC5
CCV5
CCV9

19.7
16.30
15.93
14.24
14.17

17.5
14.60
13.57
13.06
13.07

14.5
12.32
13.56
11.76
11.65

12.7
10.81
11.72
10.91
10.70

11.3
8.90
9.00
8.12
8.13

9.5
7.57
7.84
7.14
7.14

8.3
6.73
7.12
6.48
6.41

'Unitarized distorted wave, Ref. 4.
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FIG. 2. Collision strength for the resonant 3$-3p excitation of
Al + as a function of the square incident electron momentum,
k . The results of the UCBAV5 calculation, with and without
cascade corrections, are depicted. The results of the CCV9 cal-
culation (with cascade correction) are also shown.

This is almost 25% smaller than the preliminary result
for the near-threshold cross section (16+3X10 ' cm )

reported by Belie et al.
We relate the collision strength

0, =(2L;+1)(2S;+1)k;Q;,

to the cross section Q; for excitation of level j from level
i, and k; is the incident electron momentum. For Q," in
units of rrao, and k in atomic units (ao ' ), 0," is dimen-
sionless. The behavior of the collision strength for excita-
tion of the 3p state is shown in Fig. 2. The cascade
correction, as estimated from the UCBAV5 results, is
seen to be relatively constant.

In order to compare our results with the five-state
close-coupling calculation of Dufton and Kingston we
have converted our CCV9 cross sections to collision
strengths and averaged them with a Maxwellian energy
distribution. We were unable to carry out this kind of
analysis with our CC5 and CCV5 results owing to the
coarser energy mesh used for these calculations in the
resonance region. At high temperatures, it was necessary
to extrapolate our calculated cross sections to energies
higher than the 1.0-a.u. upper limit for the CCV9 calcula-
tions. This was done by assuming that the cross sections
coukl be modelled by their asymptotic form. The col-
lision strengths for the 3s-3d and 3s-4s transitions were
assumed to be constant at energies larger than 1.0 a.u.
This assumption was supported by UCBAV5 calculations
carried out for energies up to 5.0 a.u. The dipole-a11owed
transitions were modelled by a collision strength that in-
creased logarithmically, as illustrated by Fig. 2. Al-
though the extrapolation procedure will introduce errors
into the effective collision strengths at high temperatures,

TABLE V. Effective collision strengths for excitation of the
four lowest levels of Al'+. In all cases collision strengths de-
rived from the present CCV9 calculation are given above those
of Ref. 5.

Transition

3$-3p

3$-3d

3s-4s

3$-4p

4.0

15.2
16.0
2.60
3.90
0.84
1 ~ 17
0.43
0.61

4.3

16.0
17.3
2.80
3.84
0.86
1.13
0.42
0.61

log 10Te
4.6

17.2
19.1
2.90
3.86
0.83
1.10
0.39
0.62

4.9

18.9
21.5
2.92
3.98
0.77
1.09
0.35
0.63

5.2

21.3
24.9
2.88
4.12
0.70
1.11
0.32
0.62

the errors are not so large as to prevent a meaningful
comparison with the results of Dufton and Kingston. We
estimate the error in the 3p collision strength to be less
than 5% and the error in the 4p collision strength to be
less than 20%%uo. At the lowest temperatures reported in
Table V the errors due to extrapolation are much smaller.

A comparison of effective collision strengths from the
present calculation and those of Dufton and Kingston is
given in Table V. The present effective CCV9 collision
strength for 3p excitation is some 5 —10% smaller in mag-
nitude at all temperatures than that of Dufton and
Kingston. Since the calculation of Dufton and Kingston
couples the same levels as the present CC5 calculation,
and the effect of resonances is included in both calcula-
tions, we would expect it to give qualitatively similar re-
sults. The differences evident in Table V for the 3p cross
section are therefore consistent with the differences of
about 10% reported between the present CC5 and CCV9
calculations (see Table IV).

V. EXCITATION OF THE 3d, 4s, AND 4p LEVELS

In this section we report cross sections for excitation of
the 3d, 4s, and 4p states levels from the ground state.
The results are shown in Fig. 3, and a comparison of
cross sections obtained in the different approaches is
given in Table VI. The scatter among the results from
different calculations is larger than it was for the resonant
3s-3p excitation. This is not unexpected; the relatively
larger excitation energies and the nondipole nature of the
3d and 4s transitions will result in excitations that are not
dominated to the same extent by long-range interactions
(i.e., high partial waves) as is the resonance transition.
The 4p excitation is a dipole transition, but consideration
of the oscillator strength given in Table II suggests that
the long-range nature of the collision process is unlikely
to be dominant. Hence a larger contribution to the cross
section will come from the low partia1 waves where both
distortion and coupling effects are quite substantial.

The comparison of the CCV5 and UCBAV5 cross sec-
tions reveals the inadequacy of perturbation theory for
these transitions. At threshold the differences between
the UCBAV5 and CC5 calculations are never less than
25% and can be as large as a factor of 2. The differences
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units of ma ) at some representative energy points forTABLE VI. Total excitation cross sections (units o mao a s
f h Al + 3d 4s, and 4p levels from the ground state.electron-impact excitation o t e

0.55 0.6
Energy (a.u. )

0.7 0.8 0.9 1.0

UCBAV5
CCV
CCV5
CCV9

1.18
1.56
1.95
1.84

1.15
1.50
1 ~ 35
1.23

1.07
1.42
1.20
1.08

3d
0.992
1.19
1.11
0.961

0.992
1.10
1.02
0.828

0.860
1.01
0.941
0.691

UCBAV5
CC5
CCV5
CCV9

UDW'
UCBAV5
CC5
CCV5
CCV9

0.246
0.675
0.473
0.420

0.226
0.357
0.354
0.291

0.199
0.140
0.251
0.194
0.154

4p

0.203
0.327
0.324
0.254

0.162
0.115
0.192
0.173
0.122

0.185
0.299
0.298
0.209

0.136
0.095
0.171
0.153
0.089

0.171
0.275
0.275
0.135

0.118
0.081
0.153
0.135
0.056

'Unitarized distorted wave, Ref. 4.

2.0
AX ' 3s—3d 4s 4p

5s —Bd
Bs —4s
3s —4p

are no mucot much smaller at the highest energy (1.0 a.u. con-
sidered but the incident energy is still less than twice e
excitation energy of all of these levels. There are also
significant differences between the CCV5 and CCV9 cross
sections. The CCV9 cross sections are smaller in magni-
tude than the CC5 and CCV5 results at all energies and
for all transitions. This difference is reflected in the
e ec iveff t (Maxwellian-averaged) collision strengths given
in Table V, where the CCV9 results are compare o
those of Dufton and Kingston. The latter were obtained

using cross sec ionst ons from a calculation much closer in
spirit to our CC5 calculation.

Since essentially all experimentally derived cross sec-
tions for electron-ion excitation have resulted from emis-
sion measurements, we have also computed, and
dispiaye in ig. , a1 d

' F' 1 n illustrative emission cross section
for the 3p excitation. The emission cross section for the
3p state wi e sens''ll b itive to cascades from excitations to
the 3d, 4s, and 4p levels. While excitations of the 3d and
4s levels always result in decay (in the dipole approxima-
tion to the 3p state, this is not true for excitations of the
4p level. The 4p state must first decay into either the 3d
or 4s states, which then feeds into the 3p state. The 4p
state can also decay directly into the 3s ground state. We
have determined the branching ratio for the 4p state to
cascade into e pd

'
t th 3 level by converting the oscillator

strengt s given in ah
' T ble II into transition rates. We n

that excitation of the 4p level will eventually decay into
the 3 state 61% of the time. Using this number we
derive the following expression for the effective emission
cross section (Q, ) of the 3p state:

Q, =Q,~+Q,„+Q~,+0.61Q4 (6)

cA 05
CA

O

0
0.5

I

0.6
I I

0.7 0.8
E (a.u. )

I

0.9 1.0

FIG. 3. Total cross sections (units of m.ao)a'~ for excitation of
h Al + 3d 4s, and 4p levels from the ground state as a func-

tion of the incident energy (in a.u. ). The results of t
calculation are depicted.

The cascade corrections to the 3p emission cross sec-
tion and collision strength are depicted in Figs. 1 and 2,
respective y. ene1 . At rgies just above the 4p excitation
threshold, the increase in the emission cross section ue

h' h lose-coupling cross sections were obtained, t e
f the

cascade correction at much higher energies is shown in
Fig. 2. At the highest value of k (corresponding to an
incident energy of 6.0 a.u. ) for which the UCBAV5 calcu-
lations were performed the cascade correction is less t an
10%. At still higher energies the cascade correction be-
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comes smaller, dropping to about 5% at 15 a.u. accord-
ing to the unitarized distorted-wave (UDW) results.

VI. CONCLUSIONS

We have performed a series of close-coupling and uni-
tarized Coulomb-Born calculations for electron-impact
excitation of the valence electron in Al +. Inclusion of
the core-polarization potentials leads to a reduction of al-
most 10% in the excitation cross section for the reso-
nance transition. This result, considered in conjunction
with a similar effect for potassiumlike Ca+, is an indica-
tion that the polarization potentials are an important
part of the Hamiltonian for the heavier alkali-metal-like
ions (the effect was shown to be much smaller for lithi-
umlike Be+ ). Further confirmation of the importance of
polarization potentials is illustrated by the calculations
reported here for the Al+ binding energies. In every
case, inclusion of the polarization potentials results in im-
proved agreement with experimental binding energies.

Comparison of the CCSV (five states) and CC9V (five
states plus four pseudostates) cross sections for the reso-
nance transition indicates that the cross section for this
transition has converged at least with respect to increas-
ing numbers of channels. This is not true for excitation
of higher levels (the 3d, 4s, and 4p states), where there are
large differences between the CCSV and CC9V cross sec-
tions.
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