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Quantum fluctuations for multiphoton transitions in driven optical systems are treated on the
basis of a Fokker-Planck equation for the Wigner function. The equation is considered without adi-
abatic elimination of the atoms or the field. The linear stability is analyzed and time correlations
are derived. A spectrum of transmitted light associated with vacuum Rabi splitting is obtained.
The squeezing and antibunching effects in the atomic system and the field are discussed. This
theory coincides with the adiabatic elimination theory for the case of both good- and bad-cavity

limits.

I. INTRODUCTION

The extensive literature on quantum fluctuations in
driven optical systems is restricted mainly to treatments
in the good- and bad-cavity limits for one photon.'™?
Considerable attention has been devoted also to two-
photon or multiphoton transitions, for instance, the
works of Lugiato and co-workers,>” Walls® and Walls
and Reid,’ Loudon,'® Agarwal and co-workers,!' ™!* and
Lin and co-workers,'*!> but these works are restricted
exclusively to treatments with adiabatic elimination in
the good cavity or bad cavity. Recently, Carmichael
treated one-photon transitions in absorptive bistability
without adiabatic elimination,'® but did not discuss the
time correlation function and the spectrum of the
transmitted light.

In this paper we develop Lugiato’s method! of the
one-photon transition in a driven optical system to treat
the multiphoton case without adiabatically eliminating
the atoms or the field. So this treatment has very wide
application. It includes the multiphoton optical-
bistability and multiphoton laser theories. Many new
phenomena which have been inadequately treated with
adiabatic elimination are carefully analyzed in this paper.

Let u be the ratio of the cavity linewidth k and atomic
linewidth y , 7 :

,uz—k—zﬁ, d=ﬂ. (1.1)
YL 4 Y1

When p <<1 (u>>1), this treatment coincides with the
adiabatic elimination theory for the good- (bad-) cavity
limits,5 6 14.15,17,18

In Sec. IT we obtain the master equation of the system
and the Fokker-Planck equation (FPE). In Sec. III we
il

obtain a linearized FPE and calculate the stationary
correlations of different operators. Section IV analyzes
the stability. Section V calculates the spectrum of
transmitted light and obtains the spectrum of vacuum
Rabi splitting.!*?° Section VI discusses the squeezing
and antibunching effects in the field and atomic system.

II. MULTIPHOTON FOKKER-PLANCK EQUATION

We consider a single-cavity mode, which interacts with
a collection of identical two-level atoms, and is fed by a
coherent field that is injected into the cavity. We call 4
(A") the annihilation (creation) operator of photons of
the mode, r;" (r;) the raising (lowering) operator of the
ith atom (i =1,2,...,N), and Y3 the corresponding
population inversion operator. The commutation rules
are

[4,471=1,

[ror 1=273:8y, [rar 1=%r8;; . 2.1)

We introduce the collective dipole operators of the atom-
ic system:

N N
R*=3r" Ry=3ry, (2.2)
i=1 i=1

which obey the commutation rules

[R*,R ]=2R,, [R;,R']=+R*. (2.3)

We assume the one-mode quantum statistical model for
multiphoton transitions, and that the incident field, the
cavity mode, and the atoms are exactly on resonance. In
the interaction representation the statistical operator p(t)
of the system of the atom plus cavity field obeys the mas-
ter equation'

iﬂ(ﬂzkgm —a),p(Ad—a) ]+H.c.}+g[(4""R~— 4"R "),p]

dt
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(2.4)
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where k is the decay rate for the cavity field, a is proportional to a real driving field amplitude, ¥, (¥ ) is the upward
(downward) transition rate between the lower and upper level, 7 is the collision dephasing term, g is the coupling con-
stant in the dipole approximation, and 77 measures the strength of the thermal fluctuations.

The Wigner symmetrical characteristic function is

w & E 6 C5, )=Tr{p(t)exp[i (§*R " +ER ™ +7)R3+§*A++§A)]] , (2.5)

The quasiprobability distribution Py, is defined as the Fourier transform of Cy,

Pyl5,7 %8, BB )= s [ dR e TS AT G (6 0 m €60 2.6
The moments of P, give symmetrized expectation values, for instance,
d*dm d*BPyB*B=(A"AY =1 aT4)+(a4")). (2.7)
W
The longitudinal (transverse) relaxation rate y, (y,) and the parameter of pump o are defined
YiT 7
Y=y ty ), vi=vity, o=——— . (2.8)
2 ' R Y1ty
It is convenient to introduce the normalized variables
1 -
v=— ﬁ\/z v, m=— i m, x= B , Y= @ R (2.9)
2 2 \/*NS n ‘/NS,N

and corresponding normalized operators

-1 —1
_ _ +
o=— | NYvay R, st=— [Yva| rt, a=—|& R, s=—H2_ zt=_4 (2.10)
2 2 2 ‘/ S,n ‘/NS,n
where N, is the saturation photon number,
1/n
Y 1Yy
Ng,= : 2.11)
S, 4g2 (
The FPE of P}, can be derived by the procedure of Gronchi and Lugiato:!
%Pw(u,u*,m,x,x*,t)ZI‘PW(U,v*,m,x,x*,t) ,
(2.12)
r= :[—yiv—mx”)]-}-cc —ga-[—— (x —y+2C,ox*" H]+c.c.
2 32 2 2 3
d yin d od” 9 d d d- 9
——{—vymto+Liv*x"+ox*"]]+ + — | v+ ——v* |+ 1+
ami y,[m+o+4w*x"+ox*")]| 2KC, Ny, | a0do* 4 om | 30? av*v 4 amz( om)
2
+ (1+2m) ,
Ng dxox*
where Cy is cooperation parameter
nNg _
Cy= N D 2.13
N 2ky, S ( :

In the one-photon case (n =1), Eq. (2.12) coincides with Ref. 1, Eq. (176).

From Eq. (2.12) the steady-state expectation values of the field and atomic system quantities (X )s=xg, (D) =vy,
(m )¢ =mg, can be obtained, where the subscript S denotes the steady state. In the semiclassical approximation the
steady-state equations can be obtained,

o
mg= 422 (2.14)
; oxgd
Vg =Mmgxg=— RN (2.15)
X,S2n*2 ]
y=x5|1=20C,——~ (2.16)
1+xg
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III. LINEARIZED FPE AND STEADY-STATE CORRELATIONS

223

Since N, >>1, these fluctuations will be very small, and the FPE (2.12) can be linearized. Hence we introduce the

deviations from steady state,

x'=x —xg, x*=x*—xg, V'=v—vg, V*=v*—vg, m'=m —mg,

corresponding to these operators,

A~

f_at ~
6% =X —xg, OX '=Xx "—xg, =D —vyg, SﬁTZﬁT—vS, dm=m—mg .

The linearized FPE can be obtained from Eq. (2.12),
) .

EPW(U ,v*',m',x',x*',t)=I"PW(v’,v*',m’,x’,x*‘,t) ,
P d b om nB , 9 , . w1,
r'= Ty | YLV T xSm —-Z—E"—xe T ax {—k[x'+(n—1)Bx*+2C,x" ']} +c.c.
— Dy I ) S ey
am’ | V| T T T e T
3? 32 9’ 9’
+L - +L +c.c. |+L +L -,
" avan* > | am'dv’ > am"? * ax'ox *
where
x2n‘2
B=2—1=-2C,0>—,
Xs 1+x3
4 2 2 2 2C, k*?
L,=-t R p=—odB Ay oB =
Nd ZC"kNSn 8Cnx5'” 4 2Cr1x5" Y.
Let
[} =(x1,%3,X3,X4,x5)=(0*,0",m", x* ,x") .
Equation (3.3) can be rewritten
B (xh=S | =2y Mox+ =21 |Pyiix 0
ot w i 2 axi Y1 i ax,—axj ij w i ’
where
-1 0 xg —B 0
2C,x¢
0 —1 xg —LBT;
2C, xg
M={M,}=| —dx2/2 ixis2  —a OB dnbxs
M= ij}_ Xs Xs 4c, 4c, ’
—2uC, xt ! 0 0 —u —uln —1)B
0 —2uC,x?"' 0 —un—1)B —u
0 1 L, 0 0
1 0 L, 0
L,
L-:{LijlzT L2 Lz 2L; O 0

0 0 0 L, O

From Eq. (3.6) we have

(3.1

(3.3)

(3.4)

(3.5a)

(3.5b)

(3.6)

(3.8)
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d . o ..
E;(x,-):ylM,j(xj), i,j=1,2,3,4,5.

Let the stationary state physical correlation matrix
G, (=(X(0%;(0)), i,j=1,2,3,4,5.
By the regression theorem® the time evolution of G;(1)is

d
dt

We introduce the steady-state symmetrized correlation matrix

G{(0)=1[G,(0)+G,(0)] .

-G ()=y MG (1) .

The superscript (s) denotes the symmetrized matrix. The Gi(j‘“(O) satisfies the following equation, by Eq. (3.6):

V(MG )+ G pM)=—(L+L") .

(3.10)

(3.1

(3.12)

(3.13)

Equation (3.13) defines a set of nine linear equations for the elements of the covariance matrix G,»(J-”(O). We solve Eq.

(3.13) by tedious calculations; the steady-state correlations are given by the following.
(1) Field-field correlations:

ateay B _
(8% "8% 4NS,"(T 2),
~oy 1 .
(8% 2) 4NS,71(T 2M)
where
-9
P7

P :<1+x§">§]f—;u2f(f +nB +df)+ulf(1+d)?+nB(1+dx2")]+d (1+d)(1+x2"} ,

0=nBlu|—L1+x2 df+d tod(1+d)fx2n d(1+d>[(1+d)ax§"—i(1+x§")2]]
o S g
+(1427)(1+x2") |p3(f +nB +df>%+ 1+d?L 4 dnB(x2—1) | +d (1+d)X1+x2") | +PM
s dxg

—inm1+x§")+(1+2ﬁ)<1+#+”3>

_ o
M= (1+B)[1+u2—1)] ’
dy

=1 _(f+nB+(1-B
drs  (1+x [f n $"1,
f=1+(n—1)

(2) Atom-field correlations:
—1

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

<668£>———: fT—2M) ,
4N ,2C,xg
(80 Tox ) = ——1—:[fT 2(n —1)BM —2(1+27)] ,
4Ng ,2C,x2
(8mdx )= l ——I—Y— ,
4N ,2C, x¢ xg
where
! [—(1+uf)f +nB)+d(1—B)xT+2M mn—1)232+u(1+nB)—i(1—B)x§"+1+nB
1+d +uf 2

+2(1+27)[uln — 1)B — 1dx2"]

(3.25)
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(3) Atom-atom correlations:
1

(80189 ) = — 2{—anT+2(n~1)nB2M+2nB<1+2ﬁ)+i[W—2nB—i:an(th;")]} , (3.26)
4N ,(2C,x2 71 © o
oy 1 w
(80 %)= — 5 | —nBfT +2nBM +— |, 3.27
4Ng,(2C,xZ 1) I3
(5rmdD) = L L (weanBxd, (3.28)
4Ng ,(2C,xg ") px¢
(8 2)= Ll —wv+t | —wrdonB—LanB1+x2 ||, (3.29)
4N ,(2C, x5 ™) u o
W=—(d+uf)V+dx3[(1—B(T—M)—(1+27)] . (3.30)
Letn =1,d =2, 0 =—1, 7=0; Egs. (3.14)—(3.30) coincide with Ref. 16, Egs. (3.3a2)-(3.8d).
[
IV. LINEAR STABILITY ANALYSIS have
When these fluctuations are very small, we can neglect nin—1)/n 1
the nonlinear terms and obtain Eq. (3.6), which is the —aC, < 2n —1)2 +; : 4.4)

basis of the stability analysis of the system. We obtain
the eigenvalues of the matrix M in Eq. (3.7) by tedious

calculations. The eigenvalues are { —pu;}, i =1,2,...,5,
where
By = —2@cos % +% , (4.1a)
Hy=2¢ cos %—% +~‘31 , (4.1b)
13=2¢ cos %4—% +% , (4.1c)

—{[1+pQ2—=ANP—4uB +1)}'?),  (4.1d)
Ms =:‘%( 1-%;1(2 __vf)
H{[1+u2=AHP—4uB+1)}'?),  (4.1e)
where
172
|1 |a?
@ 313 } , (4.2a)
cosa= — 207 (23—7a3—§ab +c), (4.2b)
a=1+d +uf, 4.2¢)
b=d(1+x3)+unB +u(1+d)f , (4.24d)
w4
c=(1+x2 )d;s ud . (4.2¢)
Hence the stability condition of the system is
Rew, >0 (i=1,2,...,5). 4.3)

If Eq. (4.3) is satisfied, from Egs. (4.1d) and (4.1e) we ob-
tain f . <2+(1/u); then from Egs. (3.21) and (3.5a) we

For the one-photon transitions (n =1), whatever the
values of C,, o, u may be, Eq. (4.4) is always satisfied.
For the multiphoton transitions (n = 2): (1) in the case of
a laser (0 >0), Eq. (4.4) is always satisfied; (2) in the case
of —1<o0 <0, the values of C,, u are restricted; for ex-
ample, in the two-photon optical bistability (n =2,
o= —1), Eq. (4.4) is rewritten

C, < |1+1]. (4.5)
u

When the value of p increases, the cooperative parameter
C, must decrease otherwise the system will be unstable.
In the bad-cavity limit (u>>1), the stability condition
Eq. (4.5) is written C, < 1. Hence, at first, the values of n,
C,, u, d, o must satisfy Eq. (4.3) in the following calcula-
tions.

Let us discuss the case of u; complex.

(1) wy, 5 complex conjugates. Putting

fy=A =ik, wy=A,+ild,, (4.6)
the A, A, are real:
M=HETHE )+ 4.7)
3
k2=—53~(E+-E") , (4.8)
where
s+ J_1]2a” ab
E 2127 3 C]
1|2 b ’
a a
— | L 22,
4|27 3 Cl
311/231/3
1 a?
Tl L I } . 4.9)
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In this case the eigenvalue pu, is given by

a

M:—(EMLE*HE . (4.10)
The stability condition is

u, >0, A;>0, (4.11)
and Eq. (4.4) is satisfied.

(2) 4,115 complex conjugates. Putting

Us=0o,—io,, us=o,+io,, (4.12)
where

o, =3[1+u2—1], (4.13)

o, =1{4u(1+B)—[1+pu2— 1}, (4.14)
The stability condition is

Reuy, >0, i=1,2,3 (4.15)

and Eq. (4.4) is satisfied.

V. SPECTRUM OF TRANSMITTED LIGHT
AND VACUUM RABI SPLITTING

We introduce the matrix U to diagonalize the matrix
M of Eq. (3.7):

|
=
~
o
o
o o o o

S © O O

tain

(5.2)

By substituting into Eq. (5.2) the value of G(0) given by
Egs. (3.14)-(3.30), we get after lengthy calculations the
results

J

(82 1(182(0)) =Te "'+ T, 410 T

+Te M pTe T (5.3)
(8%(1)8%(0))=Te "4 T,e "V pTe "
1 2 3
—T,e T T (5.4)

where

¢
T, =——[(bje, —c;b, )({80 6% )+ (5983 ))

)
+2(c;—c; )(8mdx )
(b, —b))((8% 8%)+ (8% 2], (5.9
where i — j — k are cyclic values of 1—-2-—3, and
b,.:i” |, + B | (5.6)
xg wf
—2uC,xi !
e =— TS 21,23 (5.7)
wf —u,
D =bic,—c\b,tbyc3—cyb3+bsc;—c3b,, (5.8)
b A ton PN
T4—m[ b,((SU 6)() (61)6)())
+(6% Tox ) — (82 )], (5.9)
_ T 0- N Ao\ /sAasa
T a——§2(b+—b_)[ b, ({80 '8x ) —(858%))
+(8z Tox)—(822)],  (5.10)
b _26x3 1—py) (5.11)
+ = B (1=py), :
_ 26 (1 (5.12)
o= B Us) . .

The incoherent spectrum of the transmitted light is
given by the Fourier transform of Eq. (5.3) (Ref. 4),

—iH{o—w,

sinc(w)=iRef°cdze "(54T(184(0)) . (5.13)
T 0

From Eqgs. (2.10) and (5.3) we have

NS,n Tl TZ T3 T4 TS
Sinclw)= Re : + - + - + - + -
T vimtilo—wy)  yipmptilo—w) v tilo—ey) yiptilo—wy) vy pstilo—aog)
(5.14)
We now consider four cases.
(Dy,; (i=1,2,...,5) are real. By Egs. (5.14) and (5.5)-(5.12) we have
Y1 Ns » uiTg, uy Ty, 13Ty, waTg, usTr,
Sincl@)= RPN I I RPN 24 .2,2  24.2,2 — 22,2 |
m (@—wg)+yipi (0o tripy (0—wy) +yips (0—wo)+tyip; (0= +rips

where

(5.15a)
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1

Tr, = 55—t =20C, x5yt —pf =1

(8D Tox Y+ (8083 ))

—4uC,x 3" THEMBR ) +[(uf —p N pf —py ) —pnBl((8D 783 )+ (83 2N} , (5.15b)
where i — j — k are the cyclic values of 1 -2 3, and
F=(uf —pu py—ps)(potpy—pf — D+ (pf —p) (s —p Nyt —pf —1)
Hpf —p )y —p )+, —uf —1) (5.15¢)
(1 —pys) 2C, x4 ! ; ‘ R
T = : — 1— D 6% ) — (808X ))+ (6% '6x ) —(8x ~ 5.15d
RoRs = D) B (1= 15 4)((5D T8% ) — (8D8% ) )+ (8% 6% ) — (6% ) ( )
(2) py, 5 and p4, 15 are complex conjugates. By Egs. (5.14), (5.5)-(5.12), (4.6), and (4.12), we have
N w— o,
TyA+Ty —A, Tyh—Ty +A,
s _ Ng,.vy Typ,
inc (@)= 2 2 _ 2 _ 24 42,2 _ 2. 292
™ vimitlo—awg) (@—=wy—y A +Ay1 (0—wyty A +yiAy
0—w, w—w,
T40,+tTy, 7_‘_02 Tho,— Ty +o,
+ , (5.16a)
(w—wy—7y,0,)2+7y0? (0—wo+y,0,) +7303
where
A
T, = Fzg 2uC,x2 N2 —puf —1)({ 80 8% ) + (8068 ))—4uC,x2" " 5m 6% )
1
+[(uf —A P +23—unB((8% 8% ) + (8% )} , (5.16b)
F =20[ A4 (u,— A%, (5.16¢)
Ay
T, = EF—gzpc 20, —pf —1)((8D 8% )+ (598% ) ) +4uC,x2" " (5m bR )
1
Ff —p) QA —uf —p)+nuB)((8% 8% )+ (8% )}, (5.16d)
TB:EL—{—2ucnxg”‘[(xl+ul—yf—1M, 21080 T8% ) + (8088 ))+4uC, x2" N, — Ay {57167 )
!
FA —p)wf =) (wf —A)—pnB (A —u) +(uf —pA3((8% 8% )+ (6% Ny, (5.16€)
T =H(8% T8% ) — (8% 2)) (5.160
2C, x& !
To=— |55 [024(1—0)?]((80 8% ) — (5968 ))—(1—a,)( (5% 6% ) — (5% 2)) (5.16g)
40, nB

(3) uy, 13 are complex conjugates; (), iy, s are real. By
Eqgs. (5.15) and (5.16), S;,.(w) is expressed by Eq. (5.15a),
but the first, second, and third terms are substituted, re-
spectively, by the first, second, and third terms of Eq.
(5.16a).

(4) py, 5 are complex conjugates; uy, i, 13 are real. By
Egs. (5.15) and (5.16), S;,.(@) is expressed by Eq. (5.15a),
but the fourth and fifth terms are substituted, respective-

ly, by the fourth and fifth terms of Eq. (5.16a).

In the following we discuss two cases: the spectra of
the transmitted light for one- and two-photon transitions.

(1) The spectrum of the transmitted light of a one-
photon transition and the vacuum Rabi splitting. For
n=1,0=—1,C,;=20,d =2, u=1, n=0, this is the case
of the purely radiative (thermal fluctuations negligible),
one-photon optical bistability without adiabatic elimina-
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T T
¢ 5] 1 [

FIG. 1. Variance S, .(®)/S,.(0) vs (0—wy)/y, for n =1,
o=—1,C,=20,d=2,7=0, u=1. (a) x¢=0.01, (b) x3=0.5,
() xs=0.8, (d) xs=0.95, (e) x5 =7, (f) xg =40.

tion. As demonstrated in Fig. 1, we chart the curves of
Sinc(@) with different values of xg;. As shown by Figs.
1(a) and 1(b), when the value of xg is very small, there are
two peaks in the spectrum. It is just the vacuum-field
Rabi splitting.!”?® This is a peculiar feature for u~ 1.
Let us discuss it in the following. From Egs. (4.8) and
(4.9), we obtain the distance (the Rabi frequency) between
the two peaks,

8‘LLC|(_U) 2 172
Q=y,0,=0, M=y, T+x2 —(1—p)
S

(5.17)

For u>>1 or p<<1, Q is an imaginary number. Hence,
from the equation for S;,.(@), there is no vacuum Rabi
splitting. Only for u~1, Q=2y,(2C,)"?, comparing
with Ref. 16, Eq. (5.6), does vacuum Rabi splitting ap-
pear. From Eq. (5.17) when o > O (the laser case), there is

also no vacuum Rabi splitting.

g Wridnce

[

FIG. 2. Variance S, (®)/Sin.(0) vs (0 —wy)/y, for n =1,
o0=—1,C,=20,d=2,7=0. (a u=10 3 xs=0.1; (b) u=10?,
xg =40.

@ T T T T T
jﬂ @) A by 4
o) 15—
5 4 d
I+ 11 |
05— A 05— b
1 A
0—25 lo 25
T T T
30— «©)>
15 h
O—=t—% 1
T T
(e) 1
it ]
.-0'5__ -
05+ J
0 1 O ] 1 ]

FIG. 3. Variance S;,.(0)/S;).(0) vs (0—w,) /vy, for n =2,
oc=—1,C,=3,d=2,7=0, u=0.4. (a) x¢=0.01, (b) x;4=0.4,
(c) xs=0.8, (d) xg=1.4, (e) xg = 1.5, (f) xg =40.

When the value of xg increases, the spectrum becomes
three peaked [see Figs. 1(c) and 1(d)]. For xg>>1, the
sidepeaks decrease and finally vanish. We know, for
n=1, x¢>>1, u>>1 (the bad-cavity limit), there are
three peaks of resonance fluorescence; for n =1, x¢>>1,
u <<1 (the good-cavity limit), there is one peak. Hence,
for n =1, x¢>>1, u~1, the spectra as shown by Figs.
1(e) and I(f) are just between these two limiting cases.

Figure 2 indicates representative spectra for u>>1,
@ <<1. The result coincides with Ref. 1, Figs. 29(a) and
30(0).

(2) The two-photon spectrum of the transmitted light.
Forn =2, 0=—1,C,=3, u=0.4,d =2, =0, it is easy
to verify that the stability condition Eq. (4.3) is satisfied.
As demonstrated in Fig. 3, we chart the curves of S;, ()
with different values of xg. When xg is very small, there
is a single peak only [Fig. 3(a)]. For xg~ 1, the two peaks
appear [Figs. 3(b) and 3(c)]. This is Rabi splitting caused
by the cavity field. When xg continues to increase there
are three peaks [Figs. 3(d) and 3(e)] and the central peak
gradually becomes larger than the sidepeaks. For
xg>>1, the values of the sidepeaks rapidly drop [Fig.
301

VI. NONCLASSICAL EFFECTS

In this section we discuss squeezing and antibunching
effects in the multiphoton case.
(1) Squeezing effect of the field. Let

A=A"+4)2, A=a"—a)/2. 6.1)
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Using Egs. (3.14) and (3.15), we have

((64,))=1+1[(84T84)+((84))]=HT—M),

229

(84, =1+1[(84784)—((84))]=1M .  (6.3)

Where T, M are given by Egs. (3.16)-(3.19).

(a) Good-cavity limit (u<<1). From Egs. (6.2) and

(6.2) (6.3), for u << 1, we obtain
J
1 ﬁ Cnx§" 2 4 2 2
((84,)*)=—+ + {x¢(n —o)+x2[o(2n —2)+2n —no*(1+d)]+o(2n —1)+n} , (6.4)
Yoo
de S de
_ C"x2n~2
((54,2)=++—T s (nx2"+o+n) . 6.5)
4 dy 2ny_dY
2— 2(l+x5 )'—_—
dxg dxg
Equations (6.4) and (6.5) are just Ref. 6, Egs. (9) and (10).
(b) Bad-cavity limit (. >>1). From Egs. (6.2) and (6.3), for . >>1, we obtain
2y 1427 1 1
((84,)%) 2 1+(n—1)B+,uJ’ (6.6)
2A—B 1+%n(1+x§")
1427 1 1
84,7 = +— , 6.7
((84,)%) 4 1—(n—1)B pu 41+B)1—(n—1)B] (6.7)
where
nB +x52")2 dy
J= p od(1+d)fxi"— df+:i~x—~
F(f +nB +df)(1+x2m-2 s
de
= 2n 2n 1 2n dy
+(1+2r)(1+x5") |d(x§"—1)——(1+dx5")—— . (6.8)
S dxg

For n =1, n=0, Eq. (6.6) is just Ref. 5, Eq. (9). For

n =2 the first terms of Egs. (6.6) and (6.7) are
(1+2m)/4[1£(n —1)B],

which indicate that there is a fixed squeezing value in the
cavity for the bad-cavity case. When n =2, 7=0, the
minima of the (8§ 4% ) and ((84,)?) are

1 i
4 li(—ZUC,,)*rl;(n —

+0

((84,,)7)=

1
u

For o <0, we obtain {(84,)?){L, and A4, is squeezed.
For o0 >0, we obtain (84, )2)¢ +; hence for the bad-
cavity limit, in the multiphoton laser the A4, can be
squeezed. From the stability condition Eq. (4.4) the value
of 0 C,, is limited for p << 1, so the minimum squeezing of
((84,)*) or ((84,)%) is L.

From Egs. (6.4)-(6.7), when thermal fluctuations exist
(7£0), the squeezing effects weaken or disappear.

Figures 4 and 5, respectively, show ((84,)*) as a
function of changes of xg with u for n =1 and 2. In Fig.
4, for u~1 the squeezing effect is the most remarkable;
for u<<1{(8A4,)?) slightly increases. When u increases,
((84,)*) rapidly tends to +. In Fig. 5 the more y in-
creases, the more ((84, )2) decreases. For pu>>1
((84,)*),;, tends to the limit 1/[4(1+C,)]=0.139.
From Fig. 5 the more u increases, the larger the range of
values xg in the case of squeezing.

(2) Squeezing in the atomic system. Let

R,=4R"+R7), R2=2%_(R+—R‘). (6.9)
One has squeezing if
((BRI(LI(R;I| or (BRI (LR . (6.10)

Substituting Egs. (3.26), (3.27), and (2.3) into Eq. (6.10),
we have

(BR ) — LRI =L[(8R*8R ") +((8R")*)—(R;)—|{R;)|]

N 1
4 2C,x3"?

uB | -f[T—M]+(1+2ﬁ)}+7—;(1+x§")—|Bl ,

w_2Eg (6.11a)
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I
0.4 0.8 ¥

FIG. 4. Variance ((8§4,)?) as a function of the transmitted
field xg, forn =1, 0=—1, C;=20,d =2, 7=0. (a) u=100, (b)
©=10, () p=1, (d) £=0.5, (e) £=0.01.
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FIG. 6. Variance ((8R;)’)— L[{R;}| as a function of the

transmitted field xg, forn =1, 0=—1, C,=20,d =2, 7=0. (a)
p#=100, (b) u=10, (c) u=1, (d) pn=0.5, (e) u=0.01.

((BR,)?) —L(R I =L[(8R T8R ") —((8R ")) —(R3)— (R3]

=N 1
4 2C,x3" 2

Figures 6 and 7 show ((8R,)*) —1|(R;)| as a function
of xg with different values of u, for n =1 and 2. In Fig.
6, n =1, the larger u, the weaker the squeezing. In Fig.
7, n =2, the larger u, the more remarkable the squeezing.
So in the bad-cavity limit, the atom-atom correlations
strengthen the squeezing for the two-photon case,!®> and
weaken the squeezing for the single-photon case.’

In the following we discuss the limiting cases.

(a) u << 1, good-cavity limit. From Eq. (6.11), we have

((8R|)*)—1(R )|

N n
s _m%?“*(“rdiol)xé] . (6.122)
<(8R2)2>_%I<R3>s|=% 1—‘1%7; (6.12b)
S

025
[
<
S 02
<
s
0.5
1 1 |
0.5 1 15 Xs

FIG. 5. Variance ((84,)*) as a function of the transmitted
field xg, for n =2, C,=0.8, c=—1,d =2, i=0. (a) p=0.01,
(b) u=1, (c) u=10, (d) u=100.

,u,B[(2*f)M+1+2ﬁ]'§(1+x52")~—|B!

. (6.11b)

f

It coincides with Ref. 14, Eq. (6.8). The minimum is

[<<5R1>2>—g|<R3>umm:§

_ (1+dlg])?

1
4d

(6.12¢)

It indicates that the minimum squeezing is independent
of the number of photons n. We can see that also by the
curves of 4 << 1in Figs. 6 and 7.

(b) The bad-cavity limit. For u>>1, from Egs. (6.11),
(3.16)-(3.19), (3.25), and (3.30) we have

(B8R ) —LI(R3)|

, (6.13a)

_N__ 1 1+27
420,x3" 2| S

2
B—|B|++J
n

Q
Q
S0
3
s
-0.02
—-004
I 1 1 ! ! |
04 0.8 Zs

FIG. 7. Variance ((8R,)*)—1[{R;)| as a function of the
transmitted field xg, for n =2, o=—1, C,=0.8, d =2, n=0.
(@u=10"% b)) u=1,(c) u=5,(d) p=10%
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FIG. 8. Variance N[g'®(t)—1] as a function of the y,t for n =1, c=—1, C;=20, d =2, i=0. (a) x3=0.01, (b) xg=0.5, (c)

x5 =20.

((5R,)?) —1[(R,)]

_N 1

B

S 420X 2

where J is given by Eq. (6.8). When 7 =0, n =1, these
expressions coincide with Ref. 5, Eq. (37). When n =2,

Variance

1+B

—B +2n

—‘%(l+x§")(l+B +nB)

|B|

’

they coincide with Ref. 15, Eq. (44), (45).

(3) Second-order correlation function; antibunching.

The second-order correlation function'®

g2 =1+ [ (82 "(1)8%(0)) + (82 T(0)6% (1))

Xs

+2Re({8x(1)8x(0)))] .

Using Eqgs. (5.3) and (5.4), we obtain

3 (c)
° 1 2
3
%t
25x{0]
(d)
2x101
02 Nt 94

(6.14)

FIG. 9. Variance N[g'?'(t)—1] as a function of the yt for n =2, c=—1, C,=0.8,d =2, 7=0. (a) x3=0.01, (b) x5=0.5, (c)

xs=1.2(d) x5 =20.
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g2 =1+ xzz (Tpe "'+ Tpe "4 Tpe ™,
S
(6.15)
where u; (i =1,2,3) are real. Or
g‘z’(t)zl-l-L{T“eW“#‘l
Xs
+2e "My, cosly Agt)
+ Ty, sin(y, Aa0]),  (6.16)

where p, is real, u,, 13 are complex conjugates. One has
bunching for g'¥’> 1 and antibunching for g'*’< 1. Fig-
ure 8 shows the g'?/(z)~t for the one-photon case. In
Fig. 8(a) the oscillatory behavior is a new feature for
u=1; this is the vacuum-field Rabi oscillation (xg <<1).
When xg increases, the antibunching is weakened [Fig.

8(b)]. For xy>>1, the oscillatory behavior is intensive
and bunching appears [Fig. 8(c)].

Figure 9 shows g'*(¢)~t for the two-photon case;
when xg <<1 the antibunching is the most remarkable
[Fig. 9(a)]. For x4 >>1, the oscillatory behavior is inten-
sive and bunching appears [Figs. 9(c) and 9(d)].

VII. CONCLUSION

In this paper a multiphoton quantum-statistical theory
without adiabatic elimination has been developed for the
driven optical system. This theory has very wide applica-
tion. We can study various physical processes of the
driven optical system by choosing every parameter
(n,u,0,d,C,,n) at different values. For example, by
choosing every parameters at an appropriate value, the
best squeezing may be obtained in the best optical device.
This theory coincides with the adiabatic elimination
theory for the good- and bad-cavity limits.

L. A. Lugiato, in Progress in Optics XXI, edited by E. Wolf
(North-Holland, Amsterdam, 1984), p. 71, and references
therein.

2L. A. Lugiato, F. Casagrande, and L. Pizzuto, Phys. Rev. A 26,
3438 (1982).

3F. Casagrande and L. A. Lugiato, in Quantum Optics, edited by
C. A. Engelbrcht (Springer-Verlag, Berlin, 1982), p. 53.

4L. A. Lugiato, Nuovo Cimento B 50, 89 (1979).

5L. A. Lugiato, Phys. Rev. A 33, 4079 (1986).

SL. A. Lugiato and G. Strini, Opt. Commun. 41, 374 (1982); 41,
477 (1982).

TF. Casagrande, E. Eshenazi, L. A. Lugiato, and G. Strini, in
Coherence and Quantum Optics V, edited by L. Mandel and F.
Wolf (Plenum, New York, 1984), p. 637.

8D. F. Walls, Phys. Rev. A 24, 2029 (1981).

°D. F. Walls and M. D. Reid, Phys. Rev. A 33, 3282 (1986).

10R. Loudon, Opt. Commun. 49, 67 (1984).

G, s. Agrawal and S. Singh, in Ref. 7, p. 885, and references
therein.

12G. s. Agarwal and G. P. Hildred, Opt. Commun. 58, 287
(1986).

13G. S. Agarwal, Opt. Commun. 62, 190 (1987).

14R. M. Lin, S. X. Huang, and L. Zhang, Acta Phys. Sin. 37,
573 (1988).

151 Zhang, R. M. Lin, and S. X. Huang, Acta Phys. Sin. 37,
1438 (1988).

16H. J. Carmichael, Phys. Rev. A 33, 3262 (1986).

17J. P. Gordon, Phys. Rev. 161, 367 (1967).

I8F. Casagrande, E. Eschenazi, and L. A. Lugiato, Phys. Rev. A
29,239 (1984).

193, J. Sanchez-Mondrago, N. B. Narozhny, and J. H. Eberly,
Phys. Rev. Lett. 51, 550 (1983).

20G. S. Agarwal, Phys. Rev. Lett. 53, 1732 (1984).



