PHYSICAL REVIEW A

PKLM

VOLUME 39, NUMBER 3

FEBRUARY 1, 1989

expansion of the scattering kernel of the nonlinear

Boltzmann equation and its convergence rate

G. Kiigerl and F. Schiirrer
Institute for Theoretical Physics, Technical University of Graz, Petersgasse 16, A-8010 Graz, Austria
(Received 28 July 1988)

A triple expansion of the scattering kernel in terms of Legendre polynomials is used to transform
the nonlinear Boltzmann equation into a system of moment equations. The expansion is based on a
vector representation of the scattering kernel in the laboratory system, which can be applied to arbi-
trary collision laws. Low-order approximations result in a remarkable simplification of the moment
equations. The rate of convergence of the scattering-kernel expansion is investigated for isotropic
scattering in the center-of-mass system. A comparison between the differential scattering and
deflecting rate and its approximations define useful truncation indices for practical application.

I. INTRODUCTION

Investigations of Krupp,! Krook and Wu,?> and Bo-
bylev? enormously stimulated the application of the non-
linear Boltzmann equation. They discovered indepen-
dently exact solutions of the nonlinear Boltzmann equa-
tion under special conditions, nowadays called the
Bobylev-Krook-Wu solution.** For a simple, but physi-
cally interesting initial-value problem they investigated
the temporal relaxation to equilibrium of an infinite spa-
tially uniform gas with isotropic initial distributions. The
solution of this problem allowed a detailed insight into
the approach to equilibrium, even in the spectral range of
very high particle energies. This is important in deter-
mining chemical reaction rates in the gas phase as well as
in plasma physics. The elegance of the exact solution is
the result of the restriction that colliding particles in-
teract like Maxwellian molecules, where the scattering
cross section is inversely proportional to the relative
speed.

For practical applications approximate methods must
be developed to solve the nonlinear Boltzmann equation.
For this purpose moment methods have gained impor-
tance. They are based on an expansion of the particle
distribution function in terms of orthogonal polynomials
to transform the transport equation into a system of mo-
ment equations for easier solution. In the case of simple
geometry and simple collision models (e.g., the already
mentioned case of relaxation to equilibrium of an isotro-
pic Maxwellian gas) all moments can be evaluated analyt-
ically, which consequently results in a complete solution
of the transport problem. For general problems the prac-
tical advantage of the moment method is based on a
series truncation. Grad® published one of the first papers
on this subject. He used Hermite polynomials as basic
functions of his expansions in terms of the particle veloci-
ty. Beyond that, Laguerre series were applied.*’
Weinert and co-workers® ™! introduced a generalized
moment method, in which the particle distribution was
expanded in terms of Burnett basis functions.

The success of the Py method'? in neutron transport
theory encouraged extension to the nonlinear case.'
This generalization was based on a vector representation
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of the scattering kernel. By introducing three variables
which define the angles of the collision trihedral, a triple
expansion in Legendre polynomials of the differential
scattering probability became possible. An additional ex-
pansion of the particle distribution function in spherical
harmonics enabled us to transform the nonlinear
Boltzmann equation into a set of moment equations. It is
an advantage of this method that it is applicable to arbi-
trary collision laws and initial conditions. Beyond that,
because of the separation of the speed and direction vari-
ables of the particle velocities, this method is also an ideal
base for the transformation of the nonlinear Boltzmann
equation into a system of multigroup equations. In prac-
tice, the choice of low truncation indices results in a re-
markable simplification of the moment equations, but the

FIG. 1. Collision trihedral in the laboratory system. v; and
v, are the velocities of the test particle before and after the col-
lision, and v, denotes the initial velocity of the target particle.
6, and 6, are the first and the second scattering angle, and 6" is
the collision angle.
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quality of this procedure is based on the assumption of a
fast convergence of the scattering-kernel expansion,
which should be proved in this paper.

In the case of elastic scattering, the differential scatter-
ing probability is a singular distribution. Hence, to
demonstrate the convergence of its series expansion, we
have to use reduced scattering probabilities. To study the
dependence on the scattering angle, we introduce the
differential deflecting probability. The comparison be-
tween the exact representation and different approxima-
tions will then define truncation indices apt for practical
application. This procedure involves only interactions
under a constant collision angle. Therefore the collision-

kind. For this case, it is useful to define differential
scattering rates as a function of the temperature and the
ratio of the particle speed before and after collision. A
comparison with its series expansion proves that it is
sufficient to restrict the differential scattering-kernel ex-
pansion to a few terms in order to achieve a good approx-
imation. Finally, it is an important result of these investi-
gations that, if we assume an isotropic velocity distribu-
tion, only diagonal elements of the triple expansion of the
scattering kernel contribute to the scattering rate. This
simplifies the moment equations in the cases of isotropic
or approximately isotropic velocity distributions substan-
tially.

angle distribution is extremely anisotropic. Frequently,
the systems under consideration are approximately iso-
tropic and their velocity distribution is of the Maxwellian

II. PXXM METHOD
The nonlinear Boltzmann equation

J

%f(r,vl,t)+v,Vrf(r,v1,t)+f(r,v1,t)fdv;f(r,vz,t)lvl—v2|a( lv,—v,l|)

=ffdv’ldv'lf(r,v'l,t)f(r,v’z,t)lv'l——v'zla(|v’1——v'2l)w(v'l—»v,;v'z)-i-Q(r,vl,t) (1)

governs the particle distribution density f(r,v,,¢) within a one-component system. Q(r,v,,t) denotes the source densi-
ty. The product of the relative speed of the colliding particles |v]—v}| (the primed velocities are the anticollisional
ones), the integral scattering cross section o (|v{—v}|), and the differential scattering probability define the scattering
kernel

S=|vi—vilo(Ivi=viDw(vi—v;vy) . )

w(vi—v;vydv, is the conditional probability that if the test particle is scattered from v to between v, and dv,, then
the target particle is scattered from v; to any velocity-space element. The trihedral, consisting of the velocities vj, v3,
and v, determines this collision process (Fig. 1). It is useful to introduce the angles

6, =arccos[cos§;cos&| +singsindicos(w; —w})] ,
6, =arccos[cos cos&; +sin singycos(w; —w))] , (3)
0’ =arccos[cos§cos; +singsingscos(w| —wsy)] ,

which have the following physical meaning. Test and target particle collide with each other under the “collision angle”
0'. The ““first scattering angle” 6, is the angle between the incoming and outgoing flight directions of the test particle.
The “‘second scattering angle” 9, denotes the angle between the outgoing flight direction of the test particle and the in-
coming flight direction of the target particle. According to the trihedral consisting of the vectors v}, v3, and v, the an-
gles 0,, 6,, and 6’ may be interpreted as the sides of a spherical triangle. Therefore the relation

cos(6,+6')<cosf, =cos(6,—6") (4)

determines the domain where the differential scattering probability is defined due to these variables.
In order to apply the spherical harmonics method on the nonlinear Boltzmann equation, we expand the scattering
kernel (2) in terms of Legendre polynomials with cos,, cos,, and cosf’ as arguments:

S(v,,v],05,c080;,c080,,c088)=F ¥ 3 (2k+1)(2[+13)(2m+1)
K=01=0m=0 (41r)
X Skm (V1,01,05)P,(cosb,)P,(cosb,)P,, (cosb') . (5)

The scattering-kernel expansion (5) can be applied to arbitrary collision laws. If we assume the scattering to be elastic
and isotropic in the center-of-mass system, then the differential scattering probability takes the form

wc.m.(v’lc_m —V, Vem v, :ﬁ&(v,cm —v’lcm_ v, d(cost; dw, (6)

c.m.

where we have chosen spherical polar coordinates in the center-of-mass system. The center-of-mass velocity is invari-
ant in the collision process. According to the conservation laws for momentum and energy the particle speed v; is
c.m.
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also conserved, and therefore the differential scattering probability vanishes if vy ;évl

Using Egs. (3), the transformation of the differential scattering probability (6) 1nto the laboratory system results in
v?
w(vi—v;vydv,= 1 : [[v,+‘(v,2+v22)+‘v,v2cos6’—v,v,cos6,
T vE+v?—2viv)cosd’

13

—vv5c080,1"2—L(vE +vF —20\v5c0s6') /2]

Xdv,d(cos§ Mo, . 7

The moments of the expansion (5) for isotropic scattering in the center-of-mass system are given by the following in-
tegral representation:

v "
Syim =872 — f : 1d(cosG’ )P,,(cos® )a[(viE+vE—2viw)cosh’) /2]
vy Y-

vy , vy
X f (cos6,)P,(cosh,)P, —~+-—1— 0s6 —;,—00592
1 1
1, V) 2
Olcos(8,—60')— | — + —cosf' ———cosb,
vy U vy
v, v
XO| —+—cos()’——cos92 —cos(6,+6')] . (8)
vy U v}

The O terms are Heaviside’s step functions. On account of Egs. (3) it is possible to expand the Legendre polynomials in

Eq. (5) by means of the addition theorem of Legendre polynomials'* in terms of the direction variables of the particle
velocities in the laboratory system:

e v w Et+DI+1D2m+1)
§S=2 3 X 3
k=01=0m=0 (4)

Skim

"(k a)

X | P (v)Pp(v])+2 E o ———PZ(v))P{(vi)cos[alw, —w})]

1 —_
x |PvpP v +2 S LB by, \pP(vh)cos Blar, — )]
P!

x |P. (v))P v2)+22 —7’—’—P7(v;>P,r,(v'z)cos[y(w;—w;)] ©)

m+y)!

Pg, PP, and P}, symbolize associated Legendre polynomials. Further, we use the abbreviations v,=cos&,, Vs =cos&),
and vy, =cos{5.
The expansion of the outscattering kernel of Eq. (1) yields

vi—valo(lvi—v,= 3 221G (0,,0,)P, (coso) (10
n=0 4
with
U,,(vl,uz)=27Tfjl(v%-H)%—2v1vzcosf))1/20[(v%+v§——2v1vzcose)”z]Pn(cos6)d(cos€) , (11)

and then, by applying the addition theorem of Legendre polynomials, we obtain the series representation:

2n +1
4

70 (01,03) | Py (v))P, (vy)+2 2 —L)P”(v,)Pp(vz Jeos[pla, — )] | - (12)

lvi—vylo(lv,—=v,D=3 (n¥p

n=0

Finally, we expand the particle distribution function and the source density in order to obtain the moment equations.
In the case of one-dimensional plane geometry in local space these expansions are given by

2n+1

flzv,v,t)= E

n=0

f(z Dl? P('Vl), (13)

with
f,,(z,vl,t)=2ﬂfildv1Pn(v1)f(z,vl,vl,t) (14)
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and
z 2n+1
Qzv,v,t)= 3 n47T Q,(z,v,t)P,(v{), (15)
n=0
where
1
Qn(z,vl,t)=277f71dv1P,,(v1)Q(z,vl,vl,t), (16)

if we assume an azimuthal symmetrical velocity distribution. Now we insert the series expansions (9), (12), (13), and (15)
into Eq. (1), multiply it by P;(v,), and integrate the resulting equation with respect to v,. Taking into account the
orthogonality and the recursivity of the Legendre polynomials we obtain the following coupled system of nonlinear mo-

ment equations:

min(kbm) (k —a)W I —a)(m —a)!

(k+a)l+alm+a)

Baa aa paa
kinPkmiPImj

© ® ’ ’ ’ ’ ’ ’ 1
XfO fO dvldDZSklm(vl’Ulva)fi(zrvl»t)fj(zyvz’t)+EQn(Zvvl7t) >

n=0,1,2,3,... (17)

wgl(v’l,v'z,O';Gl)d(cosel) ,

the differential deflecting probability. This is the proba-
bility that if two particles with the initial velocities v}
(test particle) and v} (target particle) collide under the an-
gle €', then the test particle is scattered to between cosf,
and cos6, +d(cosb,).

_Lafn(z’vl’t) 1 n ’ afn—1 1 n+l1 Afn+1
2 at 2r 2n+1°Y 3z 2w 2n 41!
22 (2i4+1)2j+1 -
+3 3 EEVED - rv,0 [ Tdvyo01,0)f(2,0500)
i=0j=0 (477') 0
L& & A &S kDRI D2m DRI+ 12 +1)
=333 33 ; /
k=01=0m=0i=0;=0 (47)
X N5k Cmi®mj T3 3
a=1
[
with
f(z,v,,t)=0
and
1
a,.jk=f_ldvlp,.(vl)P,wl)Pk(vl), (18)
j?‘j‘,f=f_lldle,-“(v])Pf(v])Pk(vl). (19)

The expansion is based on a complete set of functions and
therefore the moment equations (17) are equivalent to the
original transport equation (1). The practical applicabili-
ty of this procedure is found by an approximation in
truncating the series. In contrast to the Py method, the
truncation index may be chosen differently for the parti-
cle density and the scattering kernel. Therefore we name
our procedure a PXLM method, in analogy to the notation
which is generally used in linear transport theory. The
choice of low truncation indices results in a remarkable
simplification of the moment equations. But it is based
on the assumption of a fast convergence of the
scattering-kernel expansion. In Secs. III-VI this con-
vergence behavior is particularly investigated.

III. DIFFERENTIAL DEFLECTING PROBABILITY

The differential scattering probability (7) is a singular
distribution. For investigating the convergence of its
Legendre polynomial expansion, we introduce so-called
reduced or integrated scattering probabilities as, for in-
stance,

In order to evaluate the differential deflecting probabil-
ity we first transform the phase-space element from

dv,d(cos§)dw,
to
dv,d(cosf,)d(cosb,) .

For that purpose we rotate the coordinate system of Fig.
1, so that the z axis coincides with the direction of v,, and
v, is in the xz plane. To make the transformation one-
to-one we restrict the permissible range of o, to the inter-
val [0,7]. The probability of a particle being scattered
into a differential speed solid-angle element cannot de-
pend on the choice of coordinate systems; hence

2w(vy—v;v3)dvd(cosé )dw,

=w(v},v3,050,,0,,0,)dv,d(cosb,)d(cosh,) . (20)

The factor 2 is a result of the restriction of the w, interval
to [0,7]. For every event specified by

(vy,c08&,0,)
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there is a corresponding one denoted by
(vy,c086,2m— @) ,

which will yield the same value for the differential
scattering probability. In the new coordinate system we

a(vl,cosé‘l,wl) _ 1

have, according to Egs. (3),

d(v,,cos6,,cosb,)

{[cos(8; — ') —cos,][cosh, —cos(6,+6")]} 172

It will be suitable to transform the 6 function which occurs in Eq. (7) as

S{[vI+iwE+vF)+lvivscosd —v vicosd; —v,v5c0s0,]' 2~ 1w +vF —2vjv5c0s0’

1

’

U1V,

= (vE+vE—2viw5c080') 7%

Combining Egs. (20), (7), (22), and (23), and solving for & yields

v
B (v),05,050,,0,,0,)dv,= 2>~ 1

’

vy (W2+v?—2v\v5cosd’

O(cos(8;,—0')—cosh,)O(cosh, —cos(6,+6'))

X
{[cos(8;—8')—cosB,][cosf,—cos(8,+6")]}1/2

with

’ ’

cosf,=cos§, ,
21
cosf,=cosf,cosf’ +sinb,sinf’cosw, ,
and therefore the Jacobian takes the form
J
(22)
)1/2}
vy | Y] v}
cosf,— | — + —cosf’— —-cosb, . (23)
v Ui vy
NV 8(cos6,—h,)
dv,d(cosb,)d(cosb,) , (24)
(25)

Uy 1 Uy
hy(v,01,05,0,,6)=—+—cosd'— —-cosb, .
vy Ui vy

The inequalities (4) restrict the domain where @ is defined with respect to 8,, 8,, and 6’. This domain is formally ex-
tended to a cube of the side length 7 by means of Heaviside’s step functions.
The following integral defines the differential deflecting probability we, :

wgl(v'l,vg,e’;Gl)d(cos&)=fowdv,f_lld(cos%)zf)(v'l,v'z,()’;ul,()],ez)d(cosel). (26)

If we insert Eq. (24) for @ and perform the integration over cosf, we obtain

2 1 1

wgl(v'l,u'z,G’;Ql)d(cosel)=——

’

T vy (vP +vg—20 v5c086’
O(cos(8,—6')—h,)O(h,—cos(6,+0))

)I/Z

Xfowdvlv,{

The arguments of the step functions appear as a product
in the radical term and lead to special singularities of the
integrand. Therefore the numerical integration is done
by applying the Gaussian quadrature formula. The solid
curves in Figs. 3—5 show numerical results for the exact
differential deflecting probability for different collision
parameters v}, v5, and cosf’. We want to emphasize two
important properties.

(i) For certain combinations of the collision and
scattering angles, the differential deflecting probability
vanishes because of the conservation laws for momentum
and energy.

(ii) Several parameter combinations result in singulari-
ties of we, - Detailed investigations proved that the singu-

lar behavior of Wy, depends on the kind of poles of the in-

[cos(8,—O)—h,1[h,—cos(,+6)]}'?

d(cosb) . (27)

r

tegrand. If multiple roots occur in the radicand of Eq.
(27) the integral becomes divergent.

We can also construct the differential deflecting proba-
bility by means of a vector diagram as shown in Fig. 2.
There we consider a collision of two particles specified by
the initial velocities v| and v3, and collision angle 6’. If
we assume isotropic scattering in the center-of-mass sys-
tem, the points of the possible final velocity vector Vi

in the center-of-mass system are uniformly distributed on

the sphere of radius vi{ =v,; . This scattering, of
c.m. c.m.

course, is not isotropic in the laboratory system. The

probability Wy, that a particle is scattered to between

cosf, and cosf,+ A(cos;) will be obtained by means of

the following construction. The hatched segment of the
unit sphere corresponds to the given scattering angle in-
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are defined by the intersection curves of the two cones
with the large sphere. The ratio of the dotted area and
the sphere is equal to the probability for the deflection
into the interval

[cosB),cos0,+ A(cosb,)] .

The deflection probability represented in Fig. 5(c) is
based on about the same parameter couple vj/v’, and
cosf’ as the construction in Fig. 2. It is now possible to
compare the two results. For cosf,=1 the reference area
consists of two opposite spherical segments (I). At first,
the reference areas (I,ILIII) decrease with increasing
scattering angle 8,. A further increase of the apex angle
results in a sliding cut between cone and sphere, and
therefore the reference area becomes especially large.
This is just the scattering angle for which the differential
deflecting probability becomes singular. If the apex angle
goes beyond a certain value, no interaction occurs and
the differential deflecting probability vanishes.

IV. PXLM APPROXIMATION
OF THE DIFFERENTIAL DEFLECTING
PROBABILITY

The rate of convergence of the scattering-kernel expan-

FIG. 2. Geometrical construction of the differential sion is now studied by comparing the exact differential

deflecting probability. deflecting probability of Sec. III, with its PXIM approxi-

mations. Combining Egs. (2) and (5) together with Egs.

terval. The center of the unit sphere and the hatched seg-  (20) and (22) yields the PXL¥ expansion of the differential

ment determine two cones whose apex angles are the lim- scattering probability in the (v,,cos6,,cosf,) representa-
its of the given cos6, interval. The dotted areas in Fig. 2 tion:

|

(v],v5,0%v,,0,,0,)dv,d(cosb,)d(cosb,)
2 1 ©(cos(6,—0')—cosh,)O(cosh,—cos(6,+6"))

Vi —vil o {[cos(B,—6')—cosB,][cosh, —cos(6, +6')]}}/?

K L ¥ Qk+D@i+D)@2m+1)

XZT 22

K=01=0m =0 (41)°

Skim(V1,07,05 )P, (cosB,)P;(cosb,)P,, (cosb )dv,d(cosB,)d(cosd,) . (28)

The moments S, (v,0},03 ) are given by Eq. (8). Integrating Eq. (28) over v, and cos6, yields the requested differential

deflecting probability in the PX™ approximation:
2 s M Q2k+DRI+1)(2m+1)
| r__ 2 2 2

’ 3
vi—vilo Z0S0m=0 (4m)

whHM (v},05,60'36,)d (cos6,) = Ty (01,02)7,(6,,6")

X Py (cosB,)P,,(cos6')d(cos0,) , (29)
with
Ik/m(v’l’v'Z):fomdulsklm(vl’vll’v’z) (30)
and
O(cos(6;—0')—cos6,)O(cosh, —cos(0,+6"))
)[[cos(Bl—0’)—c0592][00562——cos(61+9’)]}1/2 ’

J(6,6)= [ d(cos6;)P(cost 31)
The coefficients I, are to be calculated numerically, assuming o =const, and the integral in Eq. (31) can be evaluated
analytically. Using the subsitution

cosf, —cosh,cosb’

cosa= —
sinf;sin6’ ’

Eq. (31) can be written as
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J1(6,,0')= fovda P;(cosfcosf’ +sinbsinf’'cosa) .

Now we apply the addition theorem of Legendre polynomials and obtain

710,,0)= [ "da |Pi(cos6, Py(cos6")+2 2 1 —m)!

The integration with respect to a results immediately in

J,(6,,6")=mP,(cos6,)P,(cosb") . (34)

Figures 3-5 show the comparison of PX‘™ approxima-

tions of the differential deflecting probability for different
velocities and collision angles with exact results. Because
of the cosf, dependence in Eq. (29), the PX'™ approxima-
tions are curves of (K +L)th order. Therefore any ap-
proximation due to the index triple (0,0,M) with arbi-
trary M is a horizontal line. The P°'™ as well as the P'°M
approximation are straight lines of positive or negative
slope. The plots in Figs. 3(b), 4(b), and 5(b) are to be con-
sidered as special cases. According to the assumption
cos6’ =0 only terms of even index / and m make a contri-
bution to the sum in Eq. (29). [P;(cosf’) vanishes if
cos6'=0 and i is an odd number.] Discontinuities and
singularities in Figs. 3(c), 4(c), and 5(c) would require a
high-order approximation. But for practical solutions of
the moment equations (17), low-order approximations are
necessary. The P®° approximation provides only a con-
stant value, but its order of magnitude is acceptable as il-
lustrated in Figs. 3(a), 3(b), 4(a), 4(c), and 5(b). The ap-
proximation is essentially improved if we choose the
truncation triple (1,1,1) [see Figs. 3(a), 4(a), and 4(c)].
Starting from the P! 1 approximation to increase one of
the three indices results only in a negligible correction
[see Figs. 3(c), 5(a), and 5(c)]. However, if we increase the
other indices too, a further improvement can be obtained
as shown in Fig. 4(b). In summation, we note that it is
possible to approximate the differential scattering proba-
bility in a quantitatively satisfactory way using trunca-
tion indices K,L,M =< 3. But it should be noticed that our
research was based on an extremely anisotropic test

+m)!

1435

(32)

P/"(cos@,)P["(cosb )cos(ma) | . (33)
r

case—the collision angle 6’ was kept constant. Hence

the rate of convergence is not as good as in the isotropic
case, which will be proved in Secs. V and V1.

V. MAXWELL-AVERAGED DIFFERENTIAL
SCATTERING RATE

We consider the Maxwell-averaged differential scatter-
ing rate R(v{—v,)dv, as a further test case to investi-
gate the convergence of the differential scattering proba-
bility expansion. This rate is to be interpreted as the
probability that a test particle at initial speed v interact-
ing with target particles of Maxwellian velocity distribu-
tion will be scattered to between v, and v, +dv,. We ap-
ply the collison law valid for rigid spheres o =0y=const.
The differential scattering probability @ is then given by
Eq. (24). Assuming the target particles to be Maxwellian
distributed, as

M (v})dvid(cosd)=2m(mv2) 3 v}
vh 2
Uw

makes this example comparable to practical applications.
The density of the target gas is normalized to 1 and
172

X exp dvsd(cosf') ,

(35)

2kT
m

(36)

denotes the most probable speed of target particles. Thus
the Maxwell-averaged differential scattering rate is given
by

R(u'l—»v[)dvl=fowdu§M(v§)fjld(cosfi”)f_lld(cosel)f_l1d(00592)|v'1—v'2}00ﬁ)(v'1,U'Z,G’;UI,B,,Oz)dvl .6

Because of the 6 function in @ [see Eq. (24)], the integration over cos6, is immediate and Eq. (37) turns into the triple-

integral formulation

2040 = M) O(cos(6,—0')—h,)O(h, —cos(6,+86"))
R —v)dvy =21 [ Zaps =2 [ d(cos’) [ ' d(coso,) ! 2 02 L dv,
T 0 v -1 1 {[cos(0,— 0" )—h,][h, —cos(6,+6")]}
(38)
[
h, is given by Eq. (25). With the abbreviations
2188 Yy Bq n f dc s0,) OB+ A)B(B—A4) (40)

A =cosf,cos8’—h, ,
(39)
B =sinf,sinb’ ,

the integral over cosf, in Eq. (38) can be written as

[(B+AXB—4)]"* "’

The product of step functions in Eq. (40) is equxvalent to
the condition

|4A|<B, 41)
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FIG. 3. Comparison of the exact differential deflecting prob-
ability w, with various PXLM approximations as a function of

the cosine of the first scattering angle 8,. Ratio of the test and
target particle velocity before the collision v}/v}=0.1. Cosine
of the collision angle: (a) cos®’ = —0.707, (b) cosd’ =0, and (c)
cosf' =0.707.
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FIG. 4. Comparison of the exact differential deflecting prob-
ability w, with various PKLM approximations as a function of

the cosine of the first scattering angle 0,. Ratio of the test and
target particle velocity before the collision v}/v3=1. Cosine of
the collison angle: (a) cos®'=—0.707, (b) cos® =0, and (c)
cos@'=0.707.
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which results in a further limitation of the domain of in-  the integral vanishes too. The terms a, b, and ¢ are given
tegration: by
< < v 1
x,=cosf,=<x, , (42) a=-1—+—lcose’,
U,y 28]
and we find
L
TrA2(h24 a2 2 2y71/2 b=—+cosb', (45)
x”:ab+[c (b2+c2 a“)] . 43) bS
’ (b*+c?)
¢ =sinf' .

For the inequality

2 2.2 x
O(b°+c“—a )f zd(cosel)
X1

(b2+C2)1/2 )]1/2 ’

[(cos8;—x ) (x, —cosb,
This is a special case of integral (31). Hence we obtain for / =0 according to Eq. (34):
(b’ +c*—a?)

T i)

and the Maxwell-averaged differential scattering rate (38) results in

H

;2 2 r )2
v v, -
M) O(l+ |— | — || — |— | cos6)
® v 1 v ) 1
R(v}—»vl)dv]=2aov,f0 dvg—lzf d(cosf’) - 2 ; 72
v - v
: 1+ |— | +2—coso’
v V2
Integrating over cos@’ we get
2 ’
o8] vy V| rw Mv;)
R(v]—v,)=40,|— dviM(v}y)+— dvy———
1 1 0 o fo 2 2 o fl,] 2 v
for downscattering (v, <v}), and
v, o, (wZ+vi—viH)”? , w M@))
R(v|—v,)=40 . .dv} M(v,)+v dv}
| =V, 0 o f(u§~ulz)‘/2 2 v, 2 val 2 v

for upscattering (v, >v). Finally, using Eq. (35) and integrating over v} yields

2 Y1 f .li <
og—er v, =)
, Uy w
R(v]—vy)= .
1 1 v pl—p2 v
1 1 1 1 ,
20— exp | — 3 eff | — | v, >v] .
Ul Uw w

We then represent the polynomial of the radical term of
b*+c*—a’<0 (44)  Eq. (40) as a product of its roots and obtain instead

(46)

(47)

(48)

(49)

This result agrees with that quoted by Williams'> and Heinrichs'® for the differential scattering rate and the effective

differential scattering cross section, respectively,

’ 1 ’
Oeglv) —v))=—R;—v,),
1

but it was found in a quite different manner. A three-dimensional plot of the Maxwell-averaged differential scattering

rate (49) is given in Fig. 6.

VI. PXIM APPROXIMATION OF THE MAXWELL-AVERAGED
DIFFERENTIAL SCATTERING RATE

Introducing the series expansion (28) of the differential scattering probability into Eq. (37) yields the PXLM approxi-

mation of the Maxwell-averaged differential scattering rate as
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3.0 4

FIG. 5. Comparison of the exact differential deflecting prob-
ability w, with various PXLM approximations as a function of

the cosine of the first scattering angle 6,. Ratio of the test and
target particle velocity before the collision v}/v5=10. Cosine of
the collision angle: (a) cosf’'= —0.707, (b) cos@'=0, and (c)
cos@’ =0.707.
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FIG. 6. Maxwell-averaged differential scattering rate
R(v}—v,) in units of the cross section o, as a function of the
inverse ratio of the particle speed before and after the collision
v and vy, and the ratio of the speed of the incoming test parti-
cle v} and the most probable velocity of the particles of the tar-
get gas v,,.
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FIG. 7. PX approximations of the Maxwell-averaged
differential scattering rate for various truncation indices; (a)
K =0, (b) K =1, and (c) K =3. The scale is the same as in Fig.
6.
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KLM s M Qk+1)20+1D2m+1)
R (U;—»Ul):E z 2 3 pklm(ul'v'l)ﬂ-klm ’ (50)
K=0/=0m=0 (4)
with
pum(v“v})==zj;wdv§Alh&)SHm(v“vi,vg) (51
and
1
Tim = f ld(cosB' )P,,(cosO’)
1 1 O(cos(6,—0')—cosb,)O(cosh, —cos(0,+06’))
x [ d(cos6))Py(cos)) [ d(c0s,)P)(cos6;) (52)
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FIG. 8. Maxwell-averaged differential scattering rate

R(v}|—v,) and various PX approximations in units of the cross
section o as a function of the inverse ratio of the particle speed
before and after the collision v} and v,. Ratio of the speed of
the incoming test particle v} and the most probable velocity of
the particles of the target gas v,: (a) v/v,=0.1, (b) v} /v, =1,
and (¢c) v} /v, =10.

{[cos(8,—6")—cosb,][cosh, —cos(8,+6)]}1/%

The Maxwell distribution M(v;) and the moments Sy,
are given by Egs. (35) and (8), respectively. The
coefficients y,,, involve an integral over cos6, of the type
given in Eq. (31). The result of this integration reduces
Eq. (52) by means of Eq. (34) to a double-integral expres-
sion and finally, by applying the orthogonality relation of
Legendre polynomials we obtain

2

Tiim =T 8k1¢5,m . (53)

2k +1

Thus all off-diagonal elements of the triple expansion in
Eq. (50) vanish, and we get a result which is similar to a
PX approximation of the Maxwell-averaged differential
scattering rate:

, K 2k +1 '
R¥w —v)=3 ——(41T)2 Pri (V1) . (54)
k=0

The coefficients p;;, are to be calculated numerically.
Figures 7(a)-7(c) display in a three-dimensional represen-
tation the convergence behavior of the PX approximation
of the Maxwell-averaged differential scattering rate. A
comparison of the exact scattering rate with various de-
grees of approximation, K =0, 1, and 3, is given in Figs.
(8)-8(c). From these figures we can see that already a few
terms of the expansion result in a good agreement with
the exact behavior.

It is remarkable that for isotropic velocity distributions
the off-diagonal elements of the PX™ approximation of
the differential scattering rate vanish. This behavior al-
lows an important simplification of the moment equations
(17). Thus, for isotropic distributions, only terms in con-
junction with S;;, contribute to the fivefold sum of the
inscattering term in Eqs. (17). If the distributions are ap-
proximately isotropic, contributions from off-diagonal
terms are negligible, and the fivefold sum reduces to a tri-
ple one. We expect that for determining particle distribu-
tions of approximately isotropic velocity distributions,
the PX™ method will become similarly as important as
the Py method in linear transport theory.
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