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Based on the hydrodynamic theory of an electron gas, we have calculated the second-harmonic

generation (SHG) from metal surfaces in various geometric configurations. The SHG of single-

boundary surface plasmons coupled using the Kretschmann geometry is ten times larger for gold,

copper, and silver, and 100 times larger for aluminum films than the SHG from the bare metal

reflectors. The SHG due to long-range surface plasmons in a modified Kretschmann geometry with

a very thin metal film sandwiched between two dielectric layers is typically over two orders of mag-

nitude larger than that from the simple Kretschmann geometry. Enhanced SHG is presumed as the

thickness of the index-matched liquid layer and the metal films are suitably adjusted because of the

resonant interference.

I. INTRODUCTION

The first theoretical prediction of the second-harmonic
generation (SHG) of light from a free-electron gas was
presented by Jha' in 1965. Later, the first conclusive ex-
perimental observation of the SHG from a silver film ex-
cited by a ruby laser light was reported by Brown
et al. ' Recently, research in SHG from metal surfaces
has been expedited by discoveries of the enhanced scat-
tered SHG from roughened silver surfaces, from molecu-
lar monolayers adsorbed on a silver surface, ' and from
nonlinear surface-plasmon effects. Exploiting SHG
from the surface of centrosymmetric media as a new
probe for studies of surface physics has been recently
demonstrated by several authors. '

An excellent review discussing SHG from metal sur-
faces was published by Sipe and Stegeman. " The sources
of SHG on a metal surface consist of a "volume" current
density which extends over skin depth and a "surface"
current density penetrating only a few Fermi wavelengths
into the metal (the so-called selvedge region). The free-
electron model is inadequate to describe the electron dy-
namics in the selvedge region. Rudnick and Stern' first
pointed out the limitations of the free-electron model in
describing the SHG surface-current sources and proposed
two phenomenological parameters a and b to estimate the
size of these current sources. Sipe et al. ' have given an
explicit expression for these parameters with a free-
electron hydrodynamic model and have introduced an
effective plasma frequency. They have done calculations
with b = —1 for a smooth metal surface, allowing the pa-
rameter a to be determined by experiments. This theory
along with the experimental results for the SHG in a
total-internal-reflection (TIR) geometry from a prism-
metal interface oyer a broad range of incident angles can
successfully determine the parameter a of noble metals
and aluminum films. ' ''

Recently developed theories' on the properties of cou-
pled surface-plasmon modes formed on two surfaces of a

thin metal film bounded by index-matched dielectrics
have stimulated both theoretical and experimental in-
terest in nonlinear optics. ' ' ' The two modes can be
treated as antisymmetric and symmetric (in transverse
magnetic field distribution) coupled modes of the single-
boundary surface plasmons (SBSP's) on the two metal
surfaces. The former is described as the long-range
surface-plasmon (LRSP) mode and the latter as the
short-range surface-plasmon (SRSP) mode. A demon-
stration of resonant SHG from quartz crystal, owing to
phase-matched and -unmatched excitation of the funda-
mental LRSP and SRSP modes with the harmonic LRSP
mode, has been reported. '

In this work, we first derive the formulas for evaluating
the SHG of metal films under a modified Kretschmann
geometry on the basis of electron-gas hydrodynamic
theory. We assume that the boundary media of the metal
film have negligible nonlinear susceptibilities and that the
second-harmonic (SH) waves are essentially generated
ff'om the bulk and selvedge regions of the film. Numeri-
cal calculations show that SHG from thin metal films
with LRSP excitation is largely enhanced in comparison
with that from an attenuated-total-reflection (ATR)
geometry. We find silver metal films to be the most
efficient substrates for coupling surface plasmons. An
anomalously large nonlinear reflectance is found at some
specific incident angles for thick films with an extremely
narrow angular width. This resonance peak is assumed
to be due to the interference of the multiple reflection of
the SH wave within the multiple boundaries and the sen-
sitive angular dependence on the excitation of LRSP.

II. THEORY

When a p-polarized wave is incident upon a metal film
of thickness d3 in the Sarid configuration, a free
transverse-mode (TM) wave can be excited in the thin
metal layer satisfying the dispersion relation given by' ''

w3d3 tan '(p33) +tan '(f334) +m 7r
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m is the mode number (a positive integer), ro; = (co/
c)Qe, (co) is the wave vector in ith medium with dielec-
tric constant e, (cu), and k, =k,' +ik," is the propagation
wave vector of the guided surface-plasmon mode (with
prime and double prime indicating the real and imagi-
nary parts, respectively). Equation (1) can elucidate the
wave vector k, for LRSP and SRSP modes in terms of
the metal film thickness d3.

The hydrodynamic theory' is exploited to describe the
nonlinear response of electrons (including free and bound
electrons) in the metal. Considering a fundamental wave
with angular frequency co impinging on a metal film with
the geometry as shown in Fig. 1, the second-harmonic
polarization generated in the bulk region of metal is
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and

This causes an effective nonlinear current density at the
selvedge region of metal as given by

JNL(r) = 2coi—Qe' '5lz —zo—'),
where i =&—1, the interface is at z =zp, and the parallel
and normal components of the dipole moment per unit
area Q are expressed by

Q'=(+ )
4m, u
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respectively. Here e (co) and e (2') are the dielectric
constants of the metal at fundamental and harmonic fre-
quencies, respectively, E and E' are the tangential and
normal components of the fundamental electric field in-
side the metal, q is the charge of electron, m, is the mass
of electron, and a and b are the phenomenological param-
eters. The plus and minus signs as shown in Eq. (5) are
used to indicate the current sheet located outside the
"bulk metal, " specifying upward and downward along
the z axis, respectively.

The three geometrical configurations usually applied to
the study of surface waves are the external reflection
(ER), attenuated total reflection (ATR or Kretschmann),
and modified Kretschmann (or Sarid) geometries, as
shown in Figs. 1(a), 1(b), 1(c), respectively. The electric
field in each medium can be calculated by the transfer-
matrix method. ' Once the electric field in the metal film
is calculated, the induced nonlinear polarization can be
specified by Eqs. (3) and (4). The generated second-
harmonic fields can be derived either by a straightfor-
ward application of Maxwell's equations or by a simple
extension of the transfer-matrix theory. " The second-
harmonic reflection coefficient R is defined to be the ratio
of the reflected SHG irradiance to the square of the in-
cident fundamental irradiance, while the field enhance-
ment factor is defined to be the ratio of the absolute
square of the electric field at the surface just outside the
metal film to that of the incident wave inside the prism.
We can explicitly derive the value of R in each of the
three geometries for a p-polarized incident beam as the
following.

(i) For the ER geometry,

8~
RER —, sin Ocos 0
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where 0 is the incident angle,

G, —= [e (co) —sin 0]'

and

G2 =[a (2') —sin 0]'

fundamental waves from air into the prism and the exit-
ing of the second-harmonic wave from the prism back-
ward into the air. The explicit expressions for T,
Ap, and Ad of this geometry have been prescribed by the
present authors. '

(ii) For the Kretschmann geometry,

2~ &]
, f~/-'T,

C 02]
(8)

where n, and %, are the refractive indices of the prism at
u and 2', and 2 is the ratio of the second-harmonic elec-
tric field to the square of the fundamental field inside the
prism and is denoted by 3 = 3 + Ap+ Ad. The three
terms are the SHG contributing from the bulk metal,
front prism-metal selvedge, and back metal-glass sub-
strate, respectively. The factor T contains the Fresnel
and geometrical factors describing the coupling of the
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FIG. 1. Three configorations for SHG: {a) the external
reAection {ER), (b) the Kretschmann, and {c)modified Kretsch-
mann {or Sarid) geometries.
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The electric field enhancement factor g with SBSP at
the metal-glass substrate selvedge is derived as
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where d3 is the thickness of metal film, w; =(ai; —k )'

is the normal component of the wave vector in the ith
medium, k is the tangential component of the free-space
wave vector co/c, m, 23 is the modification factor due to
multiple reflection at cu, and t, and r; are the Fresnel
coefficients for transmission and reflection of p-polarized
wave, respectively, and given by

(iii) For the modified Kretschmann (or Sarid)
geometry, the expression of second-harmonic coefficient
R in the Sarid geometry is the same as Eq. (8), except that
the 3, , Ao, and Ad represent the SHG from the bulk
metal, the liquid-layer —metal-selvedge, and the metal-
glass substrate interfaces, respectively. They can be de-
rived as
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Q is the dipole moment per unit area of the second-
harmonic current sheets. The tangential and normal
components for the liquid-layer —metal-selvedge are

Qo =bFkw3(r34e ' ' —1)

and

2

Qo =aF (r34e +—1)z — ~ 2iw&d&

are the modification factors due to reflections between
multiple interfaces at ~ and 2'. The factor T321 in the
equations above represents the transmission from the
third layer to the first layer at 2', and r 234 is the
reflection factor due to second, third, and fourth layers at
cu. They are written as

I W~dz
321 ™32132 21

and

Qd
= —bFkw, (r34 —1)e

and
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where the common factor F is

respectively, while at the metal —glass-substrate selvedge,
the components are

2lw3d3
r234 m 234( 1 23 + r34e )

respectively, where
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We use the capital letters to indicate the corresponding
quantities evaluated at &=2' and K=2k. The sub-
scripts 1, 2, 3, and 4 denote the prism, the index-
matched liquid layer with thickness d2, the metal with
thickness d3, and the glass substrate, respectively. Here

in which the e3(~) is the metal dielectric constant at fun-
damental frequency.

The electric field enhancement factors at liquid-
layer —metal selvedge and metal —glass-substrate selvedge
are denoted by g23 and g34 respectively. According to
the transfer-matrix method, the explicit formulas for g23
and g34 are derived as
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TABLE I. P. Parameters for theeoretical calculations.

Metal

Au
Ag
Cu
Al

g,, (1.06 pm)

—48.24+i 3.58
—67.03+i 2.44
—49. 13+i4.91

—95+i 33

e,„(0.53 pm)

—4.53+i 2.46
—11.9+i 0.33
—5.48+i 5.86

—33+i 10

—1.4
0.9

—1.6
1.5

Ref.

15,20
14,20
15,20
14,20

Prism

Schott BK-7 glass
Schott SF-59 glass

Glass-substrate

1.06 pm

1.507
1.908

1.4497

Index of refraction
0.53 pm

1.520
1.970
1.4608

22
22
23

T/23
= m 1234~ 234 t 12 t 23 e

I LO d

134

X [Ik(1+r 2EIll3d'+r - -' ' w, 1 r34e
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(21)

and III. THE ORETICAL RESULTS ANS AND CONCLUSIONS
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FIG. 4. Second-harmonic reflection coefficient as a function
of the internal incident angle in Kretschmann geometry at four
silver-film thicknesses.

FIG. 6. Second-harmonic reflection coefficient as a function
of the internal incident angle in Sarid geometry with LRSP exci-
tation at sets of gold-film and index-matched liquid-layer
thicknesses.

3.61 X 10
—2o and 10.9 g 10 o cm /W, with the corre-

sponding incident angles of 72, 64, 65, and 75, respec-
tively. A comparison between the second-harmonic in-
tensity from the TIR geometry and that from the ER
geometry indicates that the SHG from the total internal
reAection critically depends on the value of the phenome-
nological parameter a.

Figure 3 shows the electric field enhancement factors g
in the Kretschmann geometry as functions of internal in-
cident angle 0, at various gold-film thicknesses for the
fundamental wave at A, = 1.06 p, m. As the film

fthicknesses becomes thinner, the excitation intensities o
surface waves on both sides of the metal become
equivalent. The coupling of these two waves will smear
out the attenuated-total-reAection peak, as occurring in a
thick film, and the acceptance angle broadens.

Figures 4 and 5 show the second-harmonic reflection
coefficients R of silver and gold, respectively, with surface
plasmons in Kretschmann geometry versus internal in-

cident angle at several film thicknesses. The interference
structures in the wings of the surface-plasmon resonance
at a certain film thickness are observed for all of these
metals. The silver film is found to show the largest cou-
pling of surface plasmons.

F 6 7 and 8 show the nonlinear reAectionigures, , an
coefficients R for silver, gold, and aluminum thin films
with fundamental LRSP excitation at A. =1.06 pm, as
functions of internal incident angle in the Sarid geometry.
For d = 100 A the second-harmonic generation with3

LRSP excitation is over two orders of magnitude, and
lar er than that from the SBSP excitation. An unusualarger an
sharp peak occurs near the vicinity of 0, = .9, in i-=49.9658 indi-
cating that a SHG of R is over five orders of magnitude
larger than those from the LRSP mode. This angle cor-
responds to the incident angle for obtaining a maximum
va ue 0 &234I f ~M

~

and is presumed to be due to resonance
interference of the second-harmonic waves rejecting be-
tween several boundaries, and is due to the critical sharp
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FIG. 5. Second-harmonic reflection coefficient as a funct&on
of the internal incident angle in Kretschmann geometry at three
gold-film thicknesses.

FIG. 7. Second-harmonic reflection coefficient as a function
of the internal incident angle in Sarid geometry w'with LRSP exci-
tation at sets o copper-t f opper-film and index-matched liquid-layer
th&cknesses.
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FIG. 8. Second-harmonic reflection coefficient as a function
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angle for excitation of LRSP at thick films. It is difficult
to observe this phenomenon experimentally, since the an-
gular width of this resonance peak is much narrower than
the divergent angle of presently available laser beams.

In summary„we have explicitly expressed the formulas
of SHG from metals in ER, ATR, and Sarid geometries.
We have also derived the expressions of electric field
enhancement factors in Kretschrnann and Sarid
geometries. The field enhancement factor of fundamental
LRSP with very thin metal films is typically one order of
magnitude larger than that of SBSP. The second-
harmonic intensities resulting from coupling of SBSP's
are, respectively, one order of magnitude for gold and
copper films, and for silver and aluminum two orders of
magnitude larger than those from external reflection.
The second-harmonic generation with LRSP excitation of
thin metal films is over two orders of magnitude larger

than that of SBSP. The SHG's from all metal films in
Sarid geometry are enhanced over five orders of magni-
tude at one particular angle of incidence when the thick-
ness of the index-matched liquid layer and the metal film
are properly adjusted. Silver films in various geometries
are found to be the most efficient SHG materials. The
second-harmonic reflection coefficients are very sensitive
to the value of the phenomenological parameter a in
Kretsckmann and Sarid geometries.

Since the lifetime of the surface plasma wave greatly
depends on the properties of metal surface, the surface
nonlinear-wave generation can be exploited as a sensitive
probe for characterizing surface conditions such as
roughness and contamination. Deck and Grygier, using
a Green's-function technique, concluded that a rough
metal surface can enhance the coupling of the incident
wave in a surface-plasmon mode and interferes with the
fundamental field to produce a second-harmonic wave
which radiates from the metal in a narrowly defined
direction. However, a rough metal surface implies an in-
creased surface scat tering of electrons, which greatly
reduces the propagation decay time of the LRSP, result-
ing in a degrading of the second-harmonic generation
efficiency. Radiation damping accounts for the radia-
tive losses of the oscillating electric dipole of the metal
particles. It can aAect the depolarization factor with a
correction term proportional to the particle volume and
inversely proportional to k . Therefore, the radiation

damping is not severe in this smooth, long-wavelength
system.
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