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Rigorous lower bounds to average electron radial
and momentum densities for atomic systems
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Rigorous lower bounds to the average electron radial density (p ) in terms of any two moments of
the charge density have been found for ¹lectron systems. Similar bounds to the average electron
momentum density ( y ) are also given by means of any two momentum expectation values. These
bounds allow us to establish rigorous inequalities to (p) and () ) (which have been recently found
to be experimentally measurable) and other fundamental and/or measurable quantities such as the
electronic energy, the diamagnetic susceptibility, and the Compton profile peak height J(0). The
quality of the bounds is analytically discussed and numerically studied within the Hartree-Fock
framework. Best bounds turn out to be (1) (p) ~ (r ') /9mN, (2) (y) ~ 8[J(0)] /9n'N.

I. INTRODUCTION

I

In 1978 Hyman, Yaniger, and Liebman' showed that
the average electron radial density (henceforth to be
denoted by (p)) of a many-electron system is an experi-
mentally measurable quantity related to the intensity of x
rays elastically scattered by the system. Since then, much
useful work has been done with this quantity. " It has
been found to be related to (i) the total electronic ener-
gy' ' ' ' E (then, to the total kinetic energy T because
of the virial theorem), (ii) the electrostatic self-energy of
the electron density p(r) of the system or Coulomb ener-
gy ' '' J, (iii) the total electron-electron repulsion energy
V„, (iv) the electron density of the system at the nu-
cleus ' p(0), (v) the Weizsacker term of the total kinetic
energy functional' ' T~, (vi) a ratio of the Thomas-
Fermi kinetic energy TQ and the Dirac exchange energy
Ko, ' and to (vii) the electron-nucleus potential ener-
gy

' V„,. Most of these relationships are either sem-
iempirical or have a semiclassical origin, although some
rigorous inequalities are also known.

More recently, Gadre and Chakravorty' pointed out
that the average electron momentum density, to be
denoted by ( y ), is also experimentally measurable and
showed that it can be determined from the Compton
profile via the reciprocal form factor. Here again, there
already exist a few known relationships' ' which involve
(y ) together with various fundamental quantities of the
system, such as the second moment of the electron densi-
ty ( r ) (then, to the diamagnetic susceptibility), the third
moment (r ), the peak height of the Compton profile
J(0), as well as with the total energy E and the ionization
potential via the inequalities among ( r ) and the last two
quantities. '

This paper is structured as follows. Section II contains
a brief review of the known relationships which involve
(p) or (y ) and some fundamental quantities of an N
electron system. Later, in Secs. III and IV we show
rigorous lower bounds to (p ) and ( y ), in terms of any
two moments of the electron density p(r) and the
momentum density y(p) of the system, respectively.

There will be found four types of bounds according to the
different procedures used to obtain them. The proof of
these bounds is the object of Sec. V. Finally, some con-
cluding remarks are made.

II. REVIEW OF PREVIOUS RESULTS

Here, we will briefiy review the known results (or
better those published in the literature, to the best of our
knowledge) about the spherically averaged electron radial
density (p) and momentum density (y) of an N
electron system. Atomic units are used.

Let us start with (p). Several semiempirical fits of the
form (p) =C~E~" are known; ' in particular, Tal and
Levy showed that the relationship (p ) =0.21

~
E

~

' is
valid for neutral atoms with 4 ~ Z ~ 54. Also, Gadre and
Bendale have tested numerically the constancy of the ra-
tios J/(N4(p) )'/ and V„/(N (p) )'/ by employing the
ground-state electron densities of Clementi and Roetti'
for atoms with Z=3 through Z=36. Also several semi-
classical and approximate bounds to (p) have been
found ' in particular,

(p) ~0.205)E( and (p) ~0.034(E(

due to Hyman et al. , ' and

25/2
(p) ~E~ =0 191~E~

3772

given by Gadre and Chakravorty, ' and

(p) & 5

2m. (3m. )'
TQ

and the upper bound' ''

(p) ~ p(0)
8Z

according to Tal and Levy. Rigorous lower and upper
bounds to (p) are given in Refs. 6, 9, 10, and 12. In par-
ticular let us mention the lower bound ''
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3/2

(NT3)1/2
3/2

&p&&-2~2 3 2~2 3

=0.2206(NT )'

&p» C, (a,P)

where C& is given as

(2)

which improves the first semiclassical inequality. Also it
is worthy to point out here that'

(p) &(—') —' with J=—' drdr',
J' . (r) (r')

4 'N4

C, (a,P)= (a —P)'
mB((2P+ 3)l(a —P), 3)

(2P+ 3)2P+3
X

(2a+ 3)2a+3
(2a)

which considerably improves a similar lower bound en-
countered by Thulstrup and Linderberg. Also, the fol-

lowing upper bound is known for spherically symmetric
densities

(ii) If P&a & ——'„

(p) & C, (a,P) (3)

2n 2m 2m. V„,

Some approximate upper bounds to (p) are also given
in Ref. 7 as well as various rigorous inequalities among
the average electron radial densities corresponding to
three successive members of an isoelectronic series of
atoms have been pointed out. "

With respect to (y ), the main results known up to
now are due to Gadre and Chakravorty. ' These authors
point out (i) the semiclassical relation (y) =2(r )/3m.
and the semiempirical fit (y) =0.0035N'/ (r ), and
(ii) the two following rigorous upper bounds:

( ) ( Nl/2( r2 )3/2
33' 3m'

with

C2(a, p)= (a — )'
B((—2a —3)l(a —P), 3)

1 /(a —P)
( —2a —3)

X
( —2P —3)

The B symbol denotes the P function defined by

B( )= = f r" '(1 r)' 'dt—
I (x+y) o

Particular cases of the inequalities (2) are

(p) & =F(0, —1),1 (r ')'
9m.

(4a)

and

(y) & (r')(p '),
4m

(p)
10m 5

—1)5
1/2

=F(1,—1), (4b)

which relate (y ) with the diamagnetic susceptibility via

( r ) and the peak height J(0) of the Compton profile by
means of (p ') =2J(0).

III. LOWER BOUNDS TO (p)

Let us consider the electron density p(r) of an N-
electron system which is normalized to N. Then, the ath
moment around the origin of p(r) is

(r ) = f r p(r)dr, (1)

2
4/37 77

(
—1)7

=F(2, —1),
r

4
2 3 N

(p) &- =F(1,0),
5 (r)'

5/2) 5 3 N
(p) — =F(2,0),

217 7 r
6

5
&p) & —— =F(2, 1) .

7 (r2)s

(4c)

(4d)

(4e)

where a is a real number. In particular, ( r ) =N.
Here we will show four different types of lower bounds

to the quantity

&p) = fp'(r)dr

in terms of two moments or radial expectation values of
the form (1). As it is known, these moments (specially
those of low orders) are either directly measurable or re-
lated to measurable quantities.

A. Bounds of type 1

Two sets of lower bounds of this type to (p ) are found.
(i) If a&P) —

—,',

The inequalities (2) and (3) are valid for any many-
electron system. It is worthy to point out that the corre-
sponding lower bounds do not explicitly depend on N (the
number of electrons of the system) unless a or P vanish,
which may occur in the inequality (2) only.

These bounds have been obtained by means of a new
lower bound variational method due to the first two au-
thors' extended ' so that we minimize any quantity
of the form co„=fp"dr in terms of any two arbitrary ra-

dial expectation values of p(r), as indicated in Sec. V.
Therein, one can also see that the best bound to (p) for
atoms is given by the two involved moments ( r ) of
lowest order, that is, by the inequality (4a). This fact is
also numerically observed in Table I, where a comparison
of several lower bounds F(a,P) among themselves and
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B. Bounds of type 2

For X-electron systems and any real n greater than 2, it
is satisfied that

(
—1)3n+2

(p) ~C(n)
r

=F~( —1, —2),
where

c(n)=

3 1

2 n

(3n —2)/(n —2) 4/(n —2)
2

(3n +2) /( n —2)

4vrB
4 4n —4

n —2' n —2
3 1+
2 n

(5a)

The best of these bounds is obtained for an optimal n
which depends on the system under consideration. For
this optimal n and for neutral atoms, this bound usually
lies in between the values of F(2, —1) and F(1,0) shown
in Table I. Its derivation makes use of the Holder's in-
equality to bound (p) by means of a co-frequency mo-
ment and then one bounds from below this co moment in
terms of the expectation values (r '), (r ) following
the lower bound variational method of the authors.

C. Bounds of type 3

For ions and atoms with a nuclear charge Z, we find
2 —2)q —1

C
(

—1)q —3 (6)

where q is any real number greater than 3, and

C = qQ

q
—3 2q —1

q-1 q-1

(q —3)q
'q (2 3)2q —3 (6a)

with the Hartree-Pock value of (p) is made in a broad
region of neutral atoms (N=Z). The expectation values
(r '), (r ), and (r ) needed to calculate the various
lower bounds were taken from Ref. 22. The last column
of the table corresponds to the ratio between the best
lower bound, namely, F(0, —1), and the Hartree-Fock
value '" of (p); it shows that the quality of the bound
goes down from He (88.5%) to Xe (47.8%).

From the previous discussion, it seems natural to think
that a lower bound to (p) better than F(0, —1) could be
F( —1, —2), i.e. , would depend on (r ') and (r ), but
such a bound is not possible to be obtained with the use
of the above-mentioned variational method only. How-
ever, procedures exist in which the combination of this
variational principle with some other inequalities allows
to obtain lower bounds to (p) involving (r '), (r )
that are less accurate than those given by (2). Three of
these procedures are used to show the bounds of types 2,
3, and 4 which are indicated below.
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Even for the optimal q, these lower bounds are smaller
than that given by (4a) and those of type 2. The reason is
that the procedure used for its derivation needs three
different inequalities: (i) (p) ) (p9 ') /[p(0)]9, (ii)
the Hoffmann-Ostenhof et al. 's upper bound p(0))Z(r )/2n, and (iii) the lower bound ' to (p9 ') in
terms of (r ') and (r ) for q) 3.

D. Bounds of type 4

20 I I I I I I I I ~ I

15-

10—

For N-electron ions of nuclear charge Z, we find

)
1 &r

29 Z3 ( 1)2

which is also of poorer quality than F(0, —1) and
F2( —1, —2) but is better than the bounds of type 3. The
reason is that its derivation requires (i) the bound'

(p) ~ a [p(0)] /8Z, where p(0) is the electronic charge
density at the nucleus, and (ii) a lower bound to p(0) re-
cently found by the authors in terms of ( r ' ), ( r ) .

IV. LOWER BOUNDS TO ( y )

Operating as in Sec. III, one may obtain lower bounds
to (y ) in the momentum space similar to those given in

Eqs. (2)—(6) in the position space. In particular, by re-
placing (p )~( y ) and ( r )~(p ) in the bounds
F(a,p) to (p) one obtains the new bounds G(a, p) to
(y).

The new inequalities allow us to relate (y ) with vari-
ous experimentally measurable quantities and/or funda-
mental quantities of the many-electron system due to the
physical meaning of the expectation values (p ) for
some a' s. For illustration, one obtains by using
(p ') =2J(0) and (p ) =2T in G(0, —1), G(2, —1),
and G(2, 0) that the average momentum density is bound-
ed from below by the peak height of the Compton profile
and the total kinetic energy of the system as

c3

A 5
V

0 10 20 30 40 50

FIG. l. Plot of the Hartree-Fock values of (y), ~, and the
lower bound G(0, —1), given by (8), 0, vs the atomic number Z
for the neutral atoms helium through xenon. Atomic units are
used.

lower bound, namely, G(0, —1), and the Hartree-Fock
value' of (y).

One notices that, contrary to the corresponding bound
F(0, —1) for (p), the quality of the bound G(0, —1) has
no monotonic behavior with Z. This is also illustrated in
Fig. 1 where the Hartree-Fock values' ' of (y) and the
lower bound G(0, —1) are compared between each other.
It may be observed from this figure that the bound exhib-
its the same characteristics as the Hartree-Fock quantity.
This should not be surprising once one realizes that
G(0, —1) is directly proportional to a positive power of
J (0) and both Hartree-Fock values of J (0) and ( y )
behave versus Z in the same rr[anner. '

( y ) —
4y37

1/3
[J(0)]'

T

( ) ) 8 [J(0)]
9~ N

(8)

V. PROOFS

Let us start with the proofs of bounds of type 1 to (p )
shown in Sec. III. To do that we minimize the quantity

(f ) = f [f(r )1'd r

&y) ——5 3

14

5/2
N
T3/2

respectively.
Here again, all the bounds G(a, P) are valid for any

many-electron system. Even more, one may notice that
they do not show any explicit dependence on N unless a
or P are equal to zero. The proof of these bounds is fully
analogous to that discussed in Sec. V for (p). Also, the
best bound to ( y ) is given by the two moments of lowest
order, that is, by G (0, —1). This fact is also numerically
illustrated in Table II where a comparison of several
lower bounds G(a, p) with themselves and with the
Hartree-Fock value of (y) is made in a large region of
neutral atoms. The necessary expectation values (p ' ),
(p ), and (p ) were taken from Ref. 26. The last column
of the table corresponds to the ratio between the best

subject to the conditions

(r ) = f r f(r)dr,
(r~) = f r~f(r)dr,

(8a)

(8b)

X,p being Lagrange multipliers. One finds that

f(r)= —,'(A. r +pr~) .

Since A, and p cannot be both negative or positive,
there only remain two possible cases. For each of these
two cases, the last expression transforms with an ap-
propriate change of scale as the following.

where a and p are arbitrary real numbers and a) p.
Then, we take variations in the form

6 (f ) —kf r f(r)dr —pf r~f(r)dr =0,
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(i) A, &O,p&0

Cr~(a ~—r ~) if 0&r &a
0 otherwise .

(ii) A, )O, p, &0

(9)

equality (5). A similar procedure in the momentum space
gives rise to a similar inequality for ( y ) .

To prove the bounds of type 3 to (p) we start from the
observation

coq = f [p(r)]qdr & [p(0)]q (p)

Cr~(r ~ a~—) if r &a

0 otherwise,f r='
where the parameters C and a are positive for both cases.
These two parameters are to be determined by the restric-
tions (8a) and (8b).

One can easily obtain that

(r ) = a + B((2P+3)/(a —P)+1,2),

(r~) = a +~+ B((2P+3)/(a —P), 2)

for the first case. Then, the expectation value (f, ) turn
out to be as

(f ) =C (a,P)

where Ci is given by (2a) and provided that a & p) ——', .
The last condition assures finiteness of (r ), (r~), and

(f, ).
Operating in a fully analogous way one gets

(f2) =C2(a, p) g —2a —3

for any real q & 2. Here one has also taken into account
that the spherically averaged charge density decreases
monotonically in atomic systems. On the other hand,
one knows ' that for q )3,

(
—2 ) 2q —3

~q —Cq („—i)q —3

where C is given by (6a). Combining the last two ine-
qualities together with the Hoffmann-Ostenhof et al. 's

lower bound to p(0) for atoms and ions,

P(0) & (.-')
one immediately gets the wanted lower bound (6) to (p ) .

Finally, the proof of the bounds of type 4 [Eq. (7)] may
be easily done with the indications given in Sec. III and
further taking into account the inequality

& /(a —P)

p(0) & (a —P)' (P+3)~+3
4~B((p+3)/(a —p), 2) (a+3) +'

X
( a )F3+3

for any real a )P & —3.

with C2 given by (3a) and provided that p & a & ——', .
Now, by means of a procedure carefully discussed in

Ref. 16 one can show that both (f, ) and (f2) are
indeed lower bounds to (p). Then, inequalities (2) and
(3) are proved. Working on a similar manner for the
momentum density y(p), one could show the inequalities
which involve ( y ), (p ), and (p~).

From Eq. (9) one may notice that a=O and P= —1

(among the allowed a and p values) give the closest f,
function to the realistic electronic density. This is the
reason that the inequality (4a) supplies the best lower
bound to (p). A similar reason can be argued to state
that the inequality G (0, —1 ) gives the best bound to ( ) ) .

To prove the bounds of type 2 we start from Holder's
inequality

1/p 1/qfp"+'dr & fp"~dr fp'qdr

where r and s are real numbers and 1/p+1/q =1. By
taking r+s =—', —1/n (where n is an arbitrary real num-

ber bigger than —', ) and choosing rp =2, sq =1,
2n/(n —2)

( ) ) 3/2 —1/n

~(n +2)/2n

Now, for n &2 one can bound from below '
co3/2 ]/n

by means of ( r ' ) and ( r ), thus, obtaining the in-

VII. CONCLUSIONS

Summarizing, several types of lower bounds to the
spherically averaged electron radial density (p ) and
momentum density (y) have been found by means of
any two moments of the corresponding densities in a fully
rigorous way for arbitrary ¹ lectron systems. They al-
low us to settle down rigorous relationships among vari-
ous fundamental and/or measurable quantities of the sys-
tem, e.g. , the diamagnetic susceptibility, the Compton
profile peak height, and the total kinetic energy (or the
total electronic energy due to the virial theorem).

One should remark the bounds of type 1 and especially
the lower bounds F(0, —1) to (p) and G(0, —1) to (y)
because of their better accuracy and their behaviors with
respect to the Hartree-Fock value. Let us only point out
that the bound G(0, —1) has the same periodic behavior
versus Z as the Hartree-Fock value of (y ) throughout
the whole Periodic Table.
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