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A method introduced by Davydov for modeling energy transport in deformable molecular chains
is considered, using for the ansatz function a superposition of tensor products of single-exciton and
coherent-phonon states. Treating the time-dependent parameters of the function (exciton and pho-
non amplitudes) as generalized coordinates, we have shown that the corresponding Euler-Lagrange
equations are consistent with the averaged quantum equations, although the ansatz function does
not satisfy the Schrédinger equation. For the case of the immobile-exciton limit (in which the
quantum-mechanical problem is exactly solvable), it is shown that the ansatz function satisfies the
Schrodinger equation, so all predictions based on Davydov’s method are identical to the corre-

sponding exact results (for this particular case).

I. INTRODUCTION

The understanding of the mechanisms of energy trans-
port in molecular chains is of great importance, particu-
larly from the point of view of bioenergetics; therefore
great attention has been paid to the problem since the
middle of the 1950s.!'2 The idea about the soliton mech-
anism of the energy transport along the one-dimensional
molecular chain, launched first by Davydov and Kislu-
kha® in the 1970s is surely among the most interesting
ones, but there still exists a controversy in the current
scientific literature concerning its validity. Davydov with
his collaborators, has elaborated this idea in many papers
(see for example monography, cited as Ref. 4), and so did
A. C. Scott with his team.> During the last three years,
there appeared also articles indicating the limits of the
applicability of this idea,® ® while Kerr and Lomdahl’
have presented a quantum-mechanical derivation of the
equation of motion for Davydov solitons, starting from
the assumption that Davydov trial function (“Davydov’s
ansatz”) satisfies Schrodinger’s equation (SE). This prob-
lem was further treated in an exchange of comments by
us'® and Brown et al.!'! We wish to present here a more
consistent approach based on Lagrangian formalism. We
start with the brief summary of essential ingredients.

Davydov’s initial point is Frohlich’s Hamiltonian, '
where interaction energy between intramolecular excita-
tions (Frenkel excitons) and harmonic chain vibrations is
given within the linear approximation in phonon vari-
ables (molecular displacements). In the approximation of
strong (or local) exciton-phonon coupling, the Hamiltoni-
an takes the “standard” form (with ground-state energy
already subtracted)

A=A8,+8,+1, , (1.1)
with

H=3oaata,-13al@,, +a, ), (1.1a)
A= to,blb, , (1.1b)

q
A =3 fio,(x3b [ +x3%,)a la, . (1.1¢)

hq
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Here ﬁl and @, are boson creation and annihilation
operators, respectively, for quanta of intramolecular vi-
brations with energy A at site n; b Z (Bq) are creation (an-
nihilation) operators for the phonon mode with energy
fiv,; and I is the intersite transfer energy produced by
dipole-dipole interactions. The interaction coefficient x?
has the following symmetry property: x:?=x, % and in
the nearest-neighbor approximation for the ordered
chain, it can be written in the form

#
2MNo,

/2 .
singa
g e

Xn=—2xi »

—zqnaEqu —igna ,

q

where a is the lattice constant, M is the mass of the mole-
cule, and N is the number of molecules in the chain. The
nonlinear coupling constant ) arises from modulation of
the one-site energy by the molecular displacements.

The structure of the paper is as follows: Sec. II is de-
voted to the study of quantum (Schrodinger’s and
Heisenberg’s) equations of motion while Sec. III intro-
duces Lagrange’s (and Hamilton’s) equations. In Sec. IV
we discuss the internal self-consistency of the total sys-
tem of equations (validity of the Schrédinger equation)
and the Sec. V presents a detailed study of the particular
case of the immobile-exciton limit (I=0). The paper
closes with a concise conclusion.

II. QUANTUM EQUATIONS OF MOTION

Brown et al.!? have indicated that Davydov’s simple
trial function in the form of a tensor product of exciton
and phonon function cannot be the solution of
Schrodinger’s equation for the Hamiltonian with interac-
tion; therefore, following their works,”’® we study the tri-
al function which is the linear combination of tensor
products (in fact, which also was first introduced by
Davydov!®):

D))= S ¢,(1)a}10),IB,(1) , @.1)

where
B,y =e '"|0)
=exp [~ 3 (Bl ()6, —B,, (05 1) ]10),,
q
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are Glauber coherent phonon states, which satisfy the

following orthogonality relation:

6403

The next step is the assumption that |D,(t)) satisfies
Schrodinger’s equation with the Hamiltonian (1.1):

(BB 3 ~
:exp[_%2(|Bnq_qu12+B;‘anq_quB;q) iﬁB?IDl(t))=HID1(t)) . (2.2)
q
(2.1a) The explicit calculation gives
J
3 { [nw (1) + Etp(')[qu(t)B,';,q(t)—B,‘,,q(t)ﬁmq(t)] Ay, (1)
m q
—1/:,,,(t)Ehwq[x‘,’,,ﬁfnq(t)+x:‘n‘lﬁmq(t)+Iqu(t)lz] ] 1B,.(2))
q
FI[Y+1(D1B 41(1)) 8 (DB, —1(8))]
+ 2¢m(z)[zhﬁmq — 0, (Bong (1)+ X%, )1 TS5 10y [ 110),=0 . 2.3)
In order to arrive at the differential equations for ¢,,(¢) and ,,,(1) we shall project SE (2.3) onto some particular direc-

tions.
(a) Projection onto |8, )@ §|0)., gives

i, (1) = A—izﬁ S Brg (0B, (=B 2, (DBrg (D1F S Fiwo, [X2B2, (X3 Bg (0+ B,y (D] 2
q q
—I[Y, (DB (DB, +1(1)) + 1, _ (B, (DB, — ()] . (2.4)
(b) Projection onto @ ||0) e gt 210) ; gives
i#ith, (D)Bg () =110, 1, () By () + X1 =T {1, 4 ( (D) By 414 () = Bg (N B, (D)IB,, 41(1))
F 1, (DB, —14(2) —ﬂ,,q(t)](ﬁ,,(t)w,,_,(t))] ) (2.5)
while projecting (2.3) onto |D(t)) (averaging) gives
th2¢n(t)¢n(t)+~—2 (9 (D 1[Brg (0Big () =B 34 (£)B,1 ()]
=3 Al (0P =T 3 WOy (BB 41+ ¥ -1 (DB, 1B, —1)]
+ 3 10, (O Bog (D1 X3 Bag (D F+X1B3 (D= (D (DIAID, (D) . 2.6)
ng
[
One can easily show that the substitution of (2.4) into ; ﬁ_ % (1|28,
(2.6) leads to an identity, regardless of the form of B,,q(t). ot 2 n "‘1
The other possible approach is to study the equations
of motion for the operators [Heisenberg equation (HE)]. = Eﬁw 19, (D12 (Bug(D+x3) . (2.10)

We start with the HE for b (t):

ifib, (1) =tw,b,()+ 3 Ao x5a L (0a,(1) . 2.7)
If SE is valid, then "
iﬁ(Dl(O)qu(t)lDI(O))=ih%<01(t)il?qlp,m>
=(D,(0|[(b,,A1ID\(1)) , (2.8
and using
016, ID, ()= 14,(1)12B,,(1) (2.9)

we obtain

Now, writing HE for @ f,,(n)a,,,(t) and averaging it over
|D,(2)) one gets

lﬁ—h/’n W= =I5, 4 (DB, B, +1)

+¢:(t)¢nv](t)<BnIBn—1)
=, (O (DB, 1 (DB, ()
=¥, (s (B, (DB, (1))] .

(2.11)
Combination of (2.10) and (2.11) gives
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S WO iti, (0B, () —Fw, b, (DB, () +x21)
=—I YOy 1By 4 10() =By (DB, 1By +1) T80 (DB —1() =B (VB 1B, 1)} , (2.12)

and having in mind that there exists linear independent of {7} }, the coefficients of ¢ give
lﬁ¢n Bn =fiw lﬁ,,(t [Bnq(t +Xq] 1[¢n+1 t)[Bn+lq(t nq(t)](Bn|Bn—l>
+¢n—1[Bn—]q _Bnq(t)]<BnIBn—l)] ’ (2.13)

—

which is precisely (2.5). Therefore, we have shown that,

under the assumption that |D,(t)) satisfies the SE, there L =<D1(t)
is no inconsistency between averaged HE and SE, because

they both lead to the same equations of motion for 3,,(¢)
and ¥,(t). Of course, this is not yet the proof that
|D,(2)) does satisfy SE. In Sec. IV we shall try to answer _ifi A S
this question. L, 2 Wt =¥ adn)

____—ﬁll)l (1))= , (3.1)

with

III. LAGRANGIAN FORMALISM y iR S 19, 12BoyBrrg =B 2aBrg) (3.1a)

Strict formulation of the Lagrangian formalism!# !5

starts from and
J

ﬂE(Dl(t”ﬁlDl(t)):2A|¢n|2_12¢:(¢n+l<BnIBn+l>+¢n—l<Bn|Bn—l))
+ 3 | 10, (1B 1P+ XiBrg + X2 Brg) » (3.1b)
nq

where 7 can be proven to be the classical Hamilton function. The Euler-Lagrange equation (ELE) for ¢,(¢) is

i, (1) + %1,[1,,(1)2 [Brg (B, (=B 2, (DB,g(D]
q

= gii =A¢n_1(¢n+l<3n|Bn+1>+¢n—l<ﬁn|3n—l>)+¢n zﬁwq(lﬁnq|2+xzﬁzq +X:anq) (32)
n q
which agrees with (2.4). The ELE for the variable ¢, =8,, (or B;,)
d | dL | AL _
a¢n a‘p"
gives
A : ifi d OH
S By (B0 = o (3.3a)
_ih . npe _ifi d 2pe . OH
5 ¥, 1’85, — 5 dt(l:pnlﬁ )= 36, (3.3b)

where the problem is the evaluation of

(B |Bn+1> or

aB,,,, ab’ (Bu|Bys1)

A tedious calculation [using (2.1a), (3.2), and (3.3a)] gives finally

i1l 1, (D)12B,g () =i, [ By () + X2 119, (1)]?
‘_'Il//:(t){'(l/n +](t)[Bn+lq(t)_Bnq(1)]<Bn|Bn+l>+¢n—l(t)[Bn—]q(t)_Bnq(t)]<Bn]ﬁn‘l>} . (34)



Factor ¥} can be canceled, and the remaining equation is
just (2.5). Our conclusions can be formulated as follows.

(i) If one supposes that |D,(¢)) satisfies the SE, then
the equations of motion for ¢,(¢) and B,,() obtained by
projecting the SE onto some particular directions, aver-
aged HE’s and ELE’s obtained from the Lagrangian of
the system, are completely equivalent.

(i1) The Hamilton equations for ¢,(¢) and B,,(¢) (Which
must be identical to ELE) cannot be obtained simply
from

ity =L inp,, =2
oY, B,

(as proposed by Davydov'’ and Brown et al.”’®), but
must be obtained from Hamilton’s principle in the form

2 oL .
o oy

(3.5)

dt=0, (3.6)

L
®n

which, in this case, gives the same equations (3.2) and
(3.3).

The nonapplicability of Egs. (3.5) is the direct conse-
quence of the fact that the Lagrangian (3.1) is a linear
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function of “generalized velocities” v, () and B,,q(t), SO

the choice of the conjugated canonical (or Hamilton)
variables is rather ambiguous. '®

IV. EQUATION OF MOTION
FOR THE FUNCTION |D, (1))

Until now we have assumed that |D,()) satisfies the
SE, and all the equations for the time-dependent
coefficients ¢,(¢) and B,,(¢) that followed from it were
consistent. As we have already mentioned, this con-
sistency is not the proof that |D,(z)) does satisfy the SE.
In fact, one must prove the self-consistency of the ELE
[for ¢, (¢) and B,,(1)] and the SE for |D(2)); that is, sub-
stitution of ¥, (¢) and B,,,(¢) from the ELE into the SE for
|D,(t)) (not projecting the SE into any direction) must
result in an identity. If this statement is true, it means
that the ELE’s are the necessary and sufficient condition
for the validity of the SE.

Following the above-mentioned scheme, we substitute
the ELE [(2.4) and (2.5)] into the time derivative
i%(3/31)|D (1))

2 1D(1) =i 5, 6, (08 ]10) B (1) + 4ifi S 0, (DB, (1835 (=B 34 (08,4112 110) e, (1)
n ng

N TIPN
by

+iti 3 P, (B, (e
ng

0) @ 110D -

After arranging the terms, we arrive to the following important result:

iﬁ%lDl(z))=ﬁ|D,(t)>+|8(t)) ,

where

|8(t))—_12 {0 +1(CB 1B +1) B )_|3m+|>)—¢m_1((ﬁ'm|Bm_l)|3m>—|Bm_1))

+ 2 [lpm +1(Bm +1gq _qu )<Bm |Bm +l>+¢m —I(Bm —1gq _qu )<Bm le —1>]
q

Xe "B 01 l10),,

which satisfies the orthogonality relation

(D,(1)|8(£))=0. (4.4)
Equation (4.2) is the crucial one, because it shows that
when the ELE, obtained by projecting the SE, are substi-
tuted back into the SE, one is not led to an identity, but
to the equation (4.2).

First of all one can notice that since |8(¢)) is propor-
tional to I, for the case of immobile excitation /=0, the
function IDl(t)) with coefficients, whose time depen-
dence is defined by the ELE, satisfies the SE. This case
will be discussed in detail in Sec. V.

Further on, projecting (4.2) onto the directions

|B,Ya}10),, and e—g"mf;;lo)pha t10),, (see Sec. IID), we

obtain the ELE’s (2.4) and (2.5). Finally, the fact that
|[D,(2)) is orthogonal to |8(¢)) has an important conse-

4.1)
@.2)
4.3)
[
quence, that the averaged equation (4.2),
<D ) |i52- |p (t)>
1 at 1
=(D()|A|D (1)) +{(D,(1)|8(z))
=(D,(n|A|D (1)), (4.5)

is completely consistent with all previously derived equa-
tions.

Let us now compare the energy of the system calculat-
ed with the wave function |D,(¢)), whose dynamics is
determined by Eq. (4.2) [coefficients ¢,(¢) and B, (1)
satisfy the ELE] and the (unknown) solution of the SE
evolving from the same initial state |D(0)):

lp(2)) =e ~/MAY D (0)) . 4.6)
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It is clear that

(P()| B |Y(1))=(D,(0)|A|D,(0)) =F(t =0) . @.7)
It is easy to show [using (4.2)] that
%(Dl(t)lﬁ]D,(z))=(D,(z)lﬁlﬁ(t))
—(8()|A|D,(1)) , (4.8)
so that
(D,(0)|H|D,(t))=(D,(0)|A|D,(0))
=(Y(n)|A ) . 4.9)

We see that the energy of the system is the same as that
calculated with both functions. This fact, together with
the above-mentioned consistency of the “classical” equa-
tions and the averaged SE, was probably the reason why
the most of the authors, who previously dealt with this
problem, never questioned the validity of the SE for the
function |D,(¢)).

In fact, the additional |8(¢)) term in (4.2) turns |D,(2))
into an approximate solution of the SE, and we postpone
the estimate of the influence of this approximation onto
other average values and kinetic properties of the system
until the second paper of this series.

V. CASE OF THE “IMMOBILE EXCITON”

This section will be devoted to the study of the limiting
case of the “immobile exciton” I=0, where we shall com-
pute some relevant quantities of the system starting from
the ELE’s and compare them with the corresponding
solutions of the quantum equations, which, in this case,
can be solved exactly as was shown by Brown et al.® (fur-
ther on referred to as BWL).

The Frohlich Hamiltonian (FH) (1.1) (with I=0) can
be put into the diagonal form (see BWL) by unitary trans-
formation with the operator

U=exp [— 3 (x2b | —x3%,)a }a, ] . (5.1
nq
“Dressed” operators are given by the expressions

4,=0a,0%=a,exp 2()(?,,5;—)(;,"3,;) ] , (5.2a)
q

B,=05,0=b,+ 3 x%ala, , (5.2b)
while the transformed FH has the form
=—3 x4} 4,+ 3 #%0,B B, , (5.3)

n q9

#i
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where terms with two-particle interaction were neglected
because we shall hereafter study only single-particle exci-
ton states.

Starting from the initial state in the form

|D,(0))=14(0))
=3 ¢,(02!]0),,

Xexp [ 3 [B,,(0)6 ] —B2,(0)5,11[0), ,
q9

(5.4)

and defining the functions |¢,(¢)) =|D,(¢)), where ¥,(¢)
and S3,,(t) are solutions of the ELE [for the initial values
¥,(0) and B,,(0)] and the exact solution of Schridinger’s
equation

(1)) =e = /PR g(0)) ,
we shall calculate the following quantities: (i)
(6,00, 1¢,(1))

where 0,, is the phonon displacement; (ii)

<¢,<z> ‘ S fiw,b 1b, '¢.m>
q9

(5.5

energy of phonon subsystem; (iii) the scalar product
(1(D)]e(2))

which gives the measure of the deviation of Davydov’s
state from the exact state vector |¢(¢)). Results of (i) and
(ii) will be compared with the exact results

(¢()| 0, |¢(1))
and
($(1)| A plg()

which can be easily calculated for 7=0. .
Solving Heisenberg’s equations of motion for b,(¢) (2.7)
for I=0, we obtain

by ()=b,(0)e “'—(1—e ") S x4,a],(002,(0) (5.6)

and bearing in mind the relation

(6] 0,16(1))=($(0)| T, (1)](0)) ,

expressing 0, ,, in terms of Bq and b ;, we obtain

172 ) -
(B0, 16(1)=3 |5—| e g% (0)e' "' +B, _ (00 '“]
me | 2MNo, q = q
ﬁ 172
- —_— —igna,,—q _ _ 2
2% 2Mqu’ e "N Pp(1—coswyt), P, =[4,(0). (5.7)
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Similarly, i,y ()=, [ B, () +x7] . (5.9b)
<¢'(I) ‘ > ﬁqu Z’b\q ‘¢(t)> The solutions of (5.9), with initial values ¢,(0) and S,,(0)
9 are
_ zﬁwqpnmnq(o)e—:wqt_(l_e#:wq')xg" 2. (5.8 B"q(t)=3nq(0)e_mql'—XZ(l—e-m"’) ’ (5.108)
" —iA (D)
On the other hand, the ELE’s for 4,(¢) (2.4) and B, (1) Yn()=,(0)e """, (5.10b)
(2.5), in the case I=0, take the form where
iﬁv,l'r,,(t)=A1/J,,(t)+%¢,,(t)Eﬁwq[xﬁﬂzq(t)+)(:qﬁnq(t)] , A= {Im[)(?,ﬁ,‘,‘q(0)(em’"t—1)]—caq|)(‘,’,|2
q q
(5.92) +[x?|%sinw,t} . (5.10¢)

where Now, using the solutions (5.10) one gets

172
# .
(60,16, =T |=—=—— | e P, (B ()+Bp (D]
" = 2Mqu 9 a
172 ot
— % 2MN ] e-wnaPm[B:'q(o)e “q +Bm ‘q q ]
172
-3 2MNw e "MP, X (1—cosw,t) , (5.11)
mq

which is identical to (5.7). In the same way, we obtain the energy of the phonon subsystem
<¢, ) ] S #iw,b 1B, ‘¢1(t)> 3 %, P, |By (D1°= 3 #iw, P, |B, (00 ' —(1—e " ya 2 . (5.12)
ng ngq

This result also agrees with (5.8).

The scalar product (¢,(¢)|#(2)) will be obtained by the procedure described in detail in the Appendix A of BWL, so
we shall present here a brief description. We start with

($(ld(D) =S ¢:,,<t)¢,,(0)<o’ -3 [Bog (16} —B2,(05, ] |

exp

Xam l/ﬁ)Hta Texp [E[Bnq (O)b (0) ﬁ* (0) b 1(0)] ]

exp

- z¢;,<t)¢n(o><o’

— 3 (B (1B (=B, (1B, (z]]a (ato
q

Xexp

S B 006 (0)—B3,:(0)5,(0)] | lo) . (5.13)
q

Bearing in mind that (see BWL)

A4,00=4,0e % a=—3 o,lx,*, (5.14)
q
and combining it with (5.2a), we can write
a,,(1)=a,,(0)e ~'exp [z [x%,5,(0)—x2%,(0)] Jexp [— 3 [x4b L) —x28B,(1)] (5.15)
q q

Using the properties of the coherent-state displacement operator (Appendix A, BWL), after substitution of (5.15) into
(5.13), we obtain

(¢1()|@(2))=S P,exp

iMO)—iQt —i 3, |x,sinot —i 3, Im[X?,B:q(o)(ei“’q‘_l)]
q q
—i 2Im{Bnq(t)[B:q(O)eiwqt—X:q(1—e‘i“’q')]}
q

13 Bug(0)e "' =B,y (0)+ xi (e '~ 1)2 (5.16)
q
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Finally, introducing (5.10a) and (5.10c) into (5.16) we ob-
tain

(d(D)]p(t))=1.

There is a major difference between our results and the
results of BWL, because (5.11), (5.12), and (5.17) show
that the dynamics of Davydov’s function |D,(t)) given
by the ELE, for the most general initial conditions and
I=0, is equivalent to the dynamics of the exact solution
of the SE for the same initial conditions. It is also easy to
show that the propagators are identical:

($(0)|d())=(p(0)|¢,(2))

—i —iw t
=3 Pe M3 (1—e ")IB,(0)+xiI?,
n q

(5.17)

(5.18)

which implies that |¢,(¢)) and |¢(z)) generate the same
optical spectrum. The final conclusion is that in the case
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I=0, |D (1)) describes the dynamics of the system exact-
ly, as concluded previously from the general results of
Sec. IV.

VI. CONCLUSION

In order to avoid a misunderstanding, we wish to con-
clude by clearly stating the results of this paper. We
studied the system described by the Frohlich Hamiltoni-
an (1.1) and looked for the wave function in the form
(2.1). We have shown that the wave function |D,(z))
defined by (2.1), whose time dependence is determined by
the coefficients ¢,(t) and B,,(¢) satisfying the ELE’s
(which follow from the Langrangian of the system), does
not satisfy the Schrédinger equation in the general case.
In the particular case I=0, the Schrodinger equation is
satisfied. The case 150, when |D,(¢)) becomes only an
approximate solution will be discussed in a subsequent
paper.
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