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Atomic scattering factor and spin-polarization calculations
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A new set of atomic scattering factors derived from relativistic Hartree-Fock wave functions has
been calculated for publication in the new edition of the International Tables for Crystallography,

3rd ed. (Reidel, Dordrecht, in press). Presented here is a discussion of the numerical stability of the
results and a discussion of the spin-polarization function, S(8,$), including a comparison of the new

calculations with experimental data. After the calculated S(8,$) functions are normalized to the

Coulombic values, the difference between theory and experiment leads to some interesting con-
clusions.

I. INTRODUCTION

Electron-spin polarization has become a frequently
used quantity in the analysis of atomic and molecular sys-
tems, surfaces, ' and P emitters. Since the invention of
GaAs sources, polarized electron beams have become
available which allow experiments to probe the spin-
dependent properties of many targets. The transverse po-
larization relative to the scattering plane of the incident
and scattered electrons is analyzed by Mott scattering.
%hile other analyzers are becoming available which are
more compact and easier to build, the well-studied Mott
system remains the standard by which all new systems
are compared. In spite of the central importance of this
analyzer, there still remains some discrepancy between
experimental and theoretical results. However, the
theory of scattering from central potentials at high in-
cident energies is so well understood that, given a large
computer and a good atomic potential function, one
should be able to compute the polarization (or Sherman)
function with suScient precision to be of valuable assis-
tance to experimentalists in this area. New calculations
employing a relativistic Hartree-Fock potential for Au
are presented here with an analysis of how the cross sec-
tion and spin polarization are effected by the matching
radius, integration step size, and convergence of the
partial-wave sum.

der(8„82, $) do (8, ) do (8z)
[ 1 —5(8, , 82)cosg], (2)

where 8& and 82 are the scattering angles for the first and
second scattering processes, P is the azimuthal angle be-
tween the two processes, and 5(8„82) is the product of
the Sherman functions of the two scattering processes;
i.e., 5(8,, 82)=S,(8, )S2(82).

To measure the Sherman function of an atom one
needs to perform a double scattering experiment. The
first scattering process is used to produce an electron
beam with polarization P =S~(8&), where the polariza-
tion of the beam is defined as'

(3)

where I& and I& are the currents of the electrons in the
spin-up and spin-down states, respectively, relative to a
plane which defines P. The second scattering process is
used to measure the Sherman function of the target, S.
In most experiments two detectors are placed at the same
scattering angle 82, but at different azimuthal angles, (ta
and PL An asymmetry can then be recorded in the two
detectors. For an experiment having the right detector at
$„=0and the left at (j)L =rr, the ratio of the count rates
according to Eq. (2) will be given by

II. THE POLARIZATION FUNCTION

For an unpolarized incident electron beam, the polar-
ization of the scattered electron is described by the Sher-
man function,

RL

Rz

dtr(8»8z, ttpL )/d0 l 5(8»82)—cosPL

do (8„82,ttptt )/d 0 l —5(8„82)cos(b„

1+SP
1 —SP

(4)

1 (fg* gf ~) 2lfl lgl»n—('t), —'t)f )

lfl'+ Igl' lfl'+ Igl'

where f is the direct scattering amplitude, g is the spin-
flip scattering amplitude, and gf and g~ are the phases of
the scattering amplitudes when they are given in polar

l 'rI

form, f=If le f. The cross section of a double scatter-
ing experiment is given by

where 6 is a constant inserted to account for the instru-
mental asymmetry. If it is possible to reverse the polar-
ization P of the beam formed from the first scattering
process, a second measurement can be performed to
determine A. Thus, with the beam reversed,

1 —SP
1+SP
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1 X —1

P X+1

where

X= L R

Solving for S one obtains

(6)

integration step size. For the tables, an integration step
size of 0.001 0 A was used for the partial-wave phase-shift
calculations. However, because of the steepness of the
potential function near the nucleus, it is necessary to per-
form the integration with a considerably smaller step
size. It was found that all step-size dependence could be
eliminated if a step size of 0.00005 A was used for the
first 0.005 A of the integration for partial waves with
I & 5.

Unfortunately, the reversal of the polarization intro-
duces new problems which are not eliminated with the
double measurement. Furthermore, there are several is-
sues which are not addressed in this sequence of measure-
ments. A detailed critique of the experimental approach
is presented in Ref. 3. There, a series of arguments is
given why it is reasonable to question the data and why
certain issues and problems should be addressed in future
experiments. A similar set of questions can be raised in
regard to the theoretical values, such as why the results
of Holzwarth and Meister disagree with those of
Buhring. Both use partial-wave techniques and both
claim little sensitivity to the inner-shell screening elec-
trons. Therefore a new set of scattering factors was cal-
culated and the results were tested for all possible numer-
ical issues such as stability, step size, and convergence.

III. ABOUT THE CALCULATIONS

The direct scattering amplitudes f for each atom are
presented in the International Tables for Crystallography
in the range of s [ =(4n/A, )sin(8/2)] from 0 to 60 A ' in
steps of 1 A ' at energies of 10, 40, 60, and 90 keV.
Though not presented in the tables, the spin-flip scatter-
ing amplitudes g have also been calculated and are avail-
able upon request. The scattering factors for each atom
were calculated by the partial-wave summation method '

with partial-wave phase shifts calculated from relativistic
Hartree-Fock potentials' using the computer program
A SCAT by Yates. " For each calculation the phase shifts
were calculated down to a value of —10 rad to assure
convergence of the partial-wave sum. About 200-300
partial waves were used for light atoms at low energies,
but up to 900 partial waves were used for heavier atoms
at high energies (e.g., Au at 90 keV). As a further test of
convergence, the coefficient reduction method of
Buhring was used to calculate the partial-wave sum.
Identical results were obtained for large angles ( & 45 ) us-
ing only 30 partial waves with five coefficient reductions.

As is described elsewhere, in order to &ntegrate the
Dirae equation, the logarithmic derivative of the solution
is matched to the field free solution at a radius far from
the atom, where the atomic potential is considered negli-
gible. This matching radius was chosen to be 10 A for all
of the calculations presented in the tables. Though vary-
ing the matching radius from 5 A to 10 A causes little
variation in the results (less than 0.1%), it proportionally
alters the number of partial waves required for conver-

0
gence (from 900 partial waves with a 10 A matching ra-
dius to 450 with 5 A for Au at 90 keV).

The calculations were more sensitive to the choice of

IV. RESULTS OF THE CALCULATION
AND COMPARISON WITH EXPERIMENT

After the new cross sections were calculated for Hg us-
ing the present potential and computer code, they agreed
with the results of Kessler and %eichert' within the
quoted uncertainties as well as with previously calculated
results. Since the experimental data are normalized to
the theoretical cross sections of a hydrocarbon, the cross
sections were recalculated and the matching procedures
were found to be justified. In order to get a coarse esti-
mate of the importance of the e8'ect of exchange of atom-
ic electrons with the incident electron, the free-electron
gas approximation with its p' potential was employed.
The calculated cross sections increased slightly, but
remained within the experimental error limits. A similar
effect occurred in the polarization results.

The topology of the spin-polarization function as a
function of angle as shown in Fig. 1(a) can be explained
by noting that If (s)I » Ig(s)I for all values of s. Equa-
tion (1) then reduces to

S= sin(ris —rif) .21gl .
(7)

For small values of s, the function IgI/IfI is fairly
smooth, therefore the sin(its —rtf) factor governs the
form of S. Figure 1(a) shows ris

—rif plotted along with S
for comparison. As can be seen in Fig. 1(b), a maximum
in IgI /I f I is responsible for the large extremum in S at
s —180 A ', though S is negative at this angle due to the
sign of the sin(ri —rif ) term. The spin-flip amplitude IgI
must go to 0 (and therefore so does S) at 9=0 and 180'
since, in the partial-wave expansion, g is a sum of associ-
ated Legendre polynomials in cos8, all of which are zero
at these angles. The minimum of S stays in a fairly con-
stant position for all atoms and energies, changing mono-
tonically from 115' for H to 117' for Au. Figure 2 shows
the spin polarization at its extremum as a function of
atomic number for 40 keV electrons.

Figure 3 depicts various experimental and theoretical
values of the Sherman function of Au at 120 as a func-
tion of energy. The experimental results of Gray et aI.
are renormalized to the value of our results at 120 keV
where the calculated polarization has a value of —0.404.
The discrepancy at lower energies between this experi-
ment and our calculations could be due to elastic multiple
scattering, not accounted for in the experiment. At lower
energies, deviations are expected not only because the
multiple-scattering probability increases, but also because
the momentum acceptance cone of the detectors is larger,
and consequently the count rate from multiply scattered
electrons is larger. '
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FIG. 3. T e. 3. The Sherman polarization function of Au at 120' as a
function of energy. Solid line, present theory. Short-dashed
ine, calculation for a pure Coulomb potential using Sherman's

method (Ref. 5 .e . ). Long-dashed line, the calculations of
Holzwarth and Meister. 6 data from th l' d

'
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analyzer of Ref. 6; X, data from the spherical Mott analyzer of
Ref. 6; O, the data point of van Klinken, Ref. 14.
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FIG. 2.. Maximum value of the Sherman function as a func-
tion of atomic number Z for E=40 keV.

FIG. 1. (a) Dashed line, the Sherman function S as a function
of s (A ) for E=40 keV and Z=79 (Au). Sol'd line the phaseine, the phase
difference, gg

—gf, a a function of s (A ). The function

gg
—gf is scaled down by a factor of 10 for comparison with S.

(b) (g~ I)f) plotted as a function of s (A ) for E=40 keV and
Z=79 (Au).

Also shown in the figure is the absolute data point of
—0.37620.008 measured by van Klinken' at 121 keV
obtained by double scattering. This value is quite low,
probably due to the energy resolution and calibration
problems inherent in such experiments. Though incor-
poration of energy analyzers into Mott detectors was a
vast improvement, it is still necessary to consider elastic
multiple scattering in the experiment of Gray et al. 4 in

order to expect agreement between experiment and
theory.

The new calculations approach the analytic values for
a pure Coulomb field at higher energies faster than those
calculated by Holzwarth and Meister, but the two
t eories agree within the experimental error limits. It is
dif6cult to pinpoint the reasons for the deviation of these
two theories from each other, but it is clear that the com-
puter technology of 1964 did not allow the high partial-
wave and fine step-size analyses now available;

'
ilar

shortcomings have to be expected in the potential func-
tions of those days. However, it is worth mentioning that
we have verified that the use of the potential for Z=80
multiplied by 79/80 as the potential for Z=79 by
Holzwarth and Meister does not cause a significant error
in the polarization (less than 0.04% for scatter' t

t is hard to speculate further as to why their cal-
culations differ from the new ones, but we are certain that
we have accounted for all errors due to the choice of the
integration step size to better than 0.5%.

The spin polarization produced by high-energy scatter-

S(8
ing has two limits. For light Z and small scatter lca ering ang e

, P} ts zero. For high Z, high energy, and large
scattering angle, the polarization is given by IS coupling
in the pure Coulombic field. In Fig. 3, the high-energy
limit of the bare nuclear field is shown. The difference
between this curve and the other theoretical curves is due
to screening by the s electrons of the atom. In Fig. 4, the
difference between all of the curves and the Coulomb
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FIG. 4. The same legend as Fig. 3 except that the Coulomb
potential results have been subtracted from all of the data points
to point out how small the effect of adding the shielding elec-
trons to the calculation is compared to the experimental uncer-
tainty.

This is of significance since the electron charge density
has its only maximum at the nuclear position. A
modification to the extent needed to bring experiment
and theory into agreement is far outside the range of un-
certainty of Hartree-Fock theory. Another possibility
rests with the breakdown of potential theory at small im-
pact parameters. This would also be a very unexpected
conclusion. As noted before, several possible arguments
have been given which raise questions about the experi-
ment. However, the Mott analyzer used in these mea-
surements has confined for several elements and energies
that the spin polarization of electrons from radioactive P
decay is —v/c, thus confirming to better than 1&o the
electroweak V-A theory and the two component neutrino
description.

The description of ES(8,$) of Fig. 4 shows that there
is little hope of modifying any of the present theories to
reach agreement with the van Klinken value. However,
if in the future the experimental values and the theory
ever agree, significant inferences can be drawn about the
weak-interaction description.

curve is shown. As expected, the difference function de-
creases toward zero for higher energies since screening
contributes less to the scattering potential. The compar-
ison with the experimental results of van Klinken' is
particularly interesting. If the experimental result is
correct, then the atomic wave function which describes
the charge density in the atom must be severely in error.
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