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Propagators for coupled and driven coupled harmonic oscillators are evaluated exactly by the
path-integral method. The propagators for coupled harmonic oscillators are used to obtain explicit-

ly the energy expectation values.

I. INTRODUCTION

Although the Feynman path-integral formulation'
offers a general approach for treating quantum-
mechanical systems, only several problems can be solved
exactly. Two of these are the driven harmonic oscillator
with a quadratic Hamiltonian? and the time-dependent
damped driven harmonic oscillator.> A number of situa-
tions such as superconducting quantum-interference de-
vices,* quantum-nondemolition measurements,” magne-
tohydrodynamics,® etc., can be described by driven cou-
pled harmonic oscillators. Introducing the Caldirola-
Kanai Hamiltonian,” one can obtain the time-dependent
Schrodinger equation for the damped harmonic oscilla-
tor. However, it has been a matter of debate as to wheth-
er or not this Schrodinger equation represents the
quantum-mechanical dissipative system.® Some workers’
claim affirmation while others'® object to it. This prob-
lem has been critically reviewed by Greenberger'' and
Cervero and Villaroel.'?

The purpose of this paper is to derive the propagator
for a driven coupled harmonic oscillators (DCHO) sys-
tem from our previous work!? for both coupled and cou-
pled driven harmonic oscillators by means of the path-
integral method. We introduce two harmonic oscillators
that are coupled together with another spring. We re-
view the classical case and construct the form of the
propagator for DCHO, respectively, in Secs. II and III.
Section IV gives the exact derivation of the propagator
for the coupled harmonic oscillators (CHO), and in Sec.
V we evaluate the exact propagator for DCHO by using
the results obtained in Sec. IV. The energy expectation
values of CHO are evaluated in Sec. VI, and finally we
give results and discussion in Sec. VII.

II. CLASSICAL CASE

In this section we consider a system of two harmonic
oscillators which are coupled together by means of anoth-
er spring. We assume that the masses of the oscillators
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and three spring constants are all the same. Let the
forces f,(t) and f,(t) exerted on the two oscillators and
their displacements be x; and x,. Then the Hamiltonian
for DCHO can be written as

H=ﬁ(p%+p§)+ma)2(xf—x1x2+x§)_f1(t)x1

—fz(t)xZ ’

where w?>=k /m. Hamilton’s equations of motion for Eq.
(2.1) are

2.1

X, =p,/m, (2.2)
Xy =py/m, (2.3)
pr=moix,—2x,)+f,(t), (2.4)
Pr=maoi(x,—2x,)+f,(1) . (2.5)

Equations (2.1)-(2.5) yield the Lagrangian
L=(px,+py%;,)—H

=%(x 24 % ) —maHx?—x,x,+x2)+ f,(x,

+f(x,, (2.6)

with the corresponding equations of motion
x;+0*2x,—x,)=f,(t)/m , 2.7)
X, +0H2x,—x)=f,(t)/m . (2.8)

The classical solutions of Egs. (2.7) and (2.8) are given by

x ()= A sin(wt)+ B cos(wt )+ C sin(V 3wt )

+ D cos(V3wt)

+ [ldr [Tdve @m0 f (v +£,00] 29)
and
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x,(t)= A sin(ot)+ B cos(wt)— C sin(V30t)
—D cos(V3wt)
+ [dr [Tdve I £ (v) = fr(0)] .
(2.10)

III. PATH INTEGRAL OF DRIVEN
COUPLED HARMONIC OSCILLATORS

In the path-integral formulation, the solution of the
Schrddinger equation is given as the path-dependent in-
tegral equations with propagator K,

¢(x1,x2,t)=fdx’ldx'zK(xl,xz,t;x’,,x'2,0)¢(x',,x’2,0) ,
(3.1

which gives the wave function ¥(x,x,,t) at time ¢ in
terms of the wave function ¥(x,x}) at time t =0. The
propagator in Eq. (3.1) can be written by means of the
Feynman path integral

S x0, %1, x 530 =Sc (1 x0,x x50+ [ dr 2 (5 )45 ) =202y =y (Dpa(1) +p30])
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K(x,x,,t;x1,x5,0)

(xy,%,,t)
= [ "7 Dx(texp[(i /BS(x,,x5,x7,x5;0)]
(x1,x,,0)
(3.2)
where
. 1 N-—1 )
Dx(t)=1\}1_1.nw 7 ng (dx;dx,;/ A7) (3.3)

and S(x,x,,x,x5;t) is the action defined as the time in-
tegral over the Lagrangian L(%,X,,x,,x,;t) between
t=tand t=0,'

S(xl,xz,x’l,x’z;t)=fotdtL(J'cl,)'cz,xl,xz;t). (3.4)

In Eq. (3.3) A is the normalization factor given by

where S. is the classical action and y; is the deviation of x;(¢) from its classical path x given as

yi=x;—x, (i=12).

Then the propagator [Eq. (3.2)] can be expressed as
K(x1,%5,15x,x},0)=F()e "> " .

Here, F(¢) is the multiplicative function given in the form

F(t)=f00Dx(t)

exp

(im /2#) [ dt[ §+5 3=202 0} —p1y,+33)] ] ] :

A=[2mitie/m]?, e=IJ£1pw(t/N) . (3.5)
Substituting Eq. (2.6) into (3.4), the action becomes

(3.6)

(3.7)

(3.8)

(3.9)

It is easy to show that F(z) has the same form for CHO and DCHO. Therefore the propagator depends only on the
classical action in both cases. In Eq. (3.9), by changing the variables x; *x, into

21:—1—_()‘1*3‘2) )
V2
22=—‘/l§—(x1+x2) ,

(3.10)

(3.11)

we can reduce the condition (y,,y,)=(0,0) to (z,,z,)=(0,0). Applying Egs. (3.10) and (3.11) to Eq. (3.9), the multipli-

cative function becomes

F(0=J [ Dz(t) |exp |(im /2) [ Dz (0](2 =02} +(2 3= 3023) ] , (3.12)
1 1
Y1 } \/_E —73‘ 0 0 0 0 Zy
1 1
y|2 7/7 —‘/_5" 0 0 O O 212
1
Y 0 0 72 0 0 0 Zy
1
IN-1,2 0 0 0 Va3 0 0 ZN-1,2
1 1
N1 0 0 0 s BV Zy)
1 1
L 0 0 0 ° 5 w»llm (3.13)
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In Eq. (3.12), J becomes unity.
If the action is separated into the functionals with only same variables in the path integral, then this integral can be
represented by the multiplication of path integrals with each variable. Therefore Eq. (3.12) becomes

FO=Fy(0Fy ()= | [ *Dz\(nexp | [ pzatvrenp

(im /24) [ ‘dt(z }—o2})

(im /zﬁ)fo’dnz'g—zwzz%)

(3.14)
Since F,(t) and F,(t) are the path integrals of the harmonic oscillator, the evaluation of Eq. (3.14) gives
V3 172
mo
F(t)=—— - — (3.15)
2mifi | sin(wt )sin(V 3wt )
Hence, the propagator of DCHO can be written as
V3 172
mao iS, /%
K(x,x,,t;x7,x5,0)=—— - - = ‘ (3.16)
pE25HT T2 2mifi | sin(wt )sin(V 3wt )

IV. PROPAGATOR FOR THE COUPLED HARMONIC OSCILLATORS

To evaluate the exact propagator expressed by Eq. (3.16), we should first obtain the propagator for CHO. The classi-
cal action of CHO is

) (4.1)

S.= [ dr

m .2 -2y 20 2 2
2 (x cl+x 02) mao (xcl xclxc2+xc2)

where x.; and X, are the classical path and velocity, respectively. Integrating Eq. (4.1) over the time, we get

[xc1 ()% 1 (8) +x5(0)% (8) = x,4(0)x,,(0) —x(0)%,,(0)] . 4.2)

Here the second and third terms become zero because of  Equations (4.5)-(4.8) give
the equations of motion [see Egs. (2.7) and (2.8)], given as

.‘x'l+w2(2xl_x2)=0’ 4.3) xl=x1(0)=B+D , (4.9)
%, +0i(2x,—x,)=0. 4.4) x;=x,(0)0=B-D, (4.10)
To obtain the exact expression of Eq. (4.2), we solve Egs. ¢ =% (0)=ca( A +V3C
(4.3) and (4.4) to obtain F1= 4 (0= & @1
x,=x,(1)= A sin(wt)+ B cos(wt) %5=%(0)=w(4—V3C) . (4.12)
+C sin(V3wt)+D cos(V3wt) , 4.5)

The time-dependent constants A4, B, C, and D obtained
x,=2x,(t)= A sin(wt)+ B cos(wt) from Egs. (4.5) and (4.6), and Eqgs. (4.9) and (4.10) can be
expressed as

—Csin(V3wt)—D cos(V3o0t) , (4.6)
and %, and %, are given, respectively, by A =[3sin(wt)][x, +x, —(x]+x3)cos(wt)] , (4.13)
X=X ,(t)=ow[ 4 cos(wt)— B sin(wt) B=3lxi+x2), (4.14)
+Vv73C cos(V3wt) C=[4sin(V3wt)][x, —x,+ (x| —x})cos(V3wt)] ,
—V3D sin(V3et)], 4.7 (4.15)
X, =X,(t)=w[ 4 cos(wt)— B sin(wt) D=L(x}—x}). (4.16)

—V'3C cos(V3wt)
_ _ Substitution of Egs. (4.5)-(4.16) into (4.2) gives the classi-
+V3Dsin(V3wt)] . (4.8)  cal action,
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S.= %‘)— {(x}+x2+x2+x2)[cot(wt)+V 3cot(V3wt)]} +2(x,x, +x x5 [cot(wt)—V 3cot(V 3wt )]

—2(x x4 +x,x5){[1/sin(wt)+ V3 /sin(V 30t )]} +2(x x5 +x,x | )[ —1/sin(wt )+ V3 /sin(V30t)] .

Combining Egs. (4.17) and (3.16), we obtain the propagator for CHO,

mo . =, . L
J5x1,x3,0)=———[V Viaer)]'?
K(x,x,,t;x1,x3%,0) Zm’ﬁ[ 3 /sin(wt )sin(V 3wt )]

Xexp{(imw/48)[(x} +x3+x 2 +x2)[cot(wt)+V 3cot(V 3wt )]
+2(x,x, +x1x5)[cot(wt ) — V3cot(V 3wt )]

—2(x x| +x,x5)[1/sin(wt )+V3 /sin(V30t)]

+2(x, x5 +x,x5)[—1/sin(wt )+ V'3 /sin(V30t)]} .

V. PROPAGATOR FOR DRIVEN COUPLED
HARMONIC OSCILLATORS

When we set f(z)=f,(t)=0, DCHO reduces to CHO,
whereby we can write the propagator for DCHO as

K (x,x5,t;x7,x5,0)=exp[a(t)x3+b(t)x,x, +c(t)x}
+d(t)x,+g(t)x, +h(1)] .
(5.1

Here a(t), b(t), c(t), d(t), g(t), and h(t) are time-
dependent functions including x} and x5, which need to
be determined. Equation (5.1) must satisfy the
Schrodinger equation

i#(0K /0t)=HK . (5.2)

Substitution of Eq. (5.1) into (5.2) gives the time-
dependent coefficients

a()=2 (4020 + X0 ]+ mat /it (5.3)
2m
b(z)=—2’%[4b2<t)+c2(t)]+mw2/iﬁ , (5.4)
i L
c(t)———’n—[a(t)c(t)+b(t)c(t)]—mw Vit (5.5)
d(t)=%[20(t)d(t)+c(t)g(t)]+ —;—]f,(t), (5.6)
g(t)=i—rf-[Zb(t)g(t)+c(t)d(t)]+ ﬂfz(t), (5.7)
h(t)?-2i—’i—[d2(t)+g2(t)+20(t)+2b(t)] . (5.8)

Since Egs. (5.3) and (5.4) have the same form, we get
a(t)=>b(1) . (5.9

Substituting Eq. (5.9) into (5.5) and changing the vari-
ables a and c into

n=a+tc/2, (5.10)
§=a—c/2, (5.11)

we obtain two ordinary differential equations,

6227
(4.17)
(4.18)
T
._2ifi , mo’
= —_— +___._ i
=t (5.12)
. 2t 5, 3mo?
=20y MG .
I - & T (5.13)
The solutions of Egs. (5.12) and (5.13) are given by
iom
=" cot(wt+6,) , (5.14)
V3i ~
§=—32’—;’—’"cot<x/3m+02) , (5.15)

where 6, and 6, are the constants to be determined. The
time-dependent coefficients a (¢), b(t), and c(¢) obtained
in comparison with Egs. (5.10), (5.11), (5.14), and (5.15)
are given as

a()=b(1)= ’j’;’ [cot(wt +8,)+V 3cot(V 3wt +6,)]
(5.16)
c(r)= "2";" [cot(wr +6,)—V3cot(V3iwt +6,)] . (5.17)

Equations (5.16) and (5.17) do not include the driven
forces f,(t) and f,(¢). Therefore, through setting
[1(6)=1,(t)=0, Egs. (5.16) and (5.17) do not change at
all and should be equal to the coefficients of x{ and x3 in
Eq. (4.18). Comparison of these two equations shows 6,
and 6, to be zero. Substituting Eq. (5.9) into Egs. (5.6)
and (5.7) and changing variables d and g into

p=d+g , (5.18)
o=d—g, (5.19)

we obtain the two differential equations
p=%[20(t)+c(t)]p+;ii-[fl(t)+f2(t)] . (5.20)
d=%[2a(t)+c(t)]o+é[f,(t)—fz(t)] . 62D

Combining Egs. (5.20) and (5.21) with Egs. (5.16) and
(5.17), we obtain the solutions
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d(n)=[i /2isin(w0)] [ drlf (1) + fo() sin(wr)
+1i /2Asin(v30)] [ d7lf (1) = f5(7)]
Xsin(wt)+a ] , (5.22) X sin(V3w07)

p=[1/sin(wt)] [fold'r%[f,(r)+f2(r)]

B o +[a/2sin(wt)]+[B/2sin(V30t)], (5.24)
=1/'(\/3t)[d— (1)=f,(7)
o =[1/sin(V30t)] fo TRl h(0] g(t):[,-/zfzsin(wz)]fo'df[fl<T)+f2(f)]sin(m)

. . t
Xsin(\/ScotH-B] , (5.23) —[1/2ﬁs1n(\/3wt)]fodr[fl(f)—fz(f)]

Xsin(V3w7)
where a and B are constants to be determined. We can ] _ _
obtain the time-dependent coefficients d(¢) and g(t) by +[a/2sin(wt)]—[B/2sin(V3w1)] . (5.25)
f;“f‘gt)““““g Egs. (5.22) and (5.23) into Eqs. (5.18) and o\ iiviion of Eqs (5.16), (5.17), (5.24), and (5.25) into

(5.8) yields
|

h(t)=— j‘%[azcot(wt )+ (B2 /V3)cot(V 3wt )] —[a/mwsin(wt )] fo‘df[fl(T)+f2(7)]sin[w(r -]

—[B/V’smmsin(\/iwt)]fo'df[f,(r)—f2<f>]sin[\/‘3w<t~T)]
+[1/4mmmsin(mt)]fo’drfo’dv[fl(f)+f2(7)][f1(v)+f2(v)]sin[m(z — 1) Jsin(wv)
+[1/4x/§mmwsm(f3wt)]fo’drfo’dv[f]m—fz(r)][fl(v)—fz(w]sin[\/?w(z—T)]

X sin(V3wv) —In[sin(wt )sin(V301t)]+8 . (5.26)

Here, 8 is also a constant to be determined. When setting f,(t)=f,(¢)=0, Egs. (5.24) and (5.25) should be reduced to
the coefficients of x, and x,, and Eq. (5.26) should also be reduced to the terms in the exponent in Eq. (4.18). Compar-
ison between them gives the constants a, 3, and 5,

_mo

a——l_—ﬁ—(x'1 +x3), (5.27)

=T xi=x), (5.28)
1/4

p=in |0 (5.29)

Substitution of the preceding results into Eq. (5.1) gives the propagator for DCHO,

mao

V'3 /fsi in(v3 172
Zm'ﬁ{ 3/[sin(wt )sin(V 3wt )]}

K(x),x,,t;x7,x5,0)=

imo [(x% +x3+x2+x?2)[cot(wt)+V3cot(V3wt)]

Xexp pr;

+2(x,x, +xx3)[cot(wt ) —V3cot(V 3wt )]
—2(x,x | +x,x5){1/sin(wt)+[ V3 /sin(V301)]}
+2(x x5 +xx)[ — 1/sin(wt )+ V3 /sin(V30t)]

+ 20 11 ssint@n)] [ 'drlfy(r)+ Fo(0) Isin(wr)
ma)[[ sin(@ LAl ,(7)]sin(wT

+[1/sin(\/Swz)]fo’dr[f,(7)~f2<f)]sin(x/iam]

2x2 . t .
+— [[l/sm(a)t)]f dr{f (7)+ f,(7)]sin(eT)
mo 0

—[1/sin(\/i(ot)]foth[fl(T)“fz(f)]sin(\/_ja)r) ]
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4x | . t .
il § [[l/sm(a)t)]fodr[f1(7)+f2(r)]51n[w(t—7')]

mao

+[1/sin(V30t)] fo'df[ F1(1) = f5(7)]sin(V30r1)

4x ¢
+—2 [[l/sin(wt)]fodr[fl(7')+f2(7')]sin[a)(t—T)]

ma

o~

—[1/sin(V 3wt )]fotd'r[fl(‘r)—fz(f)]sin( V3or)

—[1/m szsin(wt)]fo’drfo‘dv[fl(T>+f2<r>][f,(v)+f2<v)]
Xsin[w(t —7)]sin(wv)

—[1/V3m%w%in(V30t)] fo’drfo’dv[f, ()= oD 1 () = f2(0]

X sin[V3w(t —7)]sin(V30v) ] } . (5.30)

VI. ENERGY EXPECTATION VALUES OF COUPLED HARMONIC OSCILLATORS
The Hamiltonian of CHO is

H=ﬁ(p%+p§)+mw2(x%—x,x2+x%) . ©.D

Using Egs. (3.1) and (3.2) with Eq. (6.1), we obtain the Schrodinger equation
iﬁ(a/at)l,}(xl,xZ,t)=Hop¢(x1,x2,t) ’ (6.2)

where H,,, is the Hamiltonian operator in which the momentum p; is changed into p;, =(#/i)(3/9x;). Since Eq. (6.2)
can be separated into time and coordinate parts, we may write

K(t)=e o'/ 6.3)

H,lLn)=Ey|l,n) (Ln=1,23,...). (6.4)

Here the states |/,n ) are the complete set with energy eigenvalues of H,,. Since the function with states |l,n) can be
expressed by

¢1,,(x1,x2)=<x1,x2|l,n> y (6-5)
the propagator at ¢ >0 becomes

_iHopt/ﬁ', 'y

’ ' _
K(x,x,5,t5x1,x5,0)={x,x,le X1,x5

=333 3 (xpx;lin)inle
I n I' n

iH_t/#f
i op Il’,n')(l’,n’lx],x'z)

—iE}, 1 /%

=3 3 dimlxpxz)e o (xi,x5) . (6.6)
!l n

Equation (6.6) should be the same as Eq. (4.18). Setting x] =x, and x) =x, in Eq. (4.18) and integrating over x; and
X,, we get

> [ [dxidx g (x1,x50e g, (x xp)=e Ent 6.7)
and
ffdx,dx2 2’;“; {V3/[sin(wt )sin(V3wt)]} 72
Xexp i—';f—[(xl+x2)2—\/§(x,—xz)z][cot(wt)—l/sin(wt)] = — 1[sin(wt /2)sin(V'3/20t)] " .

(6.8)
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Hence we have

2 Ze—iElni/ﬁ= _%[Sln(wt/z)sin(\/s/zwt)]_1
I n
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=[eviwx/2/(l_e—iwt)][e—i\/SwI/Z/(l_evi\/awt))]

=3 3 exp{—iot[(I+H)+V3n+1)]} .

I=0n=0

Therefore the expectation values of CHO becomes

E,=[U+1)+V3(n+ ko . (6.10)

VII. RESULTS AND DISCUSSION

In the previous sections we have obtained the exact
propagators [Egs. (4.18) and (5.30] for CHO and DCHO
by the path-integral method. The forms of the propaga-
tors are new. Setting f(¢)=0, Eq. (5.30) is reduced to Eq.
(4.18). Although DCHO is a nonconservative system, the
quantum-mechanical problem for the momentum opera-
tor does not appear because the canonical momentum is
equal to the kinetic momentum in our derivation.'

Making use of Eq. (4.81), we have obtained the energy
expectation values [Eq. (6.10)] for CHO, given by the sum
of two energy expectation values corresponding to the
quantum states of two oscillators. Even though we have
not evaluated the wave function of CHO, we may easily
surmise that the wave function will be given by the multi-

(6.9)

f

plication of two wave functions for two oscillators. In
the case of DCHO, one cannot easily apply Eq. (5.20) to
obtain the energy expectation values, since this equation
cannot be expressed in the form of Eq. (6.6), and one
should recognize that the energy operator is not equal to
the Hamiltonian operator in a nonconservative system.’

The evaluations for the wave functions, energy expec-
tation values for CHO and DCHO, and propagator and
other physical quantities for n coupled and n driven cou-
pled harmonic oscillators (arbitrary n) are in progress and
will be reported in the near future.
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