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Differential cross sections for the electron-impact excitation of ions are calculated and compared

along the He-like isoelectronic sequence. With the use of a distorted-wave method, cross sections

are obtained for the transitions 1 'S~2 S,2'P in Li+, 0 +, and Si' +. A comparison is also made

to the cases of neutral He and the limit Z ~ 00 (Z being the nuclear charge). When scaled by multi-

plication by Z and compared at the same energy in threshold units, the resulting cross sections are

quite similar both in magnitude and in angular distribution all along the isoelectronic sequence.
The Coulomb-wave approximation is also used to calculate the differential cross section to test its

validity.

I. INTRODUCTION

In the study of electron collisions with neutral atoms
and molecules, it is customary to calculate differential
cross sections (DCS) when a comparison is made between
theory and experiment or between different theories. In
the case of electron-ion collisions, however, a very limited
number of papers have reported DCS so far. It is very
hard to obtain DCS experimentally for electron-ion col-
lisions, though a few attempts have already been made. '

This lack of experimental data has discouraged any
theoretical calculation of DCS for electron-ion collisions.
The DCS is valuable in getting insight into the physical
mechanism of the collision process. Furthermore,
differences in theoretical approximations can be easily
seen in the DCS. Taking account of these points, the
present authors have started a systematic study of DCS
for electron-impact excitations of atomic ions.

In the present paper excitation cross sections are calcu-
lated with the use of the distorted-wave-exchange-
approximation method recently developed by Itikawa
and Sakimoto (called the DWXA). This method is rath-
er simple and easily adapted to a systematic study. It has
been applied to the calculation of (integrated) cross sec-
tions for the excitation of He-, Be-, and C-like ions. '

The resulting cross sections have been found reasonably
accurate except near threshold. For comparison, the
Coulomb-wave approximation is also used here to calcu-
late the DCS in some cases.

As the first step of our study, He-like ions are chosen.
In particular, the DCS for the excitation of 2 S and 2 P
states are calculated and compared along the isoelectron-
ic sequence of He. The comparison includes two extreme
cases: neutral He and the limit Z~ oo (Z being the nu-
clear charge). To facilitate the comparison of different
ions, a scaling is proposed in the expression of the cross
section and the collision energy.

In Sec. II the formulas for the calculation of the DCS
are given. The formulas are a rather straightforward ex-
tension of those for neutral atoms, but they are shown in
somewhat detail because of the lack of any detailed re-

port on the BCS for ions. In Sec. III calculations are
made for the excitation of 2 S and 2 P states of several
He-like ions and the results are compared to each other
and to the extreme cases of neutral He and the limit
Z~ ~. Some discussions and concluding remarks are
given in Sec. IV. For the convenience of the reader, de-
tails of the calculation of the DCS in the limit Z~ 00 are
described in Appendix.

II. THE FORMULAS OF THE DIFFERENTIAL
CROSS SECTION

Details of the present distorted-wave method (DWXA)
are given in a previous paper. It is based on the follow-
ing assumptions.

(1) Introducing a distortion potential U and regard-
ing the difference between the true interaction and U
as a perturbation, we adopt the standard theory of first-
order perturbation to derive the transition probability.

(2) In the actual calculation, U is taken to be a
spherical average of the electrostatic potential formed by
the target ion in its initial state.

(3) The same distortion potential is used both for the
initial and for the final states.

(4) Electron exchange is taken into account only be-
tween the two interacting electrons. The possibility of
the ejection of the third electron is ignored.

The differential cross section for the excitation a~13 is
given by

d~ l kp

de) 4~2 k

Here k (k&) is the wave number of the incident (scat-
tered) electron and T& is the respective element of the
transition matrix. Atomic units are used throughout this
paper, unless otherwise stated. The detailed form of T&
is given in a previous paper. In the present calculation,
we assume the LS scheme of the angular momentum cou-
pling. After averaging over the initial direction of the
(spin and orbital) angular momenta of the target and
summing over the final direction of those, we have
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Here L S (L~S~) are the orbital and spin angular mo-
menta of the initial (final) states of the target ion, P„ is

the Legendre function, 8 is the scattering angle of the col-
liding electron, and g'I' is the phase shift of the distorted
wave of the electron (having an angular momentum I}
scattered in the target of state s (=a or p). The reduced
transition matrix elements, (T' ))~ and (T""')&, are
presented in a previous paper. The barred ones,
( T'"))& and ( T""))&, are obtained by replacing I, I', L
with I, I ', L in the expression for ( T' ) )&

and ( T""')
& .

Quite often in the case of el'ectron-ion collisions, the
Coulomb phase is treated separately. We divide the
phase g&" into two parts:

(s) 5(s)+ (s)
91 I PI

Here the distortion potential has been assumed to have
an asymptotic form

U ——+ asr~~ .DW

1
(2.5)

TfP (a +P)=4+k—k~exp[i (5I '+5P )]

x(& T("&I).+(T""))~.) . (2.6}

Then Eq. (2.2) can be rewritten in the form

Now we introduce another quantity derived from the T
matrix elements:

where p&" is the corresponding Coulomb phase

P(I' ——argI l + 1 —i
k,

(2.4)

do'
(aL S ~PLUS~)= g A„(a~P)P„(cos8)

v=O

with

(2.7)
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The coefficient Z is defined in terms of the 3-j and 6-j symbols as

a c f f c a
Z(abed;ef)=i '+'( —1) + [(2a+1)(2b+ 1}(2c+1)(2d+1)(2f+1)]'~ (2.9)

~hen we introduce an angular momentum transfer j, the formula (2.8) can be expressed in the form

A„(a~p)= g {2$+1)g g g g QX{ll'l l'j v}T"(a~p)T" (a~p)',
8k (2L +1}(2S +1) s I I I' I j

where

(2.1D)
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The expression (2.10) completely coincides with the cor-
responding one given by Salvini. For the numerical cal-
culation of DCS, we employ Salvini's computer code with

T&I. in Eq. (2.6). The latter T matrix elements are ob-
tained in the same way as in a previous paper. (The
original Salvini's code has been found to contain some er-
rors. The corrected version is used in the present calcula-
tion. )

III. He-LIKE IONS

The previous work on He-like ions is now extended to
the calculation of DCS. As in a previous study, the tar-
get state is represented by a configuration-interaction-
type wave function produced by the cIv3 code.

As the first step of the systematic study of DCS, the
transitions 1 S~2 S,2 P of He-like ions are considered
here. It should be noted that the convergence of the
partial-wave expansion is slower for the DCS than for the
integrated cross section. The contribution of higher par-
tial waves has to be more carefully treated in the DCS
calculation. For the spin forbidden transitions such as
1'S~2 S,2 I', however, the transition matrix elements
decrease rapidly with increasing angular momentum of
the incident electron. For those transitions, therefore,
the convergence problem is much less severe. The result
of the study of spin-allowed transitions will be reported in
another paper after a critical test of the convergence.

In the following, we compare cross sections for ions
with different nuclear charge Z, along the He isoelectron-
ic sequence. In the case of H-like ions, Burgess, Hum-
mer, and Tully show that the cross section multiplied by
Z varies slowly with Z when compared as a function of
the scaled collision energy E/Z . Here, scaled
diff'erential cross sections Z do /dc@, are plotted against
scattering angles at a given electron energy in threshold
units, X ( =E /hE, b,E being the threshold energy).

1 'S ~ 23S X=1.2
0 I I

/
~ I

/
~ ~

f
I I

/
I

Li'
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To complete the comparison along the isoelectronic se-

quence, two extreme cases are also shown in the figures:
neutral He (Z=2) and the limit Z~oo. There are a
large number of calculations of DCS reported for He. To
make the comparison meaningful, we have chosen the re-
sult of the calculation based on the method similar to
ours (i.e., DWXA). Figures 2 and 3 show the (scaled)
DCS for He calculated by Thomas et al. at X=2.03 and
2.78 (i.e., E=40 and 55 eV), respectively. They used the
first-order many-body theory, which is essentially the
same as our DWXA (see the review by Itikawa ). Very
interestingly, the DCS for He has an angular dependence
qualitatively similar to those for the ions. This indicates
that the mechanism of the excitation process in the ions
is not much different from that for the neutral atom, at
least at those collision energies.

Near threshold (X-1) it is very difficu to obtain reli-
able cross sections for neutral He with the use of any
distorted-wave method. No data for He, therefore, are
shown in Fig. 1. For ions, particularly for highly-
charged ions, a distorted-wave method can give accurate
cross sections even near threshold. The DCS given in
Fig. 1 are expected to represent real ones, at least to some

A. 2S
Figures 1 —3 show the DCS for Li+, 0 +, and Si' +

calculated at X=1.2, 2.0, and 2.7, respectively. In the
present case, the T matrix elements are calculated for
L (19 and the partial-wave expansion is well converged.
Our scaling over Z is so successful that the resulting
values of the DCS fit in the same scale. Furthermore the
angular dependence of the DCS for the three ions are
very similar, except for Li+ at X=1.2. In particular, the
scaled DCS for 0 + almost coincides with that for Si' +

both in magnitude and in angular dependence.

0 30 60 90 120 150 180
8 (deg)

FIG. 1. The scaled differential cross section, Z do/dao (in
a.u./sr), for the excitation 1 'S~2 5 of the He-like ions: Li+,
0 +, Si' +. The values in the limit Z~ao are also shown. The
calculation was made at X=1.2 (X being the collision energy in
threshold units) with the use of the DWXA.
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FIG. 2. Same as in Fig. 1, but for the energy X=2.0. Open
circles are the corresponding differential cross sections for He
calculated by Thomas et al. at X=2.03.

extent. It should be noted, however, that the present DW
method does not take into account any resonance effects
which may distort the DCS near threshold.

Figures 1-3 show also the DCS in the limit Z~ ao.
The method of the calculation in the limit is described in
Appendix. Briefly, the limiting value is obtained in the
Coulomb-wave approximation with a hydrogenic target
function. (Note that no relativistic effects are considered
here. ) As is seen in the figures, the (scaled} DCS for 0 +

and Si' + are very close to the limiting value. A detailed

comparison, however, shows that the convergence along
Z is not uniform. In Figs. 2 and 3, for instance, the DCS
near 8=0' for 0 + is a little closer to the corresponding
limit than that for Si' +. This may be ascribed to the
variation in the target wave functions, which are opti-
mized independently for each ion in the present calcula-
tion.

From Figs. 1 —3 one can see the general trend of the
DCS as a function of electron energy (X}. With increas-
ing X, the angular dependence of the scaled DCS for the
three ions are getting closer to each other. This means
that the interaction between the incident electron and the
target nucleus dominates in the collision at the higher en-
ergy.

As an example of a comparison of DCS obtained by
different theories, Fig. 4 shows the cross section calculat-
ed in the Coulomb-wave approximation at X=2.0. In
this approximation (called CBXA in a previous paper },
the distorted wave of the electron is replaced by the cor-
responding Coulomb wave. The value for Z = 00 in Fig.
4, therefore, is exactly the same as that in Fig. 2. From a
comparison between Figs. 2 and 4, we can conclude that
the DCS (CBXA} for Li+ is very different from the DCS
(DWXA} but, for 06+ and Si' +, there is much less
difference between the two calculations. In the case of
the integrated cross section, the CBXA gives too large
an absolute value for Li+ in the region X & 5, but the en-

ergy dependence of the cross section is the same for the
CBXA and the DWXA. Figure 4, however, clearly
shows that the CBXA result for Li+ is completely
different from the DWXA calculation at X=2.0. A pre-
liminary calculation shows that this discrepancy of the
DCS for Li+ persists at least up to X=3.0.

8. 2P
Figure 5 gives the DCS calculated for the excitation of

2 P state of Li+, 0 +, and Si' +. As in Fig. 2, the two

10' 1 'S ~ 2 3S X=2.7
f ~ ~ f ~ \ t i r ) ~

1 'S ~ 2 'S X=2.0 CBXA
~

/
I \ [ I I t I I [ I I j

10 '-
N
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10 '
X 10-'- Si12+

)C XX

0 30 60 90 120 150 180
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FIG. 3. Same as in Fig. 1, but for the energy X=2.7. Cross
sections for He (calculated by Thomas et al. ' at X=2.78) are
also shown.

0 30 60 90 120 150 180
8 (deg)

FIG. 4. Same as in Fig. 1, but the values obtained by the
Coulomb-wave approximation (CBXA) at X=2.0.
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FIG. S. The scaled dift'erential cross section, Z do. /d~ (in
a.u./sr), for the excitation 1'S~2'P of the He-like ions: Li+,
0 +, Si' +. The values in the limit Z~ ~ are also shown. The
calculation was made at X=2.0 with the use of the DWXA.
Cross sections for He (calculated by Thomas et al. ' at X=1.91)
are plotted for comparison.

extreme cases (i.e., Z=2 and ~ ) of the isoelectronic se-
quence are also presented in Fig. 5. All of those cross
sections have been calculated at X=2.0.

The overall feature of the DCS for 2 P along the
isoelectronic sequence is quite similar to that for 2 S. In
particular, as in Figs. 1 —3, the (scaled) cross section of
0 + is almost equal to that of Si' + and both of them are
very close to the one in the limit Z ~ ~.

For the transition 1 'S~2 P to occur, the electrons
pass the target at a distance because of the necessity of
angular-momentum exchange. In other words, the par-
tial waves with nonzero angular momentum dominates in
the transition. On the other hand, the s wave has the
largest contribution to the excitation 1'S~2 S. This
difference can explain the different behavior of the DCS
at large angles for the excitations of 2 P and 2 S. That
is, the s-wave contribution increases the DCS at large an-
gles for the excitation of 2 S. In the case of 2 P excita-
tion of He, the enhancement of the backward scattering
is attributed probably to the strong short-range electro-
static interaction.

The dominance of the higher partial waves in the exci-
tation of the 2 P state leads to the fact that the
Coulomb-wave approximation may be good in that case.
Figure 6 shows the result of the Coulomb-wave calcula-
tion (CBXA). When compared to the case of 2 S excita-
tion, the CBXA gives qualitatively good results even for
Li+. The absolute magnitude of the DCS for Li+, how-
ever, still largely differs from the corresponding value ob-
tained in the DWXA calculation.

IV. DISCUSSION AND CONCLUSION

As is mentioned in the introduction, very few papers
have been published on the calculation of the DCS for

FIG. 6. Same as in Fig. 5, but the values obtained by the
Coulomb-wave approximation (CBXA).

the electron-impact excitation of He-like ions. Only the
paper by Bhatia and Temkin gives the DCS for the exci-
tation of 2 S and 2 P states which can be compared to
the present result. Their calculation is based on the
"one-sided" approximation of the distorted-wave
method. They take into account a distortion in the initial
state, while the Coulomb wave is used for the scattered
electron in the Anal state. Furthermore their target wave
function is very simple when compared to that in the
present calculation. [McDowell et al. ' made a calcula-
tion of the (integrated) cross section for He-like ions with
the use of a similar distorted-wave method. They com-
pared the target wave function of Bhatia and Temkin to a
more accurate one and concluded that the former wave
function gives different results from those of the latter. It
would be of interest to study the dependence of the DCS
on the target wave function, but it will be a future task. ]
As a result, the DCS for the excitation of 2 S of Li+ cal-
culated by Bhatia and Temkin are completely different
from those reported in the present paper. (Bhatia and
Temkin reported no DCS for the 2 S excitation of other
ions. ) Because the one-sided approximation is known to
be generally unreliable, no detailed comparison is made
here between the result of Bhatia and Temkin and ours.
It should be noted, however, that our DCS for the 2 P
excitation has much resemblance to that of Bhatia and
Temkin. This is another manifestation of the fact that
higher partial waves dominate in the l 'S~2 P transi-
tion.

In the present paper, a systematic study of the DCS for
the excitations of 2 S and 2 P states is made along the
isoelectronic sequence of He-like ions. When the scaled
cross sections (i.e., Z do /des) are compared at the same
electron energy in threshold units, they are similar in
shape and magnitude to each other. In particular, the
cross sections for 0 + and Si' + are close to the limiting
value at Z = ~. In other words, the scaled cross section



38 DII'E'ERENTIAL CROSS SECTIONS FOR THE ELECTRON-. . . 669

in the limit Z~ ~ can be used to approximate the DCS
for the highly charged ions.

A detailed comparison of the DCS can make clear the
validity of the theoretical approximations used to obtain
them. In the present paper, the Coulomb-wave approxi-
mation (CBXA) is compared to the DWXA. For the pro-
cess 1 'S~2 S, the CBXA result for Li+ is completely
different from the corresponding D%XA one. In the
case of 2 P excitation of Li+, the two calculations are
qualitatively similar, but of much difFerence in magni-
tude. There is much less disagreement between the two
calculations for the DCS of 0 + and Si' +. This kind of
comparison would be of interest if extended to any other
theoretical methods.

No experimental data are available at present to be
compared to the present result of DCS. A few attempts
of the energy loss measurement in electron-ion collisions
are now under way. Hopefully in the future the present
result will be scrutinized by experiment.

APPENDIX: CROSS SECTIONS
IN THE LIMIT Z~ 00

we have, according to Sampson

R Ite'
—— 2R It'( Is ~2l~)5L~I+s~o,

R Ite' =~2R It"'( Is —+21~)5 piaG (S~,S),
with

(Al)

(A2)

In the target system with Z »N (X being the number
of bound electrons), the electron-electron interaction can
be ignored in comparison to the electron-nucleus one.
The target wave function for that system becomes a sim-
ple product of X hydrogenic eigenfunctions with the nu-
clear charge Z. Furthermore, when Z gpss, the electro-
static potential of the target ion is reduced to the poten-
tial formed by the target nucleus. Thus the distorted
wave of the incident electron in this case is obtained as a
Coulomb function for charge Z, which is orthogonal to
the one-particle function of the bound state of the target.

The cross section formula in the limit Z ~ ~ was stud-
ied in detail by Sampson. " He showed that, in the limit
Z~ao, the reactance matrix element of He-like ions,
R z„can be expressed in terms of those for H-like ions,
Rz. For the transition

e+He-like (ls L =O, S =0)
~e +He-like ( ls2l~L~S~),

G(S~,S)=—' for S~=O (S=—,'), (A3)

= —&3/2 for S~=1 (S = —,') . (A4)

Here the superscripts (d) and (ex) indicate, respectively,
the direct and the exchange parts of the matrix element.
For the H-like ions with Z = ~, the reactance matrix ele-
ment can be easily obtained as

ZRz'(a~P)=2f fdr, dr2$ '(r, )*P&(r2)*(1/r~2)

Xg '(rt)$, (r2), (A5)

ZRI't"'(a~p) =2f fdr, dr, g'p'(r, )*p&(r, )"(1/r~2)

X/I '(r, )P (r, ), (A6)

where ((}, and g'I' (s =a or P) are, respectively, the bound
state and the continuum eigenfunction of the one-particle
Hamiltonian

h(r)= ——V ——.1 2 1

2 T
(A7)

The radial part of gI' is normalized to have an asymptot-
ic form

1gI'-k, ' sin k, r+ in(2k, r) ——I+pt' as r~~,
S

( T' ') = — R '"'(a P)
2+k kp

( T(ex) )
1

R (ex)(& P)
2+k, kp

(A9)

(A10)

Burgess, Hummer, and Tully calculated ZR&' and
ZR&"' for 1s~2s, 2p transitions in the H-like ion with
Z = ~. Inserting those values of R~ ' and Rz"' into (Al)
and (A2) and using the relations (A9) and (A10), we can
easily get the transition matrix elements for the
1s ~ 1s2s, 1s2p transitions in the He-like ion with
Z = 00. The resulting matrix elements are incorporated
into the formulas in Sec. III to give the DCS in the limit
Z —+ 00.

(A8)

where pI' is the Coulomb phase shift with q= 1 [see Eq.
(2.4)].

The transition matrix (T)& introduced in the previ-
ous paper is related to the above reactance matrix as fol-
lows:
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