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Quantum optical test of observation and complementarity in quantum mechanics
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We propose and analyze experiments designed to probe the way in which the measurement pro-
cess (the presence of a detector) influences the investigated system. These experiments are based on
the fact that number states of the radiation field can be generated by the use of the micromaser and
cavity quantum electrodynamics. It is shown that "which-path" (particle) information rules out in-
terference (wave) effects due to the system-detector correlations and not due to a randomization of
phase. Specific experiments based on neutron interferometry and quantum-beat techniques taken
together with the micromaser are suggested and analyzed.

I. ImaaDUCTIuX

Complementarity, e.g., the wave-particle duality of na-
ture, lies at the heart of quantum mechanics. As we
learn' from textbooks, matter sometimes displays wave-
like properties (e.g. , interference phenomena) and at oth-
er times displays particlelike behavior (e.g. , "which-path'
information). At the very beginning of such discussions
it was made clear that the dual wave-particle aspects of
quantum mechanics are complementary, but not contem-
porary.

The classic example of this merger of wave and particle
behavior is provided by Young s double-slit experiment.
There we find that it is impossible to tell which slit light
went through and still observe an interference pattern.
In other words, any attempt to gain which-path informa-
tion will disturb the light so as to wash out the interfer-
ence fringes. This point is made especially clear in the
Einstein-Bohr dialogues, whose arguments we recall in
the following paragraphs.

Einstein invites us to consider a Young s double-slit ex-
periment in which the slits can recoil, as iridicated in Fig.
1. The interference pattern is constructed by, for exam-
ple, measuring the output of a photodetector array due to
light passing through the slits. Now if the mass of the
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FIG. 1. Figure depicting the Einstein-Bohr recoiling-slit
Gedanken experiment. Light emerging from slits 1 and 2 is col-
lected by an array of photodetectors displaying the usual
Young's double-slit interference pattern.

optical bafHe (Double-slit assembly) is small enough, it
will recoil when the light is "emitted" by a given slit,
then by conservation of momentum, we could tell which
wave vector k&, or k2, the "photon" has, see Fig. 1. That
is, we would then have which-path information.

However, Bohr points out that we must also treat the
recoiling plate by the rules of quantum mechanics.
Specifically, Bohr argues that the physical position of the
recoiling plate is only known to within Ax due to the un-
certainty principle. This error will contribute a random
phase shift 5$ to our light beams which will destroy the
interference pattern.

Such random-phase arguments, showing how which-
path information destroys the coherent-wave-like in-
terference aspects of a given experimental setup, are ap-
pealing. This is in the spirit of Heisenberg's "y-ray mi-
croscope. " In all such arguments, one notes that the aet
of measuring invariably disturbs the system being mea-
sured and the loss of coherence is the inevitable result of
such disturbance.

However, such arguments are incomplete. As has been
shown elsewhere, and further discussed in this paper, it
is possible in principle and in practice to design experi-
ments which provide which-path information via detec-
tors which do not disturb the system in any noticeable
way. Such Welcher Weg (Crerman for "which-path")
detectors have been recently considered within the con-
text of studies involving spin coherence.

In the present paper we present a simple experiment,
which is being constructed in our laboratory, which
shows that the loss of coherence oeeasioned by which-
path information, i.e., by the presence of a Welcher Weg
detector, is due simply to the establishing of quantum
correlations and is in no way associated with large
random-phase factors as in Einstein s recoiling slits or
Heisenberg's microscope. The essence of the present
Welcher Weg detector is the micromaser. Such masers
are unique in that they can operate with very few atoms
{e.g. , one) in the cavity at any given time. This permits
many interesting experiments, e.g., using such a device
we can, in principle, prepare number states of the maser
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field in a high-Q cavity.
In Sec. II we review a sequence of neutron experiments

which have recently been carried out by Rauch and co-
workers, and which are very much in the spirit of the
present studies. We will see that while a micromaser
8'elcher 8'eg detector could be, in principle, used in these
neutron experiments, in practice it is probably not feasi-
ble. In Sec. III we turn to the presently envisioned exper-
iments, in which we use a quantum-beat configuration,
together with the above-mentioned micromaser 8'elcher
8'eg detector, to provide a new test of complementarity
in quantum mechanics.

II. YOUNG'S DOUBLE-SLIT-TYPE
EXPERIMENTS WITH NEUTRONS

tron wave function g(r, t) replaces the electric field
E(r, t) and the neutron "mirrors" are actually silicon
crystals, otherwise the analogy is complete. If we regard
the upper and lower crystal in Fig. 2(b) as sources S& and
Sz, we may think of the right-hand side (regions II and
III) as being essentially a neutron version of Young's ex-
periment.

In the neutron experiments a phase "shifter" is placed
in one arm, as in Fig. 2(b). Then, after recombining the
beams, the state of the system is given by

and the probability of detecting a neutron goes as

In this section we consider the problem of neutron in-
terferometry. The fact that the neutrons are massive
spin- —, particles provides, as we shall see, new possibilities
and insights above and beyond that of optical interfer-
ence and diff'raction. We begin by describing the neutron
experiments of Rauch and co-workers which set the stage
for the present paper.

To properly appreciate these neutron interferometric
experiments we first recall their optical ancestor, i.e., the
Mach-Zehnder or Twyman-Green interferometer as per
Fig. 2(a). There we see that a light beam, characterized
by an electric field E;„, incident on a beam splitter. The
output of the beam splitter, in region I, is two beams
denoted by E, and E2. After reAection by the mirrors
m& and mz there are now two beams in region II, in
direct analogy to Young's double-slit experiment. The
two beams are recombined by the second beam splitter
and in region III we have E~ +Ez.

The corresponding experiment has been carried out
with neutrons as in Fig. 2(b). There we see that the neu-

(2)

where P& $2e'~+c.c. results from interference.
In later experiments they take advantage of the fact

that the neutron has a spin magnetic moment to perform
a neutron "NMR spin-Aip" experiment, as depicted in
Fig. 3(a). Concerning this work they say the following.

"In continuation of previous work explicitly demon-
strating the basic quantum-mechanical principles of the
static and the time-dependent superposition of spinors, a
new double-resonance coi1 experiment is described, where
a spin-fiip process associated with an exchange of energy
quanta happens in both beams of a perfect-crystal neu-
tron interferometer. It is shown that under the given cir-
cumstances of neutron self-interference coherence is
preserved in spite of the energy transfer to every neu-
tron„. . . ."

The main point is that the "rf spin Ripping" does not des-
troy the coherence, i.e. , the interference terms remain
even after spin Aip.

Ein
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FIG. 2. (a) Incident light beam is split into beams E, and E„
reAected from mirrors m I and m &, and recombined in a region
III by means of a second beam splitter. (b) Incident neutron
wave is split by beam splitter and rejected by crystals designat-
ed S, and S&, which may be thought of as sources of neutron
waves. These neutron beams are then recombined by another
crystal which produces a coherent superposition of the two
beams in region III. The second beam is shifted by a phase fac-
tor accumulated in passing through the phase shifter located in
lower arm of neutron interferometer.

)

2

FICr. 3. (a) Neutrons from crystals S, and S2 are passed
through two coils and spin Ripped from up to down. These two
beams are then recombined and total wave function is found to
be a coherent superposition of the two spin-down partial waves.
(b) In this figure we replace the coils of {a) by micromaser cavi-
ties.
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Let us next replace the spin-flip coils by two micro-
masers as in Fig. 3(b). The state of the quantized field in
the ith micromaser is initially given by ~N, ), i=1,2.
Thus the neutron-micromaser-state vector is then

(3)

and, as is shown in Appendix A, after the spins pass
through the micromaser cavities, Eq. (3) becomes

~+(t) & =&)(r, t)ll )e I+~)@2&+&~(r,t)~ h &e ~4,@,&,
(4)

where ~Pfk ), i= 1,2, is the state of the maser field after in-
teraction with the atom. The detection probability now
goes as

where gf $2(4&+z~4&@z ) +c.c. results from interfer-
ence.

To make contact with the "rf-coil spin-flip" experi-
ment we should prepare our maser cavities in coherent
states, since the coils in Fig. 3(a) will generate such
coherent states. In such a case the initial state of the
maser is taken as

and since the classical coherent field is not changed much
by the addition of a single photon associated with spin
flip, we may write

I+f&= la, &, t =1,2

so that to a very good approximation we have

and the interference cross term in Eq. (5) is identical to
that of (2), i.e. , the "spin flipping" has changed nothing.

These measurements are interesting in several different
ways. First they show that the process of dynamically
flipping the spins need not (in fact, does not) destroy the
interference fringes. Furthermore, we should not be
surprised that the introduction of a m. (spin-flip) interac-
tion leaves the quantum coherence intact. There is no
which-path information left in the micromaser after pas-
sage of the spins since the coherent-photon distribution is
essentially unchanged.

There is, however, a way to qualitatively (and quantita-
tively) change all this. If instead of preparing the masers
in coherent states, ~a, ), i=1,2, we were to prepare them
in numbers states, ~n, ), i =1,2, things are very different.
In such a case, the initial state of the neutron-beam or
maser system is given by

But now the inner product (8) is replaced by

and the coherence cross terms vanish.
This might seem a bit surprising. In the previous case

in which ~4; ) = ~a; ), flipping and spins did not destroy
the coherent cross terms, i.e., did not affect our interfer-
ence fringes. Similarly in the case of number-state
preparation ~&b, ) = ~n, ), the final state is

~
J, ) just as be-

fore. That is, the neutrons emerge from their respective
cavities in the down configuration just as when we used
coherent states, ~a, ), to effect the spin flip. However, in

the case of the "number-state spin flipper" we have a
Welcher Weg detector. By simply "looking" (actually it
does not matter if we look or not, having the information
there is enough) at the micromaser, we can tell which
path our neutron took. If we find, for example, the first
maser cavity to now be in a state having n, + 1 photons,
we known the upper path was followed.

Thus we have a new and potentially practical (i.e. , po-
tentially experimental) example of wave-particle duality
and observation in quantum mechanics. There is a basic
difference, however, between the present situation and
that of the Einstein recoiling-slit experiment. In that case
the coherence (interference) was lost due to a phase dis-
turbance of the light beams. In our case, the loss of
coherence is due to the correlation established between
the system and micromaser detector. Random-phase ar-
guments never entered the discussion. (The fact that the
number state has no phase is not relevant here; the im-
portant dynamics is due to the spin-flip transition. ) In
other words, the fact that which-path information is
made available is enough to wash out the interference
cross terms.

We note, however, that such experiments would be
very difficult. In particular, since the neutron magnetic
moment is so small, a number state having a very large
number of photons would be required in order to produce
a m "pulse. "'

It is possible to generate number states via a micro-
maser, but such number states can persist only for a time
on the order of the microwave-cavity-ring down time.
Such cavity-decay times for the micromaser are presently
in the region of hundreds of milliseconds to a second, a
very long time as such times go.

Thus, the generation of such an
~

n ) state, and its ap-
plication in the corresponding neutron experiments
would not (to say the least) be easy. It is better to investi-
gate situations in which the basic physics is preserved but
the experiments are made simpler by utilizing, for exam-
ple, the large transition-matrix elements associated with
the Rydberg atom. These experiments are described in
Sec. III where it will be shown that even the vacuum can
serve as an effective n pulse mecha-nism in such experi-
ments.

then, see Appendix A, after the spin-flip interaction we
have III. PROPOSED QUANTUM-BEAT

MICR&MASER EXPERIMENT

(10)
In the usual quantum beat" experiments atoms are ex-

cited to a coherent superposition of states and allowed to
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decay to a lower level as in Fig. 4. The spontaneously
emitted radiation will then show "beats" (temporal
fringes) between the two possible transition paths a ~c
and b ~c as indicated in Fig. 4. The initial state

I
+(0) &

= [a(0) la & +P(0) Ib & ] 10,0, &, (12)

are emitted. In the above the index i refers to transitions
1 and 2 as in Fig. 4, gk is the coupling constant between
the atom and the kth mode of the radiation field, ~, is the
atomic frequency associated with the transitions 1 and 2,
each of which decays at a rate I &, vk is the frequency of
the kth mode, and

I lk & denotes the single photon eigen-
state.

After several decay times, the state of the coherently
excited atom evolves into

—Ic&a [I),&+I),&].v'2 (14)

Now the photocurrent will be determined by the correla-
tion function'

G(r„,t)= (qIIE' '(rd, t)E +'(rd, t)I+ &, (15)

where the positive frequency (annihilation) electric field
operator, in the interaction picture, is given by

E'+'(rd, t)= g 81,&ze
k

(16)

in which 6& =(fivt, /eoV)' is the electric field per pho-
ton, &z is the usual field-annihilation operator, and rd
determines the detector position.

From Eqs. (13)—(16) we calculate the photocurrent
correlation function to be

decays into a state in which the atoms (which are taken
for simphcity to be in a small volume at the origin) are in
the ground state c and photons'

2

(13)

where 8(x) denotes the usual step function. If, for simpli-
city, we take I ]

=I /2, this becomes

G(t)= 8I
2r

rd —I (t —r /c)
e

(18)

—Ic' & [ ll
'

& I
@ @'&+I),' & ~

I
+',+, & ], (19)

as is shown in Appendix B. Now if we calculate the
correlation function G(rd, t) by using (19) and (15) we
find

I
G(rd, t)=

z
8 r-

2rd

X[1+e' "' " ' '(e„e,'Ia'„e, &]+c.c.

where the last exponential term results from temporal in-
terference. Such quantum-beat phenomena have been
seen in a variety of experiments in atomic and laser phys-
ics.

The connection between the quantum-beat and
neutron-interferometry experiments is clear. In the neu-
tron experiments we have two paths corresponding to P,
and $2 in Fig. 2(b). In the quantum-beat experiments the
two "paths" are associated with the yI and yz. In both
cases we have interference cross terms.

We now wish to extend these considerations in order to
include a Welcher Weg as in Sec. II. To this end, consid-
er the experimental arrangement of Fig. 5. There we de-
pict a more complicated atomic configuration such that,
upon passage through cavity 1, the atoms will be
"Aipped" from a ~a', and upon passing through cavity
2, will be flipped from b~b' After. ward, both a' and b'
the atom will decay to state c'. See Appendix B for
mathematical details and further discussion.

Thus we may write the final-state vector of the atom,
the visible photon, and the micrornaser system as

G(rd, t)=, 8 t—I
2rd

rd
+6I t—

Id /&) &&1(t ~d /&) (20)

Hence we see, as in the neutron problem of Sec. II, that

(17)
Q

b
P

5
Q

b I:;
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FIG. 4. Scheme for quantum-beat experiments. Coherent su-
perposition of upper levels a and b decay to ground state c. The
detector current shows a modulation in addition to the usual ex-
ponential decay.

c
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FIG. 5. Figure depicting the quantum-beat experiment with
micrornaser Welcher Weg detector. In passing through the first
micromaser, atom makes transition from a to a' and in the
second micromaser makes transition from b to O'. These transi-
tions are analogous to the spin-flip transitions in the neutron ex-
perirnent Fig. 3(b).



39 QUANTUM OPTICAL TEST OF OBSERVATION AND. . . 5233

field
icrization

Par

Pi pijz

dv2

dm

p3t2

dsiz

d3z d»

coherent
excitation

Maserl Haser 2

FICs. 6. Quantum-beat experiment using micromaser Welcher Weg detectors in which quantum beats are detected via field ioniza-
tion rather than spontaneous emission.

the quantum beats will be present in the case of
coherent-state maser fields ~4, ) = ~a; ). However, if we
prepare the micromasers in number states, the interfer-
ence (quantum-beat) cross term will be multiplied by
(n, +l, n2~n, , n2+ I ), and will vanish just as in the neu-
tron experiments.

In the present case, however, we do not need such
large photon numbers to produce the m-spin flip from
a ~a' and from b ~b' since the atomic matrix elements
are much larger than those encountered in the neutron
experiments. In fact, when using Rydberg atoms as we
do, the vacuum interaction (i.e., spontaneous emission) is
sufficient to insure m-spin flip. Thus we are relieved of
the necessity of preparing number states

~ n, ) having
large photon number, and instead prepare our masers in
the easiest number state of all, the vacuum; see Appendix
B.

In the envisioned experimental situation, the Rydberg
atoms, as used in the micromaser, provide a very nice
means for observing the quantum beats. The lifetime of
the highly excited levels increases with the third power of
the main quantum number of the states. This leads to
lifetimes for the micromaser levels in the millisecond
range. As a consequence, the spontaneous decay of the
highly excited atoms can be neglected. Moreover, an
efficient and very convenient detection is possible using
field ionization. ' This has the advantage that the prob-
ing of the atoms can be performed at any suitable time.

For this purpose the time delay between the coherent
excitation of the levels a and b and the field ionization of
the levels a'b' (Fig. 5) has to be varied In the actual ex-
perimental setup this timing can be performed very accu-
rately within a fraction of a nanosecond, since the ioniza-
tion pulse can be triggered very accurately by the laser
pulse producing the coherent population of the levels a
and b.

An actua1 level scheme of this type of experiment is
shown in Fig. 6. The 63p»2 and 63p3/2 levels of Rb are
very suitable; and they are used in the present Rydberg
maser experiments as well. Their splitting is 396 MHz so
that coherent excitation can easily be performed via a
mode-locked dye laser. The envisioned 8'elcher Weg
maser cavities could be identical with those used in the
ongoing micromaser experiments. The low temperatures
achieved with a He cryostat would allow us to perform
the experiment with the vacuum state, as mentioned
above.

The velocity of the atoms must be adjusted so that the
"spin flip" of p3/2 +d5/2 is guaranteed in the first cavity;
cavity 2 must induce "spin-flip" transitions for
p&/z~d3/z. The frequency difference between d&/2 and
d 3/2 is 50 MHz and thus, in principle, easily detectable in
the field-ionization quantum-beat experiment.

There is a small time spread in the velocity distribution
of the Rb atoms (about 1%), however, this does not affect
the timing of the field ionization, since this can be con-
trolled by the dye-laser pulse used for the excitation. The
field plates of the ionizing field can be arranged to be
large enough so that the geometric spread of the atoms
due to the slightly different time of flight is of no
significance. One important condition which has to be
fulfilled in this type of experiment is that the beam densi-
ty be very low: there must be time enough so that the
cavities return to their vacuum state before the next atom
arrives, otherwise a field different from the vacuum would
build up in the cavities and the which-path information
would be lost. Experiments of this type could provide
new tests of and insights into the foundations of quantum
mechanics.
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APPENDIX A: THE NEUTRON-MICROMASER
8'ELCHER 8'EG DETECTOR

Let us consider the experiment in which we use two
microwave cavities as indicated in Fig. 3(b). In these cav-
ities the microwave fields will cause the spin- —, system to
flip from up to down to up as indicated. We note that
this combination of "flips" can be arranged by choosing
the field strengths and/or interaction times to be such
that the spin fiips occurs with 100%%uo probability (i.e.,
pBt lA=m). This is demonstrated . in the following para-
graphs. '

The interaction Hamiltonian for the spin plus mi-
crowave field is given (in the rotating-wave approxima-
tion) by
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H =po Bp +AD, a,a, +RA&a 2a2
2X g, (t)Qn, +1a„(t),

1

(A8)

+ —,'go[a, u, (x)+a u (x)]+H.a. , (A 1)

where 0, , a, (a, ), and u;(x) are the microwave cavity-
frequency annihilation (creation) operators and mode
functions for the ith (i= 1,2) cavity, H.a. denotes the Her-
mitian adjoint. The coupling constant g is given by the
magnetic moment p times the magnetic field "per pho-
ton" and o- is the lowering operator for the spin, which
exists in the (large) magnetic field Bo.

To proceed we assume that the spin- —,
' particles have

constant velocity U as they pass through cavities 1 and 2.
Then the x coordinate of the spin is given by vt and the
mode functions u;(x)~u;(t). Thus we may regard the
mode functions as time-dependent "switching" functions,
and the Hamiltonian takes the form

where the high-frequency time dependence has been re-
moved in the usual way, i.e., the probability amplitudes
a„and f3„+, are in the interaction picture. In Eqs. (A7)
and (A8), we have taken

(A9)

where

cu =2pBo/ (A10)

Eqs. (A7) and (A8) yield

in order to arrive at the simple equations of motion (A7)
and (A8). For the initial (spin-up) conditions

a„(0)=A„, P„(0)=0,

H =Ho+ —,'g)(t)trat+ —,'g 2( t) tea 2+H. a. , (A2)
a„(t ) = A„cos—8„(t ),

I I 1

(A 1 1)

(A3)

where Ho is the interaction free Hamiltonian and g, (t)
denotes the (time-dependent) coupling constant.

Let us first consider the situation as the spin exits cavi-
ty 1. The initial state before entering the cavity is

I'0t &
=

&
—[g,(r, 0)+ ti'2(r, 0)]l 1 & leo|, eo2&,v'2

P„+,(t)= i A„—sin8„(t),

where

8„(t)= f g, (t')dt'Qn, +1 .

(A12)

(A13)

where N, - is the state of the microwave Geld in the ith
cavity. Upon entering cavity 1 we have

Now if the microwave field is in a state whose photon
distribution is sharply peaked about some value of n,
(call it n, ) then to a good approximation

yq, „(r, 0)l l&ln, &4 &, (A4) 0„(t)= f g, (t')dt'Qn, +1 . (A14)

where the probability amplitudes g, „(r,O) are initially

(i.e., at a time t=O just before entering the cavity) given
by

We want the spins to be flipped as they pass through the
cavity, therefore we choose our parameters to yield the
~-pulse condition

g, „(r,O) = lit, (r, O)o.„(0), (A5) 28„(r)=-—f g, (t')Qn, + Idt'=~ . (A15)

in which a„(0) is the probability amplitude for having n,
1

photons in cavity 1.
Now we may reasonably assume (and it can be

rigorously shown to a good approximation) that the
center-of-mass part of the spin wave function is un-
changed by the microwave field interaction, then the
state of the upper beam plus maser system in region II
(i.e. , upon leaving cavity 1) is given by

a„(t &r)=0, (A16)

P„(t &r)= iA„—
1 1

and inserting (A16) and (A17) into (A6) we have

I+tt(t &r)&)=y)(r, t)ll & y A.', ) lni &I+o~&

(A17)

Then, after leaving cavity 1, we have from (12) and (15)

le„(t) &, = P, (r, t) g [a„(t)l 1 & In, &

12'' =p, (, t)l l &e I@,&IC', &, (A18)

+/3„(t)I 1 &In, &]IC', &,

(A6)

where we have absorbed uninteresting factors, such as
I/&2, etc. , into the P,.(r, t) probability amplitudes, and
the final state of the maser is denoted by

We note that only the state of maser 1 is changed, the
second cavity is, of course, left unchanged. The time evo-
lution of the center-of-mass wave function g&(r, t) is now
determined solely by the free-particle Hamiltonian. The
probability amplitudes a„and P„are found from the

1 1

Schrodinger equation formed from (A2) and (A6), we find

lei&= y A„', In, & .
n1

A similar analysis for the lower path yields

l~»(t &r) &,=y, (r, t)l ~ &e l~;&I~I2&,

(A19)

(A20)

la„= g, (t)Qn, +1P„+,(t), (A7)
and final the state of the total (both neutron beams and
masers) system is
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~ & =1(,(r, t) I1&tg l~f & I+,'&

+P,(r, t)Il. )tg IC', )Ief) . (A21)

after passing through maser 1 and "Gipping" from a ~a'
the state of the total system becomes

Note that if the maser state is initially In ) then after
spin flip the maser is in state In +1). Hence in the case
of number-state preparation (A21) becomes

Ie&=q, (r, t)ll&e n, +1&ln, &

—[ I
a '

& I @,&
I
@',&+

I
b & I

@'
& I

@'
& ], (82)

and upon passing through the second maser wherein the
atom experiences a m interaction such that b~b' we
have

+q, (r, t)l l & ln, & In, +I& . (A22) —[la'& I@ &I@'&+Ib'& I@', & I+, &] . (83)

APPENDIX B: A MICROMASER 8'ELCHER KEG
DETECTOR SETUP FOR A QUANTUM-BEAT

EXPERIMENT

As is well known, all two-level systems are equivalent.
Thus the preceding spin- —,

' treatment applies directly to
the quantum-beat problem in which microwave transi-
tions between pairs of levels (a, a') and (b, b') now corre-
spond to the neutron spin flip in the upper (1) and lower
(2) paths of Fig. 3. That is, a and b are analogous to
spin-up neutrons in the upper and lower paths, respec-
tively. The a' and b' states are analogous to a spin-down
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entering masers 1 and 2 is given by

Finally, we allow enough time to pass so that the decay
from Ia') and Ib') to Ic') will take place with the emis-
sion of a photon Iy, ) and lyz), that is

Iyt&lc'&,

Ih'&~lyz&lc'& .

(84)

(8&)

—lc'&[lyI & I@t+~&+ ly,'& I@',@,&] . (86)

In particular, we note that if IN& ) and Nz) are the vacu-
um, then

Inserting (84) and (85) into (83) we have the final state
of our system

—[la &+ I»] I@', & I+', &,
2

(81) —lc'&[IyI &tg llano~&+ Iyz& Iotl2&] .
2

(87)
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