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We investigate the effects of pollution on a population that is on the brink of extinction. In the
vicinity of the associated critical point, the temporal scales of the population density fluctuations
are found to be completely governed by the diffusive behavior of the pollution density fluctuations.
Moreover, the mean value of the population density is found to vanish with a larger power-law ex-

ponent in the presence of pollution density fluctuations.

Results are obtained within a

renormalization-group calculation to O (€) (e=4—d, d being the spatial dimension).

I. INTRODUCTION

The study of ecological problems has become a major
research area of all natural sciences within the past de-
cades. Of decisive importance is the understanding of
ecological catastrophies, i.e., situations where, for exam-
ple, a given species becomes extinct.! Such events, which
in many cases can be described in terms of continuous
phase transitions’”* in the modern theory of statistical
mechanics exhibit a remarkable feature. In the vicinity
of such a critical point a system may be described by one
single diverging length scale. It is this length scale which
characterizes the large scale properties of a macroscopic
system. The behavior of physical quantities near a criti-
cal point can be successfully explored using renormaliza-
tion-group (RG) ideas. Among a variety of techniques
based upon these ideas, the powerful € expansion pro-
vides one of the most reliable methods to determine criti-
cal properties. It allows the analytic calculation of
universal features by means of a systematic expansion in
powers of e=d_ —d around the upper critical dimension
d,.
It is the purpose of this article to analyze within a RG
approach a most important problem in ecology: the
effects of pollution on a population which is on the brink
of extinction. Before presenting any details of the model
to be studied, we stress the following point.

There are, in general, two strategies available for an in-
vestigation of the above question: either one starts from
a microscopic model which contains very specific as-
sumptions, or one starts from a phenomenological
description which contains the more global aspects of a
system. In the first case, the resulting model may not be
accessible to analytic treatment and therefore may re-
quire extensive numerical work, in particular if one is in-
terested in systems with a large number of degrees of
freedom. Moreover, the results may depend very
specifically on the values and the types of input parame-
ters, and a generalization may not be easy to achieve.
Nevertheless this strategy must be followed if one is in-
terested in quantitative results for stable ecological sys-
tems. On the other hand, the second strategy can be used
with great success in the case of systems which are “un-
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stable” in the sense that they are close to criticality. The
modern theory of critical phenomena allows one to start
from a microscopic model and to extract all the features
which are important for the critical behavior. In this
way, simple phenomenological theories can be construct-
ed for the quantitative determination of critical proper-
ties. This enormous simplification results from the fact
that in the vicinity of a continuous phase transition, the
behavior of the system is dominated by its long-
wavelength, large-time-scale fluctuations. Thus it is in-
dependent of microscopic details. This is known as
“universality” in RG theory. It allows the analysis of
macroscopic properties for whole classes of systems. Ac-
cording to universality the relevant characteristics which
lead to different macroscopic properties are determined
by a few global features like, e.g., the spatial dimension,
the range of the interaction (short or long range), and the
number of species.

To be more specific, let us consider a model consisting
of a population density n(x,7) and a pollution density
c(x,t). The population dynamics is assumed to contain
the following ingredients.! (a) Members of a species are
generated and annihilated, with both the production and
annihilation rates being functions of the population den-
sity. In addition the production and annihilation rates
can be affected by the pollution density. (b) Members of a
species can diffuse in a d-dimensional space. (c) There is
an absorbing stationary state, so that the population den-
sity cannot evolve again, once it has become extinct.

The polluting substance is characterized by the proper-
ties. (i) Its motion is purely diffusive. (ii) Its total amount
is kept constant, thus no poison can be annihilated or
produced in its interaction with the species.

The description in terms of densities can be understood
in the spirit of the remarks made above. We consider a
coarse-graining procedure where a large number of mi-
croscopic degrees of freedom are averaged out. These
will be modeled as Gaussian noise terms in Langevin
equations.

Despite its simplicity the model described here reveals
some very interesting features. In the vicinity of the
point where the population density becomes extinct, both
spatial and temporal scales of its fluctuations become
significantly affected by the fluctuations of the pollution
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density. In particular, the temporal scales are completely
governed by the diffusive behavior of the latter.

The present article is organized as follows. In Sec. II
we present the Langevin equations for our model and a
generating functional which allows to discuss the statisti-
cal mechanics most conveniently. In Sec. III we consider
the influence of fluctuations close to the transition point.
These will cause singularities which can be absorbed by a
renormalization of coupling constants. In Sec. IV we
determine general scaling properties of some characteris-
tic functions and find the fixed points of the RG transfor-
mations. From these we will obtain the critical ex-
ponents describing the power-law behavior of observables
in the critical region. Section V contains our conclusions.

II. THE MODEL

We will now construct the Langevin equations for a
population density n (x,t) and a pollution density c¢(x,?)
in accordance with the assumptions made in Sec. I,

I n(x,)=AjAn(x,t)+R , (n(x,t),c(x,t))

—R _(n(x,t),c(x,t))+&(x,1), (2.1a)

9,c(x,1)=AjAc(x,1)+ f(x,1) . (2.1b)
In (2.1a) and (2.1b) the first terms on the right-hand sides
model the diffusive motion of the species and the pollu-
tion density, and &(x,1), f (x,t) are Langevin forces. The
quantities R, ,R _ in (2.1a) describe the production and
annihilation rates which depend on the pollution density.
Expanding the difference R | —R _ in powers of n (x,1)
and setting the constant (lowest-order) term equal to zero
to ensure the existence of an absorbing state at n=0, we
find
R, —R _=—)Agr(c(x,1))n(x,t)
— g le(x,0)n(x, 0+ -+ (2.2)

with couplings A, r, and g. The first term in (2.2) con-
tains the difference between the birth and death rate of
the species which is assumed to be affected by the pollu-
tion density. Thus

(2.3a)
(2.3b)

rlc(x,1))=ro+goco+goc(x,1)+0(c(x,1)),
glc(x,1))=g +gc,+0(c(x,1)),

where ¢, corresponds to the constant mean-pollution
concentration and c(x,?) describes the temporal and spa-
tial fluctuations of the pollution. The constant g, may be
absorbed in r, defining an effective rate 7,=r,+gCo-
Similarly, we may define an effective coupling g,=g
|

(Z[h,j,h,j1)= [ D(7,n)D (€,c)exp | —J[7,n,c,c]+ [d [di(hn +jc+ha+je)
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+gcy. We then have
9,1 (X, 1)=ApAn (X,1)—Ayon (X,1)— Aogon (X, t)c(X,1)

— L hogon i (x, 1)+ E(x,1) . 2.4)

Here we have only considered the lowest-order terms in
the expansion (2.3). Below we will see that the higher-
order terms neglected wiil not modify the critical behav-
ior.

In the absence of the pollution field c(x,z) and the
noise term &, Eq. (2.4) yields a stable stationary state n=0
(the absorbing state) for 7= 0 and another stable station-
ary solution n#0 for 7,<0.! Thus the parameter 7,
measures the distance to the critical point.

The Gaussian noise §(x,t) must also respect the ab-
sorbing state condition, where

CEX,DEX, 1)) =Aof (n(x,0))8(x—x")8(¢ —¢'), (2.5a)
with
fln(x,0))=gn(x,1)+0(n*x,1)) . (2.5b)

On the other hand, the pollution density is conserved and
obeys a purely diffusive relaxational dynamics, where

(FxOf (X)) =24 AS(X—x)8(1 —1') . (2.6)

By a simple rescaling we can ensure Aj,=A{ which is
preserved under the renormalization group. Equations
(2.4) and (2.1b) subjected to (2.5) and (2.6) comprise our
model.

In the following, we will be interested in the behavior
of correlation and response functions in the vicinity of
the critical point. We shall extract the critical properties
using the powerful apparatus of renormalized field theory
in conjunction with an € expansion about the upper criti-
cal dimension d, of the model® (which is d, =4 as will be
seen below).

Instead of considering all the correlation functions we
may use the generating functional

Z[h,j1=exp [dt [dx[h(x,00n(x,0)+j(x,0¢(x,0] .
2.7

After averaging Z{h,j} over the Langevin forces §(x,1)
and f(x,t), we can obtain the correlation functions by
functional differentiation of (Z{h,j} ). , with respect to
h and j at the point h =j=0. The response to external
disturbances may be studied by adding additional sources
h(x,t) and j(x,t) on the right-hand side (rhs) of (2.4) and
(2.1b), respectively.

A very convenient functional integral representation
for the averaged generating functional {Z{h,j.h,j}).,
has been derived in Refs. 5-9. It can be presented in the
form

(2.8)

For further details on the functional integral see Ref. 7. In this formulation the dynamic functional J completely de-
scribes the statistical mechanics. For our model it has the form
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Ja,n,e,c]=J [7,n]+J glc,c]+T o7, n,c], (2.9)
where
Jpop[ﬁ,n]:fdtfd"x{ﬁ(x,t)[a,+AU(TO—A)]H(x,t)+%7\0g0ﬁ(x,t)n(x,t)n(x,t)‘%ko’goﬁ(x,t)ﬁ(x,t)n(x,t)} ,
(2.10a)
Toale,c1= [dt [ dx[Az(x,0Az(x,0)+2(x,0)(8, —ApA)e (x,1)] (2.10b)
Jeowplm,c1= [ dt [ dx hogiin(x,0)c (x,0n (x,1) . (2.100)

In Egs. (2.9) and (2.10) we have introduced a population density response field 7i(x,?) and a pollution density response
field ¢(x,?) after eliminating the noise terms £(x,7) and f(x,t). By a simple rescaling of the fields we can ensure g, =g,.
In the absence of the pollution density ¢ (x,#) the functional J {7,n} is invariant under the transformation

n(t,x)——n(—tx),

A, x)——n(—1t,Xx).

(2.11a)
(2.11b)

This property has two important consequences:’ For 7,> 0, correlators of the population density vanish. Further-
more, the equality of g, =g, is preserved under RG transformations. For our model, Eq. (2.9), these properties still
hold, as can be seen by integrating out the fields ¢ (x,?),¢(x,t) which appear at most quadratically. Then we obtain an

effective functional J {7 ,n} of the form

Jeﬁ"[ﬁ’n]:'] [ﬁ’n]+']int[ﬁ)n] >

pop

where

Tl n]=—1agd [dr [dr [dx [dx'n(x,0n(x,0Co(x—x', [t —t'N7(x,t")n (x',1")

with C,(x,?) being the correlator of the pollution density
field (see below). Indeed (2.12) is invariant under (2.11),
thus we will put g, =g, in the following.

Now we consider the naive scaling dimensions of the
fields and couplings in the functional (2.9). Introducing a

length scale ! we then find
x eyt At~ At To~pt
5 (2.13a)
ﬁ~n~‘ud/h, E~c~ud/2,
go"“,U-M "{/i/l’ gb ~[u14”d)/2 , (2.13b)

signaling d, =4 to be the upper critical dimension. It fol-
lows that all higher-order couplings arising from addi-
tional terms in the expansion of R , —R _ [Egs. (2.2) and
(2.3)] or, from the noise correlation function [Eq. (2.5)],
are irrelevant in the RG approach as they would carry a
negative y dimension.

For a treatment of (2.9) within renormalized perturba-
tion theory, which is to be set up in Sec. III, we need the
free response and correlation propagators. Introducing
Fourier transforms for the fields n,7,c,¢ in the quadratic
part of (2.10a) and in (2.10b),

n(x,0= [ explik-x)n(k,1) (2.14)
etc.,;’vhere f:fddk /(27)4/?, we obtain
Colk,t —t")={c(k,0)e(k’,1") ),
—O(t — 18k +k e T (2.152)

(2.12a)
(2.12b)
{
Colk,t —1")={c(k,t)c(k',t")),
=5k ke T (2.15b)
and
Gylk,t —t")=(n(k,0)ia(k’,t")),
=0(r —1")8(k+k’)
e kTN (2.15¢)

For a graphical representation of (2.15b) and (2.15¢), see
Figs. 1(a) and 1(b). In accordance with the path-integral
formulation equations (2.8) and (2.9), we will in the fol-
lowing always use ©(0)=0,”® a condition which ensures
causality.

III. RENORMALIZED PERTURBATION THEORY

We will now take into account the influence of fluctua-
tions close to the transition point. These will cause

w1

KA

FIG. 1. (a) Free correlation propagator C,(k,t —t') of the
pollution field. (b) Free response propagator G,(k,t —t') of the
population field.
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singularities which have to be absorbed by a renormaliza-
tion of coupling constants.'® These singularities can be
extracted by an evaluation of response functions.

In renormalized perturbation theory, however, it is
more convenient to consider the vertex functions. In a
graphical representation of the perturbation series they
correspond to the one-particle irreducible parts, with ex-
tracted external legs, of the diagrams contributing to con-
nected Green’s functions. In a RG they can be directly
related to the renormalized coupling constants of the
theory. '°

Considering the perturbation expansion in more detail,
we find that certain contributions contain divergencies
from large internal momenta. Renormalization theory
tells us that it suffices to regularize the divergences in the
vertex functions corresponding to couplings with non-
negative u dimension in order to make all individual
terms in the perturbation expansion convergent. The
regularization subtracts the divergences. These are then
absorbed in a multiplicative redefinition of the fields and
coupling constants. This simple reparametrization struc-
ture of the theory can be exploited to investigate the be-
havior of response functions on large scales. Technically,
this is achieved with the aid of RG equations which will
be discussed in Sec. IV.

Consider now the connected response function
G(g,,w,;9,,0,) which is defined by
)
G(q,,0,qy,0))=—n(qg,w)))
q,,01,93,0; 57 () q1,0,

={(7(gy,wy)n(q,,0,)) (3.1)

[see Eq. (2.8)]. Its corresponding vertex function
I'(gq,,0,;95,0,) is the inverse of G. Thus, to lowest or-
der

F(g4,0 4,95 0p,9.,0,)
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FIG. 2. Graphical representation of the perturbation expan-
sion for I'}(g,®) to one-loop order.

(g, 0,9,,0,)=8(q, +¢,)8(w, +w,)

X[iw;+Ao(1o+¢3)] . (3.2)

To one-loop order we obtain, absorbing a common factor
6(g, +4,)8(w,+ w,) in the definition of a reduced vertex
function I' (g, ),

Fy(go)=io+iyry+q?)

1
piow+A[p*+(p —q)*+27,]

1
pio+hopi+1)Fryp —q)

+1rigd

_)\(z)g(ljz

(3.3)

For a graphical representation of I'|,(g,w) see Fig. 2.
Apart from (3.3) we will need two further vertex func-
tions in order to carry out the renormalization program
discussed above. These describe the modifications of the
(marginal) couplings g,,8, due to the interactions and
their definitions can be read off from (2.10a) and (2.10c).
We find up to one-loop order for the reduced three-point
vertex function '), =T, [see Fig. 3(a)]

1
=Ao€0 — +A080
g0 1488, {—io, +Aol(g—pP+p2+ 2700} —iwy —iw +Aol(qp +q. —p)+p>+27,])
5 1 1
+A3808 0
080 gt aol(ge—p Tl FAp?] | —iwg—iw, +hol(dy +q. —pP+(q, —pP+2r,]]
1 1
+2A3g,8 - , (3.4)
B0 o Aol(q, —p P rol F Ap?] | —iwy —iw, + Aol (qn+4.—p) o]+ Aip?)

where we have again absorbed a common factor 8(q , + ¢z +¢¢)8(w 4 +wg + o). The reduced three-point vertex func-

tion I'

nne
Fiilg4,04,95,0p,9.,0,.)
=hog0 —Aog €0
1

=T, is given up to one-loop order by [see Fig. 3(b)]

X bl 2
fp {—io .+ —pP+p>+2r]} | —iwy —io 4+ Al (gs +q.—p)+p’+27,]}

1

+ gy

fp [ —io +Al(g. =PV +70]+ A} { —iwy —iwct+A[(gpt+q, _P)2+To]+)\2)172} .

(3.5)

We will now extract the divergences arising from the momentum integrals (for p large) in Egs. (3.3)-(3.5). To this end
we can expand the denominators in I'},(g,®) in powers of the external momentum ¢ and frequency w. We obtain to

0(g?) and O (w)
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1 iw/2Xh g%/2 (p'q)z
I (g0)=io+A(1y+qg>)+1h.gd > — —
e oo™ d T Ogofp pitry  (pPHT)? (pitr)? (pitry)?
s 1 iwpy/ Ao Pog’ 4p5(p-q)’
“AOgOPOI e S e S SR (3.6)
PP tTe  (pTHTepo)” (pTHTePo)” (Pt HTby)
where we have introduced the quantities
Ao Po Po
= Gy=— Py=— . (3.7)
Po o Po 1+p, Po 20
Performing the momentum integrals using the technique of dimensional regularization, '© we find
[(g0)=io+Aoro+tAeg?
1—¢/2
2 T iwo _cnl g _.pl
+ 1A 2 s 2 W e2t Y49 e/2 L
P80 T T T e 2T e
2 (1hy)' " e Cen2 Cen2 Cen2
— 12— _ < _tw = €24 __ 2— = 6/2__+_ 2=2 2 50 ) €/2 = , (3.8)
85 PCe | = T /) a, PolToP0) T Popol Tao) T g P o TaPo c
f
where G, =T(1+€/2)/(47)¢’? and e=4—d. Expanding and thus
7 ‘=1—¢€lnr, etc., we see that Eq. (3.8) exhibits singu- u 2w
larities for e—0 arising from the O(1) terms. These pole Z,=1+ e pi=, (3.11a)
terms can be absorbed by introducing multiplicative re- € €
normalizat?on factors for the fields and couplings, which 7z =144 ﬁzlv_ ) (3.11b)
we choose in the form 2e €
n=2zZ\"ng, A=2Z)"mg , (3.92) ZA—1+8“~6— 53% (3.11¢)
— 7 1/2 ~—71/25
¢=Zcer, €270k (3.9b) At this point it is important to realize that neither
MN=2Z,Z, A, A=Z, 122 12Z, 0 (3.9¢) the fields ¢,¢ nor the coupling A, have to be renormal-
\ ¢ ) ized. Indeed, neither the response function
0w=2Z;'Z 1, (3.94) (¢(g,@)c(—g,—w)) nor the correlation function
e ) (c(g,0)c(—gq,—w)) acquire any contribution from the
80=G. Z,°Z, Z,u, u=Gg-, (3.9¢) interaction terms in perturbation theory. Thus the
D12 _ 2 3.9 response and correlation functions of the pollution field
8o =Gc 2,720, v=0g (390 Egs. (2.15a) and (2.15b) are exact, and therefore
We then obtain z,=2,=2,=1. (3.12)
rR(go)=2Z,io+Z Ar+Z,rq* : _
e © M Next we evaluate the vertex functions I'},,I"y; ;. From
. u 520 A u 52V the form of the first (zeroth-order) terms in Eqgs. (3.4) and
THOAT TP T | T e P e (3.5), it follows that we can put the external momenta and
frequencies in the denominators in (3.4) and (3.5) to zero.
—g? U 320 (3.10) Performing the same steps as before, we finally secure
8e € 2u 4v
Z,=1+——p(1+2p)— , (3.13a)
€ €
z,=1+4% 5% (3.13b)
€ €

0 <+ A N A+
(b)'—<+A+A

FIG. 3. Graphical representation of the perturbation expan-
sion for (a) the vertex function '} , and (b) the vertex function
Iy, to one-loop order.

This concludes our renormalization program.

IV. SCALING PROPERTIES

In this section we will explore the scaling properties of
the model under study. The scaling properties describe
how some physical quantity will transform under a
change of length scales. In fact, we introduced a phe-
nomenological length scale u which is undetermined [see
Eq. (2.13)]. The freedom in the choice of u, keeping bare
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couplings g4,80,7¢ A Ay fixed, can be used to derive a
partial differential equation generally denoted as RG
equation.

Consider a connected renormalized response function
Gy composed of N (7ig,ny) fields. Following standard
arguments® !° we obtain a RGE which reads

(ud, +pB,9,+B,9,+B,0,+krd, +iNy, )G O

In 41, B,=ud, lou, B,= ,uaﬂlou, /3,)=;La#|0p,
k=pd,loln7, and y,=pd,loInZ,, where 3 |, denotes a
derivatlve at fixed bare parameters. Note that we intro-
duced an effective dimensionless coupling p=A'/A in Eq.
(4.1) which naturally appears in all Z factors.

Using Egs. (3.9), (3.11), and (3.13) and taking the u di-
mensions into account, we secure, to one-loop order

(4.1)

B,=—eu+uliu—v4p+2p2+4p)], (4.2)
B,=—ev+v(iu—4vp?), (4.3)
B,=tup—2vpp*, (4.4)
K=u —20p°, 4.5)
y,,z—%-l-Zvﬁz . (4.6)
Let us now determine the fixed points u,, v,, p, of Egs.

(4.2)—(4.4). These are obtained, if the coupling constants
u, v, p reach values such that any further change in the
scale does not affect them. The fixed points can be
identified from

B, (U, ,0,,p)=0, (4.7a)
Bo(uy,04,p)=0, (4.7b)
Byt 4,0, )=0, (4.7¢)
and we find
(I) u,=0, 0, p, arbitrary , (4.8a)
(ID u, =0, v*z—i, p.=0, (4.8b)
(D) u, =2Z¢, 0, p,=0, (4.8¢)
(IV) u,=2 v,=2Z¢ p,=%. (4.8d)

As we are interested in extracting the physical behav-
ior on large length scales (or small momenta) we have to
investigate whether the fixed points (I)-(IV) are infrared
stable. To this end we consider the eigenvalues of the
matrix aaiBaila; (a;=u,v,p). Whereas (I) and (II) are un-

stable (i.e., the matrix possesses at least one negative ei-
genvalue), the fixed point (III) describing critical behavior
in the absence of a pollution density® is unstable only
with respect to the coupling v. It is (IV) which is stable
(all eigenvalues are positive) and which governs a new
critical behavior in the presence of a pollution density.

Now we turn to the solution of Eq. (4.1) at an infrared
stable fixed point u,,v,,p,. Using the method of charac-
teristics, '° one obtains
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G N x,t}, ) =1V D2G N {Ix, 17 },1 7 V)
4.9)

where we have introduced a scale variable / by u(l)=ul
and

n=yh=—u,/4+2,5%
z=2+¢,=2—u,/8+20,p, (5£=ud,lglnA)
and

1/v=2—k,=2—3u,/8=2v,p3 .

From Eq. (4.9) we can determine the general scaling

behavior of physical quantities. Putting 7/~ /"=1, we
find, for example,
G Vix,)=|7Bf | =, L |, (4.10)
£’ §2
where B=v(d +1)/2, £=&y|7|7Y is the correlation

length, z is the dynamical critical exponent, and f is some
scaling function. Equation (4.10) has the typical form of
a power law and describes the vanishing of the popula-
tion density G'"(x,7)={(n(x,t)) as the critical point
7—0 is approached from below (7<0). The critical ex-
ponents at the new fixed point (IV) are given by

€ 1 €
Bnewzl_?i! V"CW:E+§ » (4.11a)
— € _
nnew'—~§’ znew_2 (4.11b)

up to order €.

They may be compared with the critical exponents at
the fixed point (III) (characterized by a vanishing pollu-
tion density), ?

(4.12a)

(4.12b)

Thus we see that the mean value of the population densi-
ty will vanish with a larger exponent in the presence of
pollution density fluctuations (3., > B).

Moreover, we find that the temporal scales of the pop-
ulation density fluctuations are completely governed by
the diffusive behavior of the pollution density fluctua-
tions. It follows from z=2+¢,=2—p,'B, that if a

fixed point p,=~0 exists, then /3,,*:0 by definition, and

therefore z=2 in all orders of perturbation theory. Final-
ly, it is remarkable that the exponent v can also be deter-
mined to all orders in perturbation theory. Due to a
Ward identify (for details see the Appendix) which im-
plies a relation between Z, and Z . we obtain

1
. S 4.1
v e (4.13)

to all orders.
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V. CONCLUSIONS

We have investigated the effects of a pollution density
on a population which is on the brink of extinction. Two
main features are built into the model and determine its
universality class. First, the dynamics of the pollution
density is purely diffusive, and its mean density is con-
served. Second, the population density is subjected to an
absorbing state condition. It is now possible to identify
those couplings between the pollution density and the
population density which are relevant to the behavior of
the system close to the (critical) point of extinction, and
close to its upper critical dimension. It suffices to include
the effect of the pollution on the production and annihila-
tion rates of the species. Beyond that we could, of
course, envisage an influence of the population on the
diffusion dynamics of the pollution (e.g., a change of the
pollution density diffusion constant as a function of the
population density). These latter couplings, however, do
not alter the critical behavior. Thus, universality in con-
junction with an expansion around the upper critical di-
mension allows for the identification of the relevant mod-
el features and hence simplifies the construction of a
mathematical model considerably.

Our findings may be summarized as follows. In the vi-
cinity of the point where the population density becomes
extinct, both spatial and temporal scales of its fluctua-
tions become significantly affected by the fluctuations of
the pollution density. This observation finds its expres-
sion in the fact that there is a new stable fixed point
which governs the power-law behavior of physical quan-
tities near criticality. In particular, we found that the
temporal scales of the population density fluctuations are
completely governed by the diffusive behavior of the pol-
lution density fluctuations. This is reflected in the result
for the dynamic critical exponent z for the population
field: z=2 to all orders in perturbation theory.

Another exponent which can be determined to all or-
ders in perturbation theory is the exponent v which
characterizes the correlation length. We obtain
v=1/(2—e€/2) to all orders. Finally, we find that the
mean value of the population density (the order parame-
ter) will vanish with a larger exponent in the presence of
pollution density fluctuations.

As a consequence of universality our results can be car-
ried over to phenomena in other fields of science. As im-
portant examples let us mention here chemical reactions
and cellular automata. In fact, Eq. (2.4) has been pro-
posed in Ref. 2 [with ¢ (x,?)=0] for the description of
nonequilibrium phase transitions (Schlogl’s first model) in
chemical reactions. Many related models can be found,
e.g., in Ref. 11. Furthermore, the relation of Schlogl’s
first model? to certain cellular automata is well known in
the literature.'>'® Thus our above results may also be
tested by numerical simulations of appropriate cellular
automata.

For a comparison to numerical and experimental re-
sults, the investigation of finite-size effects is of impor-
tance. Ecological processes under realistic conditions are
naturally restricted to finite environments. In the ab-
sence of a pollution field finite-size effects have recently
been studied in Ref. 14.

R. KREE, B. SCHAUB, AND B. SCHMITTMANN 39

ACKNOWLEDGMENTS

It is a pleasure to thank Professor H. K. Janssen for
valuable discussions and a critical reading of the
manuscript. This work was supported in part by the Son-
derforschungsbereich 237 “Unordnung und Grosse Fluk-
tuationen (Disorder and Large Fluctuations)” of the
Deutsche Forschungsgemeinschaft.

APPENDIX

In the following, we derive the Ward identity which
leads to Eq. (4.13). Consider a diagram contributing to
the vertex function I'|; in the bare perturbation series, as
a function of external momentum and time. Due to
causality, the vertices are ordered from right to left, with
increasing time arguments. Thus, a diagram with n
vertices consists of n» —1 time segments. In the time
segment  (f;,¢; ), there are bare propagators
Golq,,t;—t; ) and correlators C,(q,,t;,—1t; _,) flowing
from right to left, with appropriate internal momenta
9.>95- A Fourier transformation from time differences to
frequencies yields a dynamical factor

Fllgo})= [io+ 3 holgl+7)+ 3 Mgp | !
a 4
for each segment.

Let us now insert a vertex A,g(, with zero external
momentum and frequency, into a propagator of our time
segment (¢;,7; ;). This generates a diagram contributing
to I'y, ;. After Fourier transforming, the dynamical fac-
tor is modified, due to the insertion

F(ig,0} )=hego [fo+ 3 Aolgg +7o)+ S hogt| t.
a /3

If we sum over all possibilities of inserting the extra ver-
tex into the time segment (f;,¢;, _,), we obtain

-, , 0
> Fl{q,w} ):—8<)5—F(§q,w}) .
a To
Summing finally over all ways of inserting the extra ver-
tex into any graph of I' |, we secure

F11(,0,0,0)= —gh=2 T (g.0) | (A1)

a7,
which is the required Ward identity between vertex func-
tions.

Since the derivative with respect to 7, does not gen-
erate any new ultraviolet divergences in I';; we may go
over to renormalized quantities, according to (3.9). We
find immediately the relation

1=z!"?z_". (A2)
Using this identity we can rewrite the Wilson function
k=pd/3ulolnT, which determines the exponent v

1
=—(B,+ev),
K zv(f)’l €v

where we obtain at the fixed point where [3’[.*=0 by
definition
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v=02—k*)"'=1/(2—¢€/2) (A3)

to all orders in perturbation theory.

The above argument was based on a diagrammatical
derivation of (A1). An alternative method exploits the in-
variance of the theory under a continuous symmetry
transformation. The dynamic functional given by (2.10)
is invariant under a simultaneous shift of the pollution

density c(x,t) and the parameter 7 by an arbitrary con-
stant

c(x,t)—>c(x,t)tcy, To—>To—80Co - (A4)
One may now follow standard arguments, based on the

invariance of the generating functional for the vertex
functions (see, e.g., Ref. 10) to rederive (A1).

*Present address: Universitit Essen, Fachbereich Physik, D-
4300 Essen, Federal Republic of Germany.

1A. J. Lotka, Elements of Mathematical Biology, (Dover, New
York, 1956); R. Rosen, Foundations of Mathematical Biology
(Academic, New York, 1973), Vols. I-III.

2F. Schldgl, Z. Phys. B 253, 147 (1972).

3H. K. Janssen, Z. Phys. B 42, 151 (1981).

4P. Grassberger, Z. Phys. B 47, 365 (1982).

5C. de Dominicis, J. Phys. (Paris) Collog. 37, C247 (1976).

6H. K. Janssen, Z. Phys. B 23, 377 (1976).

7H. K. Janssen, in Dynamical Critical Phenomena and Related
Topics, Vol. 104 of Lecture Notes in Physics, edited by C. P.
Enz (Springer-Verlag, Berlin, 1979).

8R. Bausch, H. K. Janssen, and H. Wagner, Z. Phys. B 24, 113
(1976).

9C. de Dominicis and L. Peliti, Phys. Rev. Lett. 38, 505 (1977);
Phys. Rev. B 18, 353 (1978).

10D, Amit, Field Theory, The Renormalization Group and Criti-
cal Phenomena (McGraw-Hill, New York, 1978).

11G. Nicolis and I. Prigogine, Self-Organization in Non-
Equilibrium Systems (Wiley, New York, 1977).

12w, Kinzel, Z. Phys. B 58, 229 (1985).

3P, Grassberger and A. de la Torre, Ann. Phys. (N.Y.) 122, 373
(1979).

144, K. Janssen, B. Schaub, and B. Schmittmann, Z. Phys. B (to
be published).



