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A nonlinear quantum theory of the quantum-beat laser is developed using a “dressed-
atom-dressed-mode” master-equation approach. The theory is valid under the detuning conditions
which led to correlated spontaneous emission in a linear theory. It is shown that the quenching of
the quantum noise remains valid in the nonlinear theory and this operation is stable above thresh-

old.

I. INTRODUCTION

In the optical detection of small changes of a given
physical quantity, the change is converted into a phase
shift (passive scheme) or frequency shift (active scheme)
of a laser field. This is accomplished by sending the laser
light through or generating it in a cavity whose optical
path length is sensitive to the physical effect to be mea-
sured. The shift is then detected by beating the output
light with that from a reference laser. The typical exam-
ples, we are bearing in mind, are gravitational wave
detection"? and the laser gyroscope.’

In the active detection scheme, the limiting noise
source is the fluctuation, caused by the independent
spontaneous-emission events® in the relative phase be-
tween the two lasers. It was shown in a recent paper by
one of us’ that the linewidth and the associated uncer-
tainty in the relative phase may be eliminated by prepar-
ing the laser medium in a coherent superposition of two
upper states either via microwave coupling, as in
quantum-beat experiments,®’ or by coherent pumping, as
in the Hanle effect.® The arguments of Ref. 5 were of a
very general nature. Explicit expressions for the various
laser parameters (e.g., gain and cross coupling
coefficients) of the quantum-beat laser were derived in a
subsequent publication.’ There the linear theory has
been elaborated using the Fokker-Planck approach. In
particular, an explicit expression for the diffusion con-
stant of the relative phase of the two modes has been ob-
tained, and physical conditions under which this diffusion
constant vanishes have been given. The main results of
that paper can be summarized as follows. Consider the
system of Fig. 1. If the atoms are prepared in a coherent
superposition of |a) and |b), then the difference (not
necessarily the sum) of the corresponding phases ¢, —¢,
is fixed.

The phase ¢, of the ground level |c) is, however, a
true random variable. The spontaneously emitted fields
in the a-c and b-c transitions therefore average to zero.
However, from the beat signal of the two spontaneously
emitted fields, the random phase ¢, cancels, leading to a
nonfluctuating contribution to the beat note of the two
lasing modes. This is the idea of noise quenching, and
the physical condition under which it occurs is that the
field detunings from the corresponding atomic lines are
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equal to half the Rabi frequency of the driving field that
coherently mixes the upper levels, and they are much
larger than the atomic decay constants.

In this paper we present the nonlinear theory of the
quantum-beat laser which is valid under the above condi-
tions of Ref. 9. The investigation of noise quenching in
the Hanle-effect laser, as well as the study of less restric-
tive detuning and coupling requirements, are left to
separate publications.!® The key feature of our approach
is that we take into account the strong coupling of the
upper states to all orders and, in this way, instead of the
strongly coupled upper states, we essentially have two un-
coupled dressed states. Under the conditions of Ref. 9
this picture lends itself quite naturally to a rotating-wave
approximation where only one of the two dressed upper
levels contributes to the laser transitions. Since now both
the upper and lower levels of the two laser transitions are
the same, noise quenching in this dressed-atom picture
turns out to be equivalent to one-mode operation.

The paper is organized as follows: In Sec. II we
present the Hamiltonian model of our system and in Sec.
III the solution of the corresponding Schridinger equa-
tion. In Sec. IV we derive the master equation for the
quantum-beat laser where the deterministic part is de-
scribed by the model of Sec. II. We show that, in terms
of the ‘“dressed” modes, the steady-state photon statistics
is that of a one-mode laser. In Sec. V we show that the
beat signal between the two modes contains a part that

a
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c

FIG. 1. In the three-level atom, the two upper levels a and b
are coupled via a strong microwave field of frequency v;. The
emissions from the (b-c) and (a-c) transitions are strongly corre-
lated.
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does not vanish in steady state, i.e., quantum noise due to
spontaneous emission in the relative phase is quenched.
Thus, in this more general framework of the nonlinear
theory, the vanishing of the diffusion constant for the rel-
ative phase still persists. Finally, in Sec. VI, we briefly
summarize the main points of the paper and discuss their
connection with other coupled-two-mode laser theories,
as well as further implications of the results.

II. THE MODEL

We consider the model of Ref. 9, namely, a system of
three-level atoms, as shown in Fig. 1, which are being
pumped into the state |a ) at a rate r,. The double cavi-
ty resonantly contains the two lasing modes at frequen-
cies v, and v,. The |a)-|c) and |b)-|c) transitions
are assumed to be dipole allowed. The two upper levels
are strongly coupled by a (classical) external field, charac-
terized by a Rabi frequency . The transitions at v; and
v, are treated quantum mechanically, whereas the |a)-
| b) transition is treated semiclassically.

The Hamiltonian for the system is

H=H,+V, (1)
where
HOZ 2 ﬁw,» |i><i | +hvlal‘al+ﬁ1/20;az 5 (2)
i=a,b,c
and

V="tga |a)c|+allc)a])

+igylay |b)(c | +az|e)(b])

0
2

—ivyt —i¢ ivyt +id

(e la){(b | +e |6 al|). )
Here al,aJ{,az,az are the annihilation and creation
operators of photons in modes 1 and 2, g, and g, are the
coupling constants for the transitions |a)-|c) and
|b)-]c), and v, is the frequency of the external field
driving the | a )-| b ) transition.

It is convenient to work in the interaction picture,
defined as

(i/BHyt —(i/F)H gt
Ve o

Vi=e (4)
It is simple to show that
VI = Vl + V2 3 (5)
where, in an obvious matrix notation,
0 e 0
Vl__izQ eb 0 0 (6a)
0 0O O
and
0 0 g,a,eiA"
iAzt
V,=*# 0 0 g,a,e . (6b)
giale M guale™™ 0
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Here we introduced the detunings as A =0, —w,—v,
and A,=w, —w,.—v, and assumed that the driving field
is resonant with the |a)-|b) transition, i,
vi=w, —®, or A;=0. Furthermore, we assume that
A,=A,=A, as in Ref. 9. More general detuning condi-
tions will be investigated in a subsequent paper.

The key point of our approach is that we define a
second interaction picture, where V, is eliminated from
the equation of motion, as

V":e(i/mV,:Vze_(i/ﬁ)Vlt ‘ o
Using the following property of V:
Q 2n|1 0 O
(V)= ﬁz— o10],
000
2n (8)
(V1)2n+1: —ﬁzﬁ (V]),

we can explicitly calculate the transformation operation.
It is given by the expression

_ cos(Q/2)t Fisin(Q/2)te™¢ 0
P | Fisin(Q/2)e™ cos(Q/2) 0
0 0 1

)

Using (9) in Eq. (7), we find that the interaction Hamil-
tonian V; is of the form

0 0 V,
V" = ﬁ 0 0 VbC Py ( 10)
VIC VJ{' 0

and the only nonvanishing matrix elements are given by
the expressions

V.

[eila+0/2
ac

iab)

=1 Mg ,a,—grae™

_+_el’[A—(ﬂ/Z)]t(glal +g202e—i¢)] ,

) ) (an
Vbc=';‘[ _e:[A+(ﬂ/2)]t(gla’ex¢_g2a2)

+ei[A—(Q/2)]tt(g]alei¢+gzaz)] .

The condition for correlated spontaneous emission was
found in Ref. 9 to be A= /2. In this case the first term
in the outer square brackets in Eq. (11) is a rapidly vary-
ing one, while the second term represents a dc contribu-
tion. It is, therefore, appealing to introduce an effective
rotating-wave approximation (RWA) at this point and re-
tain the dc term only. The conditions for the validity of
this RWA will be further discussed in Sec. III. Further-
more, we define the non-Hermitian operator for the com-
posite mode as

g1a,e'*? g a,e 1%

A
(g1 +g})'”

i

, (12a)
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in such a way that

[4,471=1. (12b)

If g,=g, then 4 (4 ") is the annihilation (creation)
operator of the sum fields @, +a,. We also introduce the
notation g z%(g% +g2)"2. With this notation, and in the
RWA, our interaction Hamiltonian reads as

0 0 Ae 1472

Viu=#g| O 0 Ae'®? | (13)
ATei¢/2 ATe~i¢/2 0

In Sec. III we shall deal with the solution of the associat-
ed Schrodinger equation.

III. SOLUTION OF THE MODEL

The starting point of the nonlinear theory of the
quantum-beat laser is the interaction Hamiltonian, Eq.
(13). First we investigate the deterministic time evolution
of the coupled three-level-two-mode system as described
by this interaction Hamiltonian. The following con-
sideration will then help to fix the initial condition and to
carry out the averaging with respect to the atomic vari-
ables in the master equation for the field-density matrix
in the derivation of Sec. IV. The Schrodinger equation in
the second interaction picture can be written as

ifp=V, . (14)

Here ¢ is a column vector with components ¥, ¥,, and
.. Besides the atomic variables, each component is still
a function of 4 and A7, i.e., an operator acting on the
mode variables. When written in components, Eq. (14)
represents three coupled equations,

ilﬂba =gAd/c _i_glba ’
iy =g AV —iTu, , (15)

hj}c ng*wa +gAT¢b—l%¢c .

In Eq. (15), the phase ¢ has been eliminated by the simple
transformation ,e’¢’?—y,,¥,e ~¥?y,. Here we
have introduced the phenomenological decay constant ¥
for the levels a, b, and ¢ (for simplicity we have taken
them to be equal). If we make the substitution

Y=exp 2

— Yt —1y) ]117,

then the components of ¥ satisfy an equation similar to
(15), only the decay terms on the right-hand side (rhs) are
missing. Introducing the components ¥, =(¢,9,)/
V2, Eq. (15) can be written as

ig_=0,
iV, =g A9, , (16)
iijjc :glAn/j-F N

Here g’ =V'2g. The equation for ¢_ is not coupled to the

other two equations, and its solution is ¥/_ =const. In
the following, we set this constant equal to zero, implying
that the strong coupling of the upper two levels equalizes
the amplitudes of these two states on a time scale much
shorter than y ~!. Thus we just found that the validity
condition of our RWA is

Q>>y . (17)

Now, it is easy to solve Eq. (15). The solution, satisfying
the initial condition that the atom is injected into the ex-
cited level |a) at time ¢, and ¥,(ty)=r(t,) is a func-
tion of the field variables only, is given by

1 —(y /20t —1g) ~ ~
wa:—_wb_—_T/Tze v =l COS[CI)A(I-—I())]I,[)F([()),
(18)
¢c:_ie»(y/2)(t—t0)AVI(AA+)1/2

Xsin[@ 4 (t —t)1Bp(t,) -

Here d ,=g'(AA4")",

In other words, the dynamics of the system is very
similar to the dynamics of a simple two-level system cou-
pled to one quantized mode of the radiation field. In Sec.
IV we shall use Eq. (18) to obtain the master equation for
the field-density operator and to determine the resulting
photon statistics.

IV. MASTER EQUATION AND PHOTON STATISTICS

The density matrix of the coupled system three-level
atom plus two-mode field satisfies the following equation
of motion in the second interaction picture introduced
above:

. i
p=—2Vwrl, (19

where the bracket stands for the commutator.
The reduced density operator py for the field itself is
defined as the trace of p over the atoms

pr=Tr,p . (20)

Using the expression Eq. (13) for ¥; in (19) and carrying
out the trace operation, we find that p, satisfies the fol-
lowing equation of motion:

pF: _igi[A’(pca +pcb)]+[ A+’(pac +pbc)]l +"£ ’ (21)

where L is a loss term, which we shall specify later. To
proceed further we need an expression for p,. +p,. and
its Hermitian conjugate. We adopt the following pro-
cedure* to obtain this expression. We first calculate the
contribution of one atom injected at time ¢, into the
upper level |a) and then sum the contribution of all
atoms which are injected at random times t —y ~' <, <t
at a rate r,. In this way one finds that

Pactpoe=ra | dtoldaltst0)+y(0,10) I (110) -
(22)

We now substitute the expression for v, ¥,, and ¥, from
Eq. (18) which yields



38 CORRELATED-EMISSION LASER: NONLINEAR THEORY ... 757

—ylt —

= )
pac-}-pbcz\/Zira f,l_y—ldtoe o cos[® 4(t —14)]

XpF(to)Sin[(,l\)A(t ——to)]

X(AAN24aH- 1. (23)

In this expression we can approximate pg(ty) by pp(1),
since the dynamics of the photon field is governed by the
cavity lifetime ¢!, which is much longer than y ~!, and
thus during the integration time py does not change ap-
preciably. Then we can extend the lower limit of the in-
tegration to — oo, since due to the exponential damping
factor in the integrand the contribution from ¢y <t -—2/*1
is negligible. Finally, when acting on the right (4")~!
can be replaced by (AA)""4. After performing these
steps and taking the nn' matrix element of Eq. (23), it is
easy to carry out the time integration, giving

(pac+pbc)n,n’=irag(R:+l,n"_ rt_wtl,rx‘)/)l-‘n‘",_1 ’ (24a)
where
Vin +Vin')?
£, =R EYn) (24b)

oy 2g¥Vn Vi)
Now, we specify the loss term in (21) in the usual
|

manner"’ as

Vit t T
L=———(ajapp+praa,—2a,ppa,)—(1-2),

20,
(25)

where Q; is the Q factor of the double cavity at frequency
v;(i =1,2). It is convenient, at this point, to introduce
the difference mode as
a,—g,a
p=821781% 26a)
(g1+83)

which has the properties

[B,B"1=1, [4,B]=[4,B']=0, (26b)

i.e., the modes A and B are independent. One can now
express a, and a, in terms of 4 and B and use this ex-
pression in (25). Finally, upon inserting (24) and its Her-
mitian conjugate and (25) into (21), we obtain the follow-
ing master equation for the matrix elements of the field-
density operator (for the sake of simplicity the subscript
F will henceforth be omitted from p):

) V'n n'y A ‘N’nA,n;"q
Pram™= |14 BIAPA T e N BIA e
n;,né ng—hny— n;—l,né ngty n:’,nl}
Y ’ ' YN PR
—7“ (ny+ni+ng+np)p, n—2V (n g+ D+ Dp, 410 =2V (ng+ g+ 1p, 1| - 27
n:‘,né n;—é—l,nlli n;,né+l

Here, for simplicity, we have assumed that
! V2
L=y,
o 2

i.e., the cavity lifetime for both modes is the same, and in-
troduced the notations

2
, B=38

(28a)

2

£ A,

8
Y

N, w=2n 140"+ D+ Ln—n'VB/A ,

A =4r,

(28b)

I

Nyw=n+1+n"+ 1)+ 5n —n"PB/A .

As usual, A has the meaning of the linear gain and B is
the self-saturation coefficient.

The central result of our paper is represented by Eq.
(27). The equation, in general, separates into two in-
dependent equations corresponding to the A4 and B
modes. When written in the above form it is easy to see
that the part describing the 4 mode is identical with the
master equation of a one-mode laser with a two-level ac-
tive medium* [see Eqgs. (31) and (34a) below]. In fact, if
one has g, =g, =g, then g>=g2/2 and the identity is
complete in terms of g.

First we briefly consider the question of photon statis-

-

tics resulting from this master equation. As is well
known,* one obtains the steady-state photon statistics by
taking the diagonal elements (n ,=n';, ng=ng) and set-
ting 3/t =0 in Eq. (27). Since A4 and B are independent
modes, by virtue of Eq. (26b), and there is no coupling be-
tween them, the general solution must be separable, i.e.,
Py =Pr'son Prigony - (29)

Mq:Np

When substituted into the diagonal and steady version of
Eq. (27) this ansatz gives two separate equations for
p'? and p'®. From the condition of normalizability of
p'® we find that the separation constant must equal zero,
and the solution for p'# is

P(anz :Sn,O . (30)
This result could be anticipated, since there is no gain in
mode B and it is coupled to a loss reservoir only.

The equation for the steady-state photon distribution
p,A in mode A is then
nA p( A) . (n +1)A (A)
L+, BIAP TN B A P

—velnplf—(n +p, A, 111=0. (3D
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This equation is identical with the one that describes the
photon statistics of a one-mode laser with a two-level ac-
tive medium. Therefore, in terms of the composite mode
A, the quantum-beat laser exhibits the same type of be-
havior (photon statistics, threshold, saturation) as the
one-mode laser. The detailed analysis of this equation
can be found in the literature (see, e.g., Ref. 4) and we do
not pursue it here any further. We shall in Sec. VI, how-
ever, return to the discussion and interpretation of this
result. In Sec. V we shall elaborate on another conse-
quence of Eq. (27), namely, the diffusion constant of and
noise quenching from the relative phase between modes
a, and a,.

V. VANISHING OF DIFFUSION CONSTANT
FOR RELATIVE PHASE

The beat signal between two modes of an ordinary
laser or between two independent lasers decays to zero in
time because, due to the independent spontaneous-
emission events, the relative phase fluctuates freely. The
decay rate for the beat signal is, in principle, given by the

J

Schawlow-Townes linewidth.* Below we show that in the
quantum-beat laser the beat signal has a nonvanishing
part in the steady state, which means that the quantum
noise due to spontaneous emission is quenched from the
relative phase.

Our starting point is the observation that, by using the
inverse of (12a) and (26a), the beat signal can be expressed
as the real part of
ei(vl -y,

Tr(a‘;azp)

=1e™'Tr[(4'4 —B'B + 4B'—

2

A'Bpl, (2

where, for simplicity, we assumed that g, =g, and p
satisfies equation (27). The master equation (27) can be
factorized even in the time dependent case by the substi-
tution

(A) (B)
pnA,an— o (0P (1) (33)
nA,nB

leading to two separate equations for p'4’ and p'®

‘/nnﬂ N ")4 Ye T Y P R
5(A4) (A) _tec (A) Vv 1 11 (A4) , ,
pn,n 1+Nn n I‘B/Apn—ln—l 1+.N"n$/.)4 nn 2 [(n+n pnn -2 (n+ )(n + )pn+l,n+1]
(34a)
piB = 7/2 [(n+n")pB). —2V(n +1)(n"+ DpB) 1] (34b)

Looking for time-dependent solutions of Eqs. (34a) and
(34b) one can show* that the general solution is of the
form

Prn)=T ¢;(nle it (35a)
j=0
for the diagonal elements and
o0 — Py
Pun+plt)=2 ¢;(nple "/ (35b)

j=0
for the off-diagonal elements. Furthermore, v; >0 and

J

Re(ala,)o = 1

According to Eq. (35b) these matrix elements will decay

at a rate pb!) (neglecting the more rapidly decaying

terms). This defines the phase-diffusion coefficient D as
us'=D /2, where from Eq. (34a) it can be shown that

Ye
=3’ (38)

which is the Schawlow-Townes linewidth.
The crucial difference between the quantum-beat laser
(QBL) and the ordinary two-mode laser is that the beat

the lowest eigenvalue is py=0, allowing for a nonvanish-
ing stationary solution for the diagonal elements. Also,
1P >0 for p=£0, so that the off-diagonal elements decay
to zero for large times. In the case of an ordinary two-
mode laser (OL) or two separate lasers, the density matrix
factorizes in terms of the original a, and a, modes,

p 1V =pMp2) (36)

and the beat signal defined in (32) will be proportional to
the product of the off-diagonal elements of the type

2 2Pnn+1t)P£,2’n_1 )‘/(n+l)(n')+c.c. . (37)

signal contains a part that is diagonal in the “true” eigen-
modes A4 and B of the system,

(a,a2>QBL~znp“’ O+ - . (39)

According to (35a) these matrix elements will decay at a
rate ;1o=0, i.e., there is always a nonvanishing part of the
beat signal. In fact, the beat signal is a measure of the
true eigenmodes of the system. If we maintain the
definition of the diffusion coefficient as twice the lowest
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decay rate in (32), then
D=0 (40)

for the quantum-beat laser and the beat signal will be
given by

Re(aja, ) () =cos(vst) , . (41)

We can interpret this result in the following way. The
beat signal is nothing else but the beating of the signal in
the true eigenmodes of the system with itself. This ex-
plains why the fluctuating phase cancels and we obtain a
nonvanishing steady-state contribution.

VI. DISCUSSION AND SUMMARY

Starting from a Hamiltonian model of a three-level
atomic system, where there is a strong classical coupling
between the upper two levels and these levels are in turn
coupled to the lower level via interacting with two modes
of the quantized radiation field (see Fig. 1), we have
developed the nonlinear quantum theory of the
quantum-beat laser. The key feature of our theory is the
transformation given by Eq. (7). In this way, instead of
the two strongly coupled upper levels, we introduced two,
virtually uncoupled, “dressed” states. Under the special
detuning conditions for correlated spontaneous emission,
only one of these modes is coupled resonantly to the
ground state, while the other dressed state is coupled via
antiresonant terms only. This suggests a rotating-wave
approximation that reduces the problem to a two-level
system coupled resonantly to one quantized radiation
mode. This quantized mode is, however, a linear com-
bination of the initial “bare” modes. The combination
Y, =19,+¢, of the dressed states is coupled to the
ground state and ¥ _ =1, —, is decoupled from the sys-
tem. Thus our approach is a “dressed-atom-dressed-
mode” description. The emerging physical picture is
shown in Fig. 2. It is worthwhile to mention at this point
that the condition A= /2, found in Ref. 9 and elaborat-
ed here in detail, selects ¥, —1_ as the laser transition
and the combination a, +a, ~ A as the lasing mode. The
condition A= — /2 would select the ¥_ — 1, transition

Vs

Cc

FIG. 2. The strong microwave field splits the level a into two
levels. In the present dressed-atom-dressed-mode picture, 4 is
a true mode for the system.

and the combination a; —a, ~ B, and we still get the non-
vanishing beat signal in steady state. Summarizing the
conditions under which our approach is valid, we find
that the Rabi frequency of the coupling between the
upper levels, the atomic decay rate, and the cavity loss
rate have to satisfy the following inequality:

QA>>Y>>Y, (42)

a condition which is well fulfilled in most cases. If we
solve the equation A;=A,=Q/2 for the frequencies we
find that

Vi—Vy=v;, (43a)
which is the usual beat condition, and
w,+o
%(v1+v2)=——a—2—b+%—a)c . (43b)

This second condition states that the frequency of the las-
ing mode A (the average of the mode frequencies v, and
v,) is resonant with the transition frequency of the
Y, —y. transition. This justifies the dressed-
atom-dressed-mode picture of Fig. 2. One should also
notice that the beat signal between modes 1 and 2 is
directly proportional to the intensity in the dressed mode
A, thus providing a direct way of measuring properties of
the dressed mode. Finally, normally a strong microwave
pump is a very classical object, the reason being that if we
compare, at equal powers, the input microwave field and
the output optical correlated-emission laser (CEL) signal,
the microwave photon number is four or five orders of
magnitude larger than the CEL photon number at optical
frequencies. Therefore the Schawlow-Townes linewidth
of the microwave pump, (a /27 ), is very small and we
need not be concerned about noisy input pumps.

For the sake of completeness, we have included a
derivation of the full nonlinear Fokker-Planck equation
in the Appendix.
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APPENDIX

Equation (21) can be transformed into the Fokker-
Planck representation, if one writes

a\poay,P, pajeatP,
(AD

alpe |at — P, pa,< |a;——— |P,

aal

9
da,

where P is the usual Glauber representation. If we re-
place a, and a, by the corresponding differential opera-
tors in Eq. (23), and then perform the integral, we obtain
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. [y’ +gXB**—B*)]
we +Ppe = 2ir * , (A2)
Pac TP “at+a [72+g (B2 +B) P —4g*(BB* )
where
3 172
|a1+a2{2—(a1+a2) aa] +5;2’ (A})
The Fokker-Planck equation then reads
dP(ajat,apal) 2%, [[ 3 3 3 3, 3
ar =777 |3 Tae YT | 3a; T e, | |Bar T o
’ a I I
g * *
X A1+ | = | laj+ay) |7—+7— | —(af +a3) —+c.c., (A4)
y 77271 da + da, P20 3ar T dal b+
where
: 3 3 . a )
g 2 * * g
D=1+ |=| |4|a+a,| " —2a;+ay) | 7+ | -2(af +a3) + +0 |= (A5)
y I 1 2| 1 2 aal aa2 1 2 aar aa; y
Defining a,:pleiel, azzpzeiez, 0=0,—0,, u=(6,+6,)/2, then we have
—if
8 _,, 08 e
aa] —?e arl + 21."1 891 ’ (A6)
—i6
8,43 e ™
da, 2% B, " 2ir, 86,° (A7)
d 1 9 d
36, 2 3u 90’ (A8)
2 _13 8 A9)

30, 203u a0

If we expand the Fokker-Planck equation to fourth order in g and use the relations (A6) to (A9), after a rather tedious
calculation, we obtain the full Fokker-Planck equation,

dP oP 9P 3*P P
P=d,P+d d(py,)—+d ——~d9)—— D(B)— D() D(p))—+D(p))—
of + (pl) + (pz)az+ (u )a‘u+ + 692+ M + P ap +D(p, ap%
9’P 3P d’P a’P 3’P
— . ——+D(p,,6 D(p,,0 ,
0”)898 D(p"p2)8p18p2+D(p"”)ap,ay +D(p2,u)apza“+ (p )apa9+ (p, )a 30
where (with g, =g, =g,), (A10)
2 4
gor
dy= — -2 —32g—r(l—pf—pg—Zplpzcosé)), (A11)
Y’ r*
2
80a 1
d( — — — | +p,cos6
P 472 P 2p, p2c
g, —8
_ 74“ (30—4aa*)(p; +p,cosf) — —[p1+2p1p2cos9+p2cos 29>]+ 2p1 , (A12)
2
80" 1
(py))= — —— | +p,cosf
P2 47/2 P2 20, P1
go" —8
— (30—4aa*)(p cosb+p,)— [p2+p1cos(29)+2plp2cost9]+ 2p , (A13)
r? 2
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2 2

2 4
ra 14 - * . .
d(,u)——go2 P P sine—gof (30—daa®) | A1 _ P2 sm@—i LAy [ ek sin(26)
8y* P P2 14 2 P2 P 2 P2 Pi
2 Bl—-—ﬁz— sin@ R
P2 P
gra |P2 P 8o Pi . P2 pi P2 | pi . P
d(0)=——— | ——— |sinf——3 | —(30—4aa®) | =+~ |sinf+6 | —+— sinf+3 | — + — |sin(26)
4v° P P2 Y P2 Pi P2 P ps P
gora (1 1 2 gira | 3 [ pi+2pipycos+plcos(26)  pieos(26)+2p,p,c0s6+p3
DO)=—7 |5+ 35— cosf | —— Y 5 + 3
8 pPT P2 PiP2 P P2
2(picosf+2pp, +picosd) L Sea*—8 (1 1
pP1P2 2 pPr P2 '
" gir. [ 1 L1 o gra 3 p%+2p,pzcos¢9+p§cos(29)+p%cos(29)+2p,pzcose+p%
n)= S+ cosf [ ——— | —=
3297 (pt P2 P2 v | 8 pi [
2plcosf+2ppy+pjcosd) | saa*—8 (1 1 |’
+ —-+_ b
P1P2 8 pr P2
géra g?)ra 2 2 5aa*—8
D(p))=————¢ |3lpi+2pipyc0s0+picos(20) ]+ ——F— | ,
8y Y 2
gir.  &ora , Saa* —8
D(p))=—— ——7 |3picos(20)+2ppcos6+p3]+—-— | ,
8y Y 2
4
8o'a 3 . . 3 . S5aa* —8
D(p,u)= sin@ — == [p3sin(20)+2pp,sinf]+ ——(p} —p3)sinf + ———sinb | ,
: 72P2 7/4 2p, : P2 2p, pimpe 2p,
2
a Fa 3 . . 3 . Saa* —8
D (p,,u)= sinf ——[plsin(20)+2p,p,sin0] + =——(p} —p3)sinf — ————sinb | ,
2P1 4 2p, P1 1P2 2p, P1—P2 20,
2 4
8ora . 8o’a . . . *—-8 .
D(p,,0)= 02a sinf — 04 ~i[2p1p25m6+p§sm(29)]—-i(pf—p%)sm@——s—aa—————s—sme ,
4v°p2 14 P P2 P2
2, & .
Di(py6)=—2% sing— 2% | 3 (2 phising— 3 [plin(26)+2p,p,sin6]— 2% Lsing | ,
4v°p rt |~ P2 P1
2 4
8o’a 8gora 2 2 *
P2 = - 1 1 2 - ’
D(p,,p,) 8,2 cosf " [3(picosO+2p,p, +pic0s8) + (Saa* —8)cosO]
2
gor
D=\ L_ L
8y* |1 P2
4
80%q 3 3 * 1
- 04 -+——2[p%cos(Z())-1-2p,p2cos(9+p%]———2[p%—+—2p,pzcos(9—1—p§cos(29)]+igwl—mEi - %
Y 2p) 2py 2 Pi P
where

aa*=p+pi+2p,p,cos6 .

It is interesting to notice that if p;=p, (71, =%, =7) then
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2y 3gdr
3020 (1—cosf)— g04a [1—cos(20)],
4rn 14

D(9)=

(A27)

and obviously D (8)=0 for =0, so that the quenching of the relative phase noise is still true for higher-order nonlinear

terms.
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