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Quasiperiodic transition to spatiotemporal chaos in weakly ionized magnetoplasmas
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The transition to temporal and then spatiotemporal chaos in a weakly ionized magnetoplasma
system which supports nonlinear ffute-type ionization-drift waves was studied. The system is simi-

lar to a reaction-diffusion system with additional drift-induced transverse spatial coupling. It fol-
lows a complex quasiperiodic route with strong nonlinear mode-mode competition, a narrow
frequency-locking interval, and an unstable third independent frequency to temporal chaos. At the
onset of the spatial chaos, the discrete spatiotemporal modes decrease down to the noise ffoor, the
temporal correlation reduces more than ten times, and the correlation dimension jumps from less
than 8 to greater than 12.

I. INTRODUCTION

Drift waves exist in various collisional and collisionless
magnetoplasma systems such as Penning discharges, Q
machines tokamaks, magnetron discharges, etc. '

They have been of fundamental interest in the traditional
study of turbulence and anomalous transport in plasmas.
The magnetoplasrna is a nonlinear continuous dissipative
system with many degrees of freedom and additional spa-
tial coupling induced by the Lorentz-force and spatial in-
homogeneity. Along with the recent intense researches
of order and chaos in many nonlinear physical systems,
the drift-wave system becomes an interesting subject for
testing the universal characteristics of chaos such as the
low-dimensional behavior and certain routes to chaos
which have been found in other nonlinear systems, e.g. ,
reaction-diffusion systems, hydrodynamic systems, solid-
state plasmas, nonlinear optics, etc. ' It also makes
possible the study of the transition to spatial chaos and
the spatiotemporal relationship which has not been fully
explored in other nonlinear physical systems. In recent
computer simulations, dift'erent routes to chaos (Hopf bi-
furcation sequence and Feigenbaum period doubling)
were found by Biskamp and Kaifen' and Terry and Hor-
ton for drift-wave systems. However, to the authors'
knowledge, no detailed experimental study of the chaotic
behavior for drift-wave systems has been carried out, in

particular, for a weakly ionized magnetoplasma in which
an additional ionization process plays a role similar to the
reaction process in a chemical system. This paper6 —9

presents the experimental study of the nonlinear phenom-
ena and transition to temporal and then two-dimensional
spatial chaos in a weakly ionized rf rnagnetron system
which supports large-amplitude nonlinear ionization-type
drift waves. A complex quasiperiodic transition to tem-
poral and then spatiotemporal chaos was observed, with
nonlinear competition between two resonance modes and
a narrow frequency-locking interval. The unstable re-

gime in the parameter space, the correlation dimensions
of the attractors, and the spatial and temporal correlation
of the chaotic fluctuations were investigated.

The fundamental principle of the nonlinear drift waves

Bn, /Bt =D,,~V, V „n, l'„~ V, (n, V ~—p)+Zn, ,
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(4)

where n, is the electron density, V&
——8/Bx&, P is the

space-charge potential, r is the ratio of the electron-
neutral collisional frequency v„o to the electron gyrofre-
quency co„, T, is the electron temperature, and Zn, , is the
source term due to electron-impact ionization. Other
conservation equations of momentum and energy also
have similar structure for the spatiotemporal coupling.
Along with the Poisson equation, they form a set of cou-
pled nonlinear partial differential equations which deter-
mine the spatiotemporal evolution of the system. Gen-
erally, the electron-impact ionization is similar to a reac-
tion process which enhances the temporal density fluc-

in a weakly ionized (&1%) low-pressure ( —10 mTorr)
magnetoplasma (8 —100 G) can be found elsewhere.
The discharge for the experiment is sustained in a cylin-
drical magnetron system by stationary rf input power. It
supports a strong electron-density gradient and electric
field adjacent to the system boundary. Electron motion
can be affected by the moderate magnetic field due to its
small mass. Ions only respond to the low-frequency den-
sity gradient and space-charge field. The electron E XB
and diamagnetic drifts due to the coupling between the
Lorentz force and spatial nonuniformities cause charge
separation, and in turn drive the well-known drift waves
propagating normal to the magnetic field. The ionization
rate is proportional to the local electron density. The
ionization process in the partially ionized discharge fur-
ther provides a positive feedback to enhance the density
fluctuation.

Neglecting charge-charge collision and volume recom-
bination in the low-density plasma, the continuity equa-
tion of electron density follows:
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those sharply peaked modes through the nonlinear in-
teraction processes. The fine splittings eventually merge
together due to the broadening by nonlinear interaction
and dissipation at high V„f.

For V„f & 0.20 V, the signals from the two probes
separated 12' azimuthally almost have the same structure
[Figs. 3, 4, and 5(a)]. Figure 6 shows the cross correla-
tion

between the signals from the two probes located at r, and
r . Their spatial coherence C,„[here it is defined as the
maximum value of Cz„(T)] remains about 0.94+0.02
(Figs. 6 and 8) with coherence time greater than 50 psec
for V„f &0.20 V. The fluctuations propagate against the
electron diamagnetic drift direction with velocity
(-0.5X10 cm/sec) about the same as the electron di-
amagnetic drift velocity. At V„r——0.21 V [Fig. 5(b)], we
see the onset of the spatial chaos. The spatial coherence
between the above two probes drops down to 0.7 (corre-
sponding to the spatial coherence length & 1.5 cm) and
the fluctuations reverse their propagating direction. It is
hard to identify the corresponding high-frequency fluc-
tuations for signals taken from two probes separated 30'.
At the onset of spatial chaos [V„r——0.21 V, Fig. 5(b)],
those equally spaced high-frequency spikes which are
10—15 dB higher than the continuous background in the
power spectrum at V„r——0.20 V [Fig. 5(c)] become indis-
tinguishable; the power spectrum basically shows two
broadband noisy bumps and a typical turbulentlike high-
frequency tail with power strength S(f) cc f " [n =5.5
for Fig. 5(b)]. These two bumps gradually merge together
and the system becomes fully turbulent when we further
increase the rf power [Fig. 5(c)]. The coherent time of
the fluctuations drops from greater than 50 @sec to a few

microseconds at the onset of the spatial chaos (Fig. 6).
Similar to the previous experiment, ' the fluctuation still
has excellent spatial coherence along the magnetic field.
The spatial chaos is only two dimensional and inhomo-
geneous in the plane normal to the magnetic field.

Figure 7 shows the phase portraits and Poincare sec-
tions constructed from the delayed-time series I ( t, ) at
different V„,. l(t;+ T) versus I(t, ) with T=0.625&&10
sec was plotted for the phase portraits. The Poincare sec-
tions were cut along 135 and magnified 2.5 times from
the phase portraits. Figure 7(b) shows the torus starts to
collapse due to the nonlinear competition. For the case
of frequency ratio locking [Fig. 7(c)], the trajectories con-
centrate in many fixed regions. The trajectories become
more spread out as the system becomes more chaotic. It
should be pointed out that the two opposite Poincare sec-
tions (cut along 45' and 135') are still distinguishable at
V„f ——0.20 V; the onset of spatial chaos causes the mixing
of the two opposite Poincare sections.

The correlation dimension d of the attractor is mea-
sured according to the correlation method suggested by
Grassberger and Procaccia, ' based on the idea that the
averaged number of points N(r) in a ball of radius r
scales with the dimension d, N(r) ~ r", in an m-

dimensional inbedded phase space constructed by n

equally sampled time series with interval T. The details
have been described elsewhere. Similar to the previous
experiment, n and T are properly chosen and tested such
that d saturates with n and T. We got very good conver-
gence of d using 1000 points and T =0 5 )& 10 sec
(1/Tf, —5 and 1/Tf2 —80) for the temporal chaos. d
increases slowly with V„f to 7.6 before the loss of spatial
coherence (Fig. 8), except that in the regular windows it
drops back to equal or less than 2. The results are very
reproducible and the error bar is less than 5%%uo. The onset
of the spatial chaos causes the slowdown of the saturation
of d as m increases, and a jump of d to greater than 12.
For example, d increases fast to 10 at m =40 and then
slowly increases to 12 at m =80 for V„&

——0.21 V. In con-
trast to a random noise system which usually needs large
n for the convergence of d, d converges well in terms of
the number of data points n (for n & 500) for the tur-
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FIG. 7. Phase portraits I(t + T) vs I(t) and the Poincare sec-
tions of the attractors at different V„f, where T =0.625 @sec and
the Poincare sections are cut along 135 .
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bulent states in our system. Although there have been
some doubts about the significance of the correlation di-
mension under large inbedding dimension and small n,
our measurement at least gives a lower bound of d at the
onset of spatial chaos. The behavior of the spatial chaos
and its correlation dimension are consistent with our pre-
vious experimental results in the oval magnetron and are
discussed elsewhere. '

Our system is similar to a chemical-reaction —diffusion
(CRD) system described by the time-dependent Landau-
Ginzberg equation, ' but with additional drift-induced
transport for the transverse spatial coupling. A quasi-
periodic transition with a frequency-locking window to
chaos has been observed in CRD systems. ' The obser-
vation of the two incommensurate modes, nonlinear in-
teraction, frequency locking, and the intimate connection
between the appearance of the third discrete frequency
and the broadband noise in our system give another ex-
ample of the quasiperiodic picture in spite of the extra
transverse spatial coupling. '' '' A similar quasiperiodic
route to chaos was also observed in the computer simula-
tion by Biskamp and Kaifen for a drift-wave system using
a model of three-wave interaction and ten independent
dynamical variable truncations, in which the system also
encounters two different 2-tori as the control parameter
varies. This is in contrast to the period doubling route
realized in the simulation using a low-order (four in-
dependent variables) dynamical system by Terry and
Horton for drift waves. Our chaos also exhibits hys-
teresis behavior in certain regions of V„f, which was not
predicted by Biskamp and Keifen. ' Similar to other non-
linear systems, nonlinear frequency locking and Arnold
tongue structure were observed in our recent experiment,
when our system was driven by a probe with external
sinusoidal voltage. The details of hysteresis and non-
linear frequency locking will be reported shortly.

Our system is a continuous system which potentially
has an infinite number of degrees of freedom. The small

correlation dimension before the onset of the spatial
chaos manifests that only a small number of relevent de-
grees of freedom are excited and has also been observed
in other systems. In the absence of strong nonlinear11 —13

interaction, the wave numbers of these spatially coherent
modes must be quantized and commensurate under the
cylindrical boundary condition. The incommensurate
frequencies of the quasiperiodic modes are allowed by the
slightly nonlinear dispersion relation observed by corn-
paring the phase difference of the spectra from two adja-
cent probes. As a stationary open system, the levels of
excitation, nonlinear interaction, and dissipation all in-
crease with rf power. Under large V„t-, the strong non-
linear interaction and dissipation drastically change the
lifetime of the discrete modes and relax the constraint on
wave numbers set up by the boundary condition. More
degrees of freedom can be excited. These are evidenced
by the sudden jump of the correlation dimension and the
reduction of the temporal and spatial coherence at the
onset of spatial chaos. The observation of the suppres-
sion of the discrete modes, and the rising and broadening
of the continuous background in the power spectra also
give good support. Similar behavior of the jump of the
correlation dimension at the onset of spatial chaos has
also been observed in the electron-hole solid-state plasma
and the channel How turbulence. '

IV. CONCLUSION

We have observed a complex quasiperiodic transition
to temporal and then two-dimensional spatial chaos in
our weakly ionized magnetoplasma system as we varied
the rf power. Our system is a nonlinear continuous dissi-
pative system and combines the nature of the chemical-
reaction —diffusion system and the drift system. Its dy-
namics can be described by a complicated set of
reaction-diffusion-type partial differential equations with
off-diagonal transport terms. Electron drift provides
nondissipative rotational transverse spatial coupling in
addition to the collisional dissipative transport. The ob-
servation of the low-dimensional attractor, quasiperiodic
transition to temporal chaos, strong nonlinear mode-
mode competition, a very narrow frequency-locking win-
dow with low noise, and the third unstable mode manifest
that the universal characteristics of chaotic systems are
followed in spite of the additional transverse spatial cou-
pling and the complexity of the discharge system. Under
large rf power, the excitation, strong nonlinear interac-
tion, and dissipation significantly reduce the spatiotem-
poral coherence, allow a large jump of the correlation di-
mension, and lead the system to turbulence.
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