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A quantum theory of the propagation of a single-mode resonant field through a Kerr-like medium
is given. Numerical studies show the existence of the quantum collapses and revivals in the other-
wise periodic exchange of energy between the field and the atomic oscillator. Approximate analyti-
cal methods are developed to explain the numerical results for the case of weak nonlinearity of the
Kerr medium. For large nonlinearity, the correspondence with the Jaynes-Cummings model is dis-

cussed.

I. INTRODUCTION

This investigation concerns the study of nonclassical
effects! in the propagation of a single-mode field through
a Kerr-like medium?~7 contained in a cavity. The non-
classical effects manifest themselves in several different
ways. The well-known collapses and revivals® ~!? of Rabi
oscillations in a two-level atom interacting with a single
mode of the field are an example of the nonclassical effect
and it arises due to discrete averaging over the initial
photon-number distribution. The detailed nature of the
collapses and revivals depends on the initial state of the
field>!%12 and the nature of the atomic transition.!' For
example, the collapses and revivals in a coherent-state
field are compact and regular for a two-photon transition,
whereas these overlap somewhat for the case of a single-
photon transition. Rempe et al.’ have studied such a
nonclassical effect in a Rydberg atom contained in a
very-high-Q cavity.

In the present work we model the nonlinear medium as
an anharmonic oscillator with quartic anharmonicity in
the rotating-wave approximation. This system is quite
rich in the kind of nonlinear phenomena it can exhibit
and can describe a number of situations.

A Kerr-like medium can be described by an anharmon-
ic oscillator.2~7!3 Various versions of such models have
been studied in the past.*!? For example, Kitagawa and
Yamamoto® studied the behavior of a field b evolving
dynamically under the influence of an effective interac-
tion b 252 and demonstrated the generation of states with
squeezed number fluctuations. Several others®~’ em-
phasized the generation of macroscopic superposition of
coherent states through an effective interaction of the
form (b'6)X, k an integer. These works dealt with an
effective Hamiltonian involving only the photon opera-
tors. Such effective Hamiltonians are applicable only
when the response time of the medium is so fast that the
medium follows the field in an adiabatic manner. In gen-
eral, one has to include both the medium and the field in
the dynamics. Coupled oscillator models have also been
studied in connection with problems such as optical bista-
bility and four-wave mixing.>*

In this paper we deal with a different regime and pre-
dict different kinds of nonclassical nonlinear phenomena.
In Sec. II we present the details of our model. We discuss
the solution under different conditions. In Sec. III and
IV we develop approximate methods for obtaining an
analytical solution for the system’s density matrix at time
t. The approximate solution enables one to understand
qualitatively and quantitatively the numerical results of
Sec. V.

II. QUANTUM-MECHANICAL MODEL
FOR THE PROPAGATION OF LIGHT
THROUGH A KERR MEDIUM

We consider the propagation of a single-mode field of
frequency o through a nonlinear medium. Let b and &'
be the annihilation and creation operators for the field
mode. We model the nonlinear medium by an anharmon-
ic oscillator with frequency w,. Let a and a’ be the an-
nihilation and creation operators for the medium. One
might imagine the nonlinear medium contained in a very
good quality single-mode cavity. The total Hamiltonian
for the system can be written as

H=t%wya'a+#wb'd +#gaa+#xga’'b+bTa), @.1)

where, in obtaining Eq. (2.1), we have made the rotating-
wave approximation. Here g is the anharmonicity pa-
rameter and g is the coupling with the field mode. The
Hamiltonian (2.1) is exactly solvable in the limiting cases
g =0, g#0; g0, ¢q=0. In the absence of the an-
harmonicity there is periodic exchange of energy between
the two oscillators. For example, if the oscillator b is in
coherent state |8) at t =0 and the atomic oscillator is in
the ground state then the energies of the two oscillators
are given by (0 =w,)

(a'a)=sin%(gt|B|?),
(b'b)y=IBI*—(aa) .

Thus the periodic exchange is determined by the coupling
parameter g. If g =0, then the wave function at time ¢
can be written in the closed form as

(2.2)
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(1)) =3 Cln,,n,)exp{ —it[won, +wn, +q(n—n)1}|n,,n,) ,

"a’"b

where the C(n,,n,) determine the initial state

W)= 3 Clng,n,)ln,,n,) .

ng,ny,

(2.4)

If the coupling between the two systems is nonzero, a
closed-form solution can still be obtained in the adiabatic
limit, i.e., when the two oscillators’ frequencies are far
from each other. This is the approximation most often
used in nonlinear optics, for this approximation enables
one to introduce the third-order nonlinear susceptibility
and the effective Hamiltonian in terms of the field vari-
ables alone

H ., ;=%ob b +#yb b2 (2.5)
where the new frequency @ and the coupling constant Y
are related to g and g by

x=q8*/A*, B=w—g% /A, A=w,—ow . (2.6)
Note that y gives the dispersive part of the third-order
nonlinearity of the medium. The effective Hamiltonian
(2.5) is exactly soluble:

W(0))=3Cl(n,)ln,) ,

"

(2.7)

|W(t)) =3 Cln,lexp{ —it[(@n, —x(ni—n,)1}In,) .
np

The effective Hamiltonian (2.5) has been used extensively
in quantum optics.Z“7 However, in what follows, we do
not work with (2.5) but use the full Hamiltonian (2.1).!%13
We expect to see important quantum effects for the fields
close to resonance and when the medium is contained in
a very good cavity.

In order to solve the full Hamiltonian (2.1) we make
use of the conservation law

a’a+b"b=N=const , [H,N]=0, (2.8)
and therefore
(n,N—n|H|m,M —m)=0 if N£M . 2.9

Hence we diagonalize H in the space of the states

|[n,N—n),n=0,1,2,...,N for each value of N,

H|¢(I]V > :ﬁ)‘al\’ |¢aN > ’
N=0,1,2,...,00 ,

a=0,1,2,...,N . (2.10)

The diagonalized states can be written in terms of Fock
states as

N
S deNn, N —n), d¥=(n,N —nli.y) ,

n=0

‘¢aN > =

(2.11)

and the time evolution operator U (t)=exp(—iHt /#) be-
comes
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(2.3)

© N
U= 3 expl—ikon)|on ) {ton! - (2.12)

N=0a=0

Let the atom be initially in the ground state and the
field in an arbitrary state so that the density matrix p of
the system at time ¢z =0 is given by

pl0)= 3 G,,,10,n)€0,m]. (2.13)
m,n =0
The density matrix at time ¢ then becomes
o0 m n
plt)= 2 2 ZGn,mlwan)<¢Bm|
m,n=0pB=0a=0

Xexp[ —i(Ay, —Agm)t]
X AW, 10,7 Y0, m |, ) . (2.14)

The result (2.14) is especially simple if the field is ini-
tially in the Fock state |N ); then

N
P(t)= 2 |¢aN)<l/J3N|CXp[—it(KaN—KﬁN)]

a,B=0
Xy 0, N YO, Nthgy ) .

If, on the other hand, the atom is in one of the excited
states |N) and the field is in the ground state then the
density matrix at time ¢ is given by (2.15) with
|0,N)—|N,0). The density matrix has a more complex
form for the initial coherent state |8) of the field, in
which case

G,,, =B"B*"exp(—|BI%)/Vnim! .

(2.15)

(2.16)

The statistical features of the field can be obtained
from (2.14). The quantities of special interest are the
mean intensity of the field, I(1)={b'b), the second-
order intensity correlation function

eP(=(b™2y—(bb)2) /(b )?, 2.17)
and the parameter Q,
0=({b™p2)—(b'b)?) /(b)) . (2.18)

The negative values of Q give a measure of the sub-
Poissonian statistics of the field.

III. APPROXIMATE ANALYTICAL SOLUTIONS

Before we discuss exact numerical results, we present a
method that enables one to obtain approximate results in
closed form. These approximate results are valid for the
case of weak nonlinearity and shed considerable light on
the quantum behavior of the field in a nonlinear Kerr
medium.

We introduce a transformation that diagonalizes the
quadratic part of the interaction. Introducing the new
Boson operators 4 and B defined by
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A=(a+b)/V2, B=ila—b)/V2,

3.1
[4,4"1=[B,B"]=[4,B]=0,
the Hamiltonian (2.1) transforms into
H=#%oN+g#(A'A—B'B)+#g(3N2—2N)/8
—#g(ATA—B'B)?/8+H', 3.2)

where N=a'a+b6" and the part H' contains non-
resonant terms,

H'=—#g[2i(A2 4B+ A'B'B>—H.c.)

+(A™B2+H.c.)]. (3.3)

The terms H' are nonresonant in the sense that these os-
cillate at least at the frequency 2g. In what follows we
make the secular approximation and drop the non-
resonant terms H'. We thus work with the Hamiltonian
H

H,=#wN +#g[(3N*—2N)—(A"4—B'B)*1/8
+#g(AT4—B'B) . (3.4)

Introducing the Fock states ||p,q )) of the operators 47 4
and BTB, one clearly has

H||p,N—p»=#QMN,p)||p,N—p) , (3.5)

S wm"/VatmD|n,m =3 {[(u—iv)P(u+iv)]/[(p'g2? 9?1} |p,q) .
m,n =0

pq=0

where
Q(N,p)=wN +q[(3N?—2N)—(2p—N)?*1/8
+g(2p—N) . (3.6)

Thus the time evolution can be studied if we can relate
the Fock states associated with a*a, b'b and 4 TA, B'B.
Such a relation can be obtained by the defining relations
(3.1).

Consider the generator

G(a,B)=explaa’+Bb)[0,0)
= (a"B"/Vn!m!)|n,m) , (3.7

m,n =0

for the state |n,m ). Similarly the generator for the states
ln,m ) can be written as

G(u,v)=exp(ud’+vB")|0,0))
= § (u™™/VnimY)|n,m) .

m,n =0

On using (3.1) and the fact that ||0,0))=[0,0), (3.8)
reduces to

G(u,v)=exp{[ula’+b")—iv(a’=b")]/v2}0,0)
=G((u —iv)/V2,(u+iv)/V2) .

(3.8)

(3.9)
Writing in full, we get from (3.9)

(3.10)

Thus, on comparing the coefficients of the monomial v " on the two sides we get the desired relation

N m
A, N—nN=2""23 3 ([(=DV "V (N—n)nVpIN—pN]/[(m —pN—mMp—m~+n)im—n)]}

m=np=m-—n

X|p,N—p) .

(3.11)

The relation (3.9) shows that the coherent states |a,3) of @ and b and ||a,3)) of A and B are simply related

|, B =exp[ —(|a|*+|BI*/21G (e, B)

=exp[—(|la|*+|B*)/21G((a—iB) /V2,(a+iB)/V?2)

=exp{—[lal>*+ |82+ (a—iB) /V212+|(a+iB) /V2121/2} [(a—iB) /V2,(a+iB)/V2) ,

ie.,

le,BN =l(a—iB)/V2,(a+iB)/V2)) .

(3.12)

(3.13)

We next present an explicit expression for the wave function at time ¢. Let the system be initially in the coherent
state |@,B). The state at time ¢ can be calculated approximately using the Hamiltonian H; and the relation (3.13) be-

tween the coherent states of a,b and 4, B:
[¢(2)) ~exp(—iH,t /#)|a,B)
=exp(—iHt /H)||(a+B)/V2,i(a—B)/V2))

© N —_—
=exp[ —(la|*+1B817)/21 3 3 (exp(—iHt /B){(a+PBV[i(a—B) " P} /[2Y>VDPUN —p!])|p,N —p ) ,

N=0p=0

(3.14)
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which, on using (3.5), reduces to

[9(2)) =exp[ —(lal*+1BI*) /2] 2 ZCXP["—IQ N,p)t]{(a+BYlila=B)" 7} /[2YVp V(N —p)!

N=0p=0
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—pNllp,N—p» .

(3.15)

This is our key result. All the quantum statistical features can be evaluated using (3.15). The mean number of photons

at time ¢ is given by the following compact expression:

(b'b)y=

|B1%{1+cos(2gt Jexp[ —2|B|%sin*(gt /4)]} /2 , a=0.

(3.16)

If initially the field is in a more general state characterized by the P function P(f3), i.e., if

p(0)=[P(BIB){Bld*B,

(3.17)

then the mean number of photons can be obtained by averaging (3.16) with respect to P(3),

(b'6)=1 [d*BP(B)

Thus, for the initial Fock state |N ) of the field, (3.18) leads to
(b’ ) =1{N+cos(2g1){N|b":exp[ —2b"b sin*(gt /4)1:b|N )} ,

where :
(b'h)=(N/2){1+cos(2gt)[cos(gt /2)]V '} .
For the chaotic state of the field P(B)=exp(—
(b'b)=(7/2){1+cos(2gt)[1+27 sin®(qt /4)] "%} .

IBI?[ 1+ cos(2gt Jexp[ —2|B|%sin*(gt /4)]} .

(3.18)

(3.19)

: denotes the normal ordering of b and b'. On simplification, (3.19) reduces to

(3.20)

|B|?/7) /7A. The mean number of photons is then found to be given by

(3.21

The effect of the initial photon statistics on the dynamical evolution is obvious from Egs. (3.16), (3.20), and (3.21).
Next, we examine the state (3.15) at certain special times. We assume the atom to be initially in the ground state,

a=0, so that Eq. (3.15) becomes

l9(6)) =exp(—|BI*/2) 3, (B*/2) Nﬂz[(~zN “P/(VpIW(N —p)
N=0

pP=

For gt =4nm, n =integer, (3.22) reduces to
l9(2)) =||+Bexp(—igt)/V'2; FiBexpligt)/V2))) ,

(3.23)
where the upper (lower) sign is for n even (odd). On using
(3.13), (3.23) reduces to

l9(1)) =|Fiv2Bsin(gt), £ V2B cos(gt)) . (3.24)

We thus have the remarkable result that the state of the
field at the times g =4n 1 is a coherent state with the am-
plitude depending on cos(4n7g /q).

The approximate analytical results of this section de-
scribe the system dynamics adequately for very weak
nonlinearities. In Sec. IV we give an improved approxi-
mate analytical solution which has a wider range of appli-
cability.

IV. AN IMPROVED APPROXIMATE ANALYTICAL
SOLUTION

In this section we present an alternative way of obtain-
ing a closed-form solution of the Schrodinger equation
corresponding to the Hamiltonian (2.1) in the limit of
weak anharmonicity. A closed-formed solution is ob-
tained for an initial number state of the field and that of

M lexp[ —iQUN,p)t]|lp,N—p N . (3.22)

the atom. This solution has a wider range of applicability
than that of Sec. III. However, the method of this sec-
tion does not give a tractable closed-form solution for an
initial superposed state of the field or that of the atom un-
less further approximations are made in which case we
recover the results of Sec. III.

We define the angular momentum operators

Jo=a'b, J_=bla, J,=(a'a—b"p)/2, 4.1)
and rewrite the Hamiltonian (2.1) as
H=#[2gJ, +q(N—1)J,+qJ?], (4.2)

where we have dropped the unperturbed terms and set
wo=w. Note that N= a'a +b7b is a constant of motion
and

JP=Jr4+J+HII=N(N/2+1)/2

is the total angular momentum operator. For the sake of
convenience we define a new set of angular momentum
operators obtained by rotation around the y axis:

R, =cos(0)J, +sin(0)J, ,
(4.3)
R, =—isin(@)J, +icos(6)J,+J,

where
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cos(0)=2g /[4g>+q* N —1)?]'/% . (4.4)

In terms of the R operators, the Hamiltonian (4.2) reads

H=H,+H, (4.5)
where
H,=7{2g sec(0)R,+q[cos*(8) R . R_+R_R,)/4
+sin%(0)R?2]} ,
4.6)

H,=q#[—cos¥0)R?% +R%)/4
+cos(0)sin(0)(R, R, +R,R,)] .

Clearly H, is diagonal in the representation consisting of
the eigenvectors |N,m ) of R, and

R*=R2Z+R}+R],
[R,IN,m)=(N/2—m)IN,m), 0<m <N1],

whereas H, connects the off-diagonal elements. In the
secular approximation we neglect the off-diagonal terms
in the Hamiltonian. If v is the typical frequency scale as-
sociated with H,, then the corrections due to the non-
resonant terms are of the order of

[gN cos*(0)/v]*, [gN cos(8)sin(6)/v]?,

C,,=[(N—m)m!]7V2{(—i)"[1—sin(8)]'Y ~™/2[1+sin(6)]""?} .
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etc., which are of the order of (gN /v)? if 0 is small, i.e., if
2g >>¢gN. For small 6 we recover the results of Sec. III.
Clearly, the present approximate results have wider range
of applicability. In secular approximation the wave func-
tion |¢(2)) of the system is given by

[(t ) =exp(—iHyt /#)|(0)) . 4.7)

To evaluate |4(t)) by using Eq. (4.7), we expand the ini-
tial state in terms of the states |N,m ):

[$(0))=3C,, IN,m), (4.8)
so that
[¥(t)) =exp[ —iqt cos®(O)N (N /2+1)/2]
X3 C,explia,,t)|N,m) ,
" 4.9)

a,, =—2g sec(6)(N/2—m)
—g[1—3cos(0)/2)(N/2—m)* .

If, initially, the atom is in its ground state and the field is
in the Fock state of N photons, then J_[#(0))=0. By
operating with J_ on both sides of Eq. (4.8) and express-
ing J_ in terms of the R operators defined in Eq. (4.3), it
is straightforward to show that the coefficients C,, are
given by

(4.10)

The mean number of photons in the field can be evaluated by using Eq. (4.9):

(b)) y=(N/2)[—sin(6)(R, ) —cos(6){R,) ],

where

N
(R,)=3 [C,|A(N/2)—m)],

=0

4.11)

(4.12)

N N
(R,)=3 Cp_C,Vm(N—m —Dexp[—ila,_—a,)t]— 3 Cp 1C,Vm(N—m+1lexp[—ila, ;—a,)].
m=0 =

Now, using Eqgs. (4.10)—(4.13) it can be shown that
("0 ) y=N(1—cos(0){1—r" ~1(t)cos[ (N — 1)¢(¢)

—TIt]}/2),
(4.14)
where
r(t)=[1—cos*(8)sin*(At)]'/?,
#(t)=tan " '[sin(O)tan(As)] ,
(4.15)

A=q[1—3cos?(8)/2],
I"'=2g secO .

m=0

(4.13)

f

The period of revival of the oscillations is 7 /A. If, initial-
ly, the field is in an arbitrary state given by Eq. (2.13)
then

(b'b)= i Gy {b'b)y , (4.16)
N=0

where (b'b ) is given by Eq. (4.14). Because of compli-
cated IV dependence of ¢(t), etc. in Eq. (4.14) it is not easy
to obtain a closed-form expression for the series in Eq.
(4.16). For (gN/2g)<<1, ¢(t)=0, in which case Eqgs.
(4.16) and (4.14) reduce to Egs. (3.16) and (3.20), respec-
tively.
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V. NUMERICAL RESULTS AND THE SPECIFIC
QUANTUM FEATURES OF THE FIELD

In this section we present numerical results for the
dynamical behavior of the photon field for a range of
values of the anharmonicity parameter g.

A. Weak nonlinearity

The numerical results in the case of weak nonlinearity,
q /g =0.01, are shown in Figs. 1 and 2. Figure 1 (2) gives
the mean photon number (b'b) as a function of time gt
when the field is initially in a Fock (coherent) state and
the atomic oscillator is in the ground state. These results
are to be compared with (2.2) obtained by setting g =0.
From Figs. 1 and 2 we observe that there is a collapse
and revival of the periodic exchange of energy between
the atomic and the field oscillators. The collapse and re-
vival of oscillations occurs even when the field is initially
in a Fock state. This is in contrast with what happens in
the Jaynes-Cummings model of a two-level atom interact-
ing with the field in the Fock state. Thus the propagation
of light through an optical fiber can result in new
features. The collapses and revivals can be understood in
terms of the approximate analytic results obtained in Sec.
III. These are determined by the envelope functions in
Egs. (3.20) and (3.16). The envelope function for the ini-
tial Fock state is

[cos(gt /2)]V !

and for the coherent state is
exp[ —2|B|%in’(gt /4)].
Thus it is clear that the time for the maximum of the first

revival in the two cases is determined by gt =27 and 4,
respectively. These times agree fairly well with the nu-

10

ARAAA
WV

500 550 600 650 700 750
gt
FIG. 1. Mean photon number (b'b) as a function of gt for
the atom initially in the ground state and the field in the Fock
state |N =10). The anharmonicity parameter is ¢q/g=0.01.
The lower curve is the first revival of oscillations.

G.S. AGARWAL AND R. R. PURI 39

(@}

1160 1240 1320 1400

gt

FIG. 2. Same as Fig. 1, but for the field initially in the
coherent state [3=V'5).

o T
1000 1080

merical results. For an input coherent field, the revivals
occur on a longer time scale. It is also evident that the
collapses will be sharper with increasing initial excitation
in the field determined in the two cases by the parameters
N and |B|%. From the foregoing it is quite clear that the
detailed behavior of the collapses and revivals is sensitive
to the input photon statistics.

The numerical results plotted in Fig. 1 for an initial
Fock state and weak nonlinearity, g /g =0.01. are in very
good quantitative agreement with the approximate
analytical results (3.20). However, for an initial coherent
state of the field, although the time of revival is given
quite accurately by the approximate analytic results of
Sec. III [Eq. (3.16)], the detailed behavior of the oscilla-
tions in the revival in Fig. 2 is clearly at variance with
Eq. (3.16). For instance, the maximum of the revival in
Fig. 2 does not attain the value | 8% which is in contrast
with Eq. (3.16). The numerically plotted Fig. 2 can, how-
ever, be reproduced very closely by working with the im-
proved approximation scheme presented in Sec. IV. In
the improved approximation it is possible to obtain a
closed-form expression for (b'h) if the atom and the
field are initially in number state [see Eq. (4.14)]. For an
initial coherent state of the field, {5's ) is obtained by
numerically summing the series in Eq. (4.16).

In Fig. 3 we have plotted the numerical results to show
the collapse and revival phenomenon for a larger value of
q /g =0.05 in the presence of an initial Fock state of the
field. For this value of g the time of revival calculated
from the approximate results of Sec. III [Eq. (3.20)] is evi-
dently different from the numerical calculations. Howev-
er, Fig. 3 agrees very well with the results of the im-
proved approximation, Eq. (4.14). Similarly, in Fig. 4, we
have presented the results of numerical calculations for
an initial coherent-state field for ¢ /g =0.05. In this case,
the behavior of (b'b ) is even qualitatively different from
the approximate equation (3.16). This behavior is, how-
ever, in very good agreement with the improved approxi-
mation, Eq. (4.16).
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.0

+
<pbb>
5

o

“0 50 160 150 200 250
gt
FIG. 3. Mean photon number {b'b) as a function of gr for
the atom initially in the ground state and the field in the Fock
state [N =10). The anharmonicity parameter is g /g =0.05.

B. Large nonlinearity

In Fig. 5 we exhibit the dynamical behavior of the
mean number of photons for the field initially in the Fock
state and for large values of g (g /g =5,10). Surprisingly,
for q/g =10, there is no collapse and revival of the
periodic exchange of energy between the two oscillators.
This is in contrast with what we find in the case of weak
nonlinearity. This behavior can, however, be understood
by examining the eigenstates and eigenvalues of the un-

perturbed Hamiltonian
Hy=%w(a'a+b'b)+#ga?a® (5.1)

It should be borne in mind that a '@ +b b is a constant of
motion. Thus the transitions occur between the states

[¥9)=I0,N),|1,N—1),[2,N—2),...,|N,0) . (5.2)

The energies of these states are

A
o ©
to S T T T T )
v 60 120 180 240 300
s}
-
~
o
o : : ,
300 360 420 480 540 600

gt

FIG. 4. Same as_Fig. 3, but for the field initially in the
coherent state |[3=V'5).
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10

9

8.0

T T T T

® .
0 5 10 gt 15 20 25

FIG. 5. Mean photon number (b'b) as a function of gt for
the atom initially in the ground state and the field in the Fock
state [N =10). The upper curve is for the anharmonicity pa-
rameter q /g =5.0, whereas the lower curve is for g /g =10.0.

E,=%wN,foN,foN +2fq, . .., fioN +#AigN (N —1).

(5.3)

Note that for g >>g the resonant transitions with fre-
quency  are possible only between |0, N ) and |[I,N —1).
Thus, for large nonlinearity and for the atom initially in
the ground state, the system is equivalent to a two-level
system with states |0, N ) and |1,N —1) with an interac-
tion matrix element g /V'N. This explains the behavior
for g /g =10 shown in Fig. 5. For g /g =S5, the next level
|2, N —2) also contributes to the dynamics of the system,
giving rise to the appearance of another Rabi frequency.
It should be noted that the collapse and revival
phenomenon will occur for the initial states of the field
other than the Fock state. In Fig. 6 we show the behav-

0 10 20 gt 30 40 50

FIG. 6. Same as Fig. 5, but for the field initially in the
coherent state |[3=V'5).
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o

0 20 40 4t 60 80 100

FIG. 7. Mean photon number (b'b) as a function of gt for
the atom initially in the ground state and the field in the Fock
state [N =10). The anharmonicity parameter is ¢ /g =0.5 for
the upper curve and 1.0 for the lower curve.

ior of (b'b) for q/g=5,10 in the presence of the
coherent-state field. The evolution of {b'b ) for /g =10
in the presence of the coherent field appears to be
different from that of a two-level atom (see Ref. 10). This
is because in the case of an anharmonic oscillator there is
some contribution to the dynamics of the system due to
the transitions to the other levels in a coherent field.
These additional transitions are caused by the states of
smaller photon numbers occurring in the expansion of a
coherent state in terms of the number states. Note that
for the states of smaller number of photons the other lev-
els cannot be considered as off resonant.

C. Intermediate values of ¢

In the case of an intermediate value of g, no analytic
results are available. The numerical results are shown in
Fig. 7 (for an initial Fock state) and Fig. 8 (for an initial

.0

<gb>

0 20 40 gt GO 80 100

FIG. 8. Same as Fig. 7 but for the field initially in the
coherent state [3=V5).

o

0 5 10 gt 15 20 25

FIG. 9. Mean photon number (b_Tb) as a function of gt for
the field in the coherent state [8=V'5) and the atom also in the
coherent state |@=V'5). The anharmonicity parameter is
q /g =0.5 for the upper curve and 1.0 for the lower curve.

coherent state). The comparison of these two figures
shows that the initial photon statistics leads to important
differences in the nature of the phenomenon of collapses
and revivals. In the case of an initial coherent state of
the field the collapses and revivals are much more irregu-
lar as compared with those in the case of a Fock-state
field. An interesting case of both the oscillators initially
in a coherent state is shown in Fig. 9 although it is not
clear how to prepare the atomic nonlinear oscillator in a
coherent-excitation mode.

We next discuss the changes in the statistical features
of the field as it propagates through an optical fiber. In
the dispersive limit, Kitagawa and Yamamoto® have
shown how the field acquires a very strong sub-
Poissonian character. In Fig. 10 we have plotted Q(¢)
[Eq. (2.18)] as a function of time for two intermediate
values of ¢/g=0.5 and 1. Q(#)<0 implies sub-

w

A

-.5 0

Q)

)

‘0 2 4 gt 6 8 10

FIG. 10. Q(t) as a function of gt for the atom initially in the
ground state and the field in the coherent state [3=V'5). The
upper curve is for the anharmonicity parameters g/g=0.5,
whereas the lower curve is for ¢ /g =1.0.
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Poissonian photon-number distribution or antibunching.
From the figure it is seen that there is a small amount of
antibunching for very early times. There is no significant
antibunching even for weaker or stronger anharmonici-
ties.

Thus, in conclusion, we have shown how the propaga-
tion characteristics of a resonant field through a Kerr-
like medium are influenced by the quantum nature!® of
the field and by the photon statistics. The nonlinearities
of the medium lead to collapses and revivals in the other-
wise periodic behavior of the energy exchange between
the medium and the field. We have also shown the sub-
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Poissonian nature of the field. Our results differ
significantly from those obtained from the considerations
involving adiabatic elimination of the atomic degrees of
freedom.
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