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Relativistic excitation of envelope solitons in electron-positron plasmas
of the pulsar magnetosphere
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The nonlinear propagation of an external magnetic-field-aligned circularly polarized electromag-
netic wave in electron-positron plasma is investigated. Relativistic and the time-derivative pondero-
motive nonlinearities are considered. A new kind of envelope soliton in the magnetoactive plasma
is obtained. A large-amplitude localized electromagnetic radiation may exist in the pulsar magneto-

sphere.

Recently, there has been much interest' in the prob-
lem of wave propagation in electron-positron plasma. It
is due to its application in the fields of pulsar radiation
and solid-state plasma whose positive and negative parti-
cles are of the same (or similar) mass. Pulsars are regard-
ed as the rotating magnetized neutron stars with a strong
magnetic field ( —10' G). Theoretical models ' had
been developed to predict the production of electron-
positron plasma. In such plasma, waves which are quite
different from those of the ion-electron plasma can exist.
The reason is that when both the charge and the mass are
of similar magnitude for the two species, some of the nat-
ural separation of time and space scales associated with
high- and low-frequency motions no longer exist. In fact,
the separation of time and space scales may also originate
in electron-positron plasma, exclusively from nonlinear
effects such as wave modulation and turbulence.

In this report we reconsider the nonlinear propagation
of field-aligned (parallel to the external magnetic field

Boz), circularly polarized electromagnetic wave in an
electron-positron plasma. The previous investigations
are thus generalized to include the effects of time deriva-
tive poderomotive force. The field amplitude is large
enough that particles acquire relativistic velocities in the
field. The external magnetic field causes substantial
change in the interaction, especially; relativistic effects
come into play at a weaker high-frequency field. A weak-
ly nonlinear treatment of the problem shows that a new
kind of envelope solitons may exist in the magnetoactive
plasma. A large-amplitude localized electromagnetic
wave also can exist in the pulsar magnetosphere.

In our earlier paper, it has been shown that the non-
linear interaction of the right-hand circularly polarized
electromagnetic wave

E==E(x+iy) exp(ikz itot)+c. c. , —

where slow plasma motion along the ambient field Boz
gives rise to a slowly varying wave electric field envelope
which may be localized. When the frequency of the
modulation is much smaller than the carrier wave (viz. ,

t), « to) within the WKB approximation the evolution of
the wave electric field envelope is governed by the non-
linear Schrodinger equation

i(B, +v t), )E+ ,'v'B, E —EE=0—,

where v =Bto/Bk and v'=t) to/Bk represent the group
velocity and the group dispersion, respectively. The fre-
quency co and the wave number k are related by the cold
plasma dispersion relation

Nk c pa

a to(to+1+v —co, )

(3)

where the quantity
~

co+1+v —to,
~
/k, has been as-

sumed to be much larger than the thermal velocities, c is

the speed of light, co =4m'e n /m, co, =(e Be/me ), m
Q a

is the particle rest mass, e the charge, and n the parti-
cle number density of species a (e for electron and p for
positron):

2 2Pa„+Pa
Q2

m2c2

~E~ (1+v )

m c (co+1+v —to, )
(4)

(where J is the nonlinear current) one can easily derive
the nonlinear frequency shift 5 which is given by

1

2co

zt(olto+N )
to Ic c

a co+1+va Co~

Here n =no+5n and N =5n /no with no the equilib-
rium density and 6n the small perturbation due to radia-
tion.

is the parameter describing the importance of relativistic
effects on the wave propagation. '

From the wave equation
T

E= BJz
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We assume that modulation frequency is much smaller
than the particle gyrofrequency; then the slow motion of
the plasma can be described by the magnetohydrodynam-
ics (MHD) equations:

B,N +B,Vg =0,

linearity.
Let us consider a linear phase shift of the wave due to

the interaction with the plasma. In other words we
represent the complex field amplitude as

I EI e i e—r+i~z

T~ fmB, V& = —e 8,4— Vn +
na

a, @=4menu(N, N) .—

where O, K are constants. Then it can be shown that

IEI =f(g'), g=z —Vut, Vo= 1+—kc K
(12)

Here 4 is the slow ambipolar potential driven by the
ponderomotive force f, which incorporates the relativis-
tic motion of the particles,

2
COp

x a, — ", a, IEI'. (7)
c(oc+o1+ zvco~ )

In the case of electron-positron plasma, we see that the
ponderomotive force is charge independent even in the
magnetoactive plasma. Therefore the charge separation
occurs only in the higher order of nonlinearity due to the
term a, (N f ) which is in the order of IEI nonlinearity.
In this particular case of weakly nonlinear plasma we
may neglect the charge separation. Then from Eqs.
(8)—(10) we find that

2 2kuocoqN= 1+ ' ' IEI',
2m2(~2 ~2)(u2 V2 ) ~(~2 ~2)

An expression for the ponderomotive force f was derived
in Ref. 9.

The system of equations (6} is equivalent to the follow-
ing equation:

and

&= —QIEI',

(13)

(14)

a,N Vl, (1—N—a)a, N + V2h (a,N )2

co (N, N) —— a, (1 N)f, —e~ 2 1

IeI ~ ' t' num
(8)

where V,h
=T /m. Equation (8) describes the slow

plasma density perturbation due to the time derivative
ponderomotive force and the generated ambipolar field.

We thus have derived a system of coupled equations,
namely, (2), (5), and (8), which describes the nonlinear
evolution of a circularly polarized electromagnetic wave
in which field particles attain relativistic velocities in a
magnetoactive electron-positron plasma. It is to be noted
that the time derivative ponderomotive force is more
significant in the case of the magnetoactive plasma.

We now consider the nonlinear propagation of the
field-aligned circularly polarized wave in the weak rela-
tivistic limit (i.e., v «1). In this particular case we find
that

2

(N. —&.IEI'),
C

2e co

2m c (co co~ )

2
COp

8n(co —co, )
2 2

a
2k co

, ', a, IEI,
CO(CO CO~ )

e8u
(10)

mc

The first term in Eq. (9} represents the ponderomotive
nonlinearity, while the second term the relativistic non-

with

e @PE co 1 ( co co, }—+(co+co, }Q=
2m2c2( 2 2)2 2 (

2 2)2

c2
1+

U2 V2
b th

2kU 0'&

CO(CO CO~ )

Here, we have considered T, = Tz =T and N, =N~ =N.
The evolution of the wave is then governed by the usu-

al nonlinear Schrodinger equation

(a, +u, a, )E+-,'u,'a?E+QIEI'E=0,

which, for v'Q )0, has the solution

IEI =E sech(kug'),

(16)

e N&co c 2kU0
Q—= 1+ 1—

2m 2c2~4 V2 U2
C th 0

For uo & V,h &co /k, Q is positive, which admits the
subthermal envelope solitons as the final state of wave
modulation in the pulsar magnetosphere. The pulse
width is independent of the magnetic field, while the am-
plitude of the envelope is proportional to the ambient
field as B0. Let us calculate the maximum amplitude of
the localized field (soliton) in the pulsar environment.

(18}

where E =(3/Q)' where 2 =v( +ug,'uga) 8 is the-—
amplitude of the soliton and ku =E ( Q /ug )

'

=( A /vg )' is the inverse pulse width of the soliton.
In the pulsar magnetosphere we have co, )&co . Then



38 BRIEF REPORTS 5937

For the soliton's speed much smaller than the wave phase
velocity (i.e., vo & co/k ) and for ( V,h

—Uo/c « 1 we may
write

e co co

2m co(V —
U )

(19)

which gives

eEm coc

m coc coco&

' 1/2
h VO

C2

' 1/2
2A

In the case of v 0 && vth we have

,~0, co
2

E =q' ~T, q'=
no

' 4~ec
(21)

It shows that a large-amplitude localized field may exist
in the pulsar magnetosphere, where the ambient magnetic
field is super strong and the plasma density is relatively
low.

To summarize, we have investigated the nonlinear
propagation of intense electromagnetic wave, in whose
fields particles attain relativistic velocities in a magne-
toactive electron-positron plasma. Such a situation pre-
vails in the pulsar magnetosphere. We have incorporated
the effects of ponderomotive force-driven density fluctua-
tions to study the problem. It is a generalization of our
previous works to include such effects as the time deriva-
tive ponderoinotive force (which is significant for the
magnetoactive plasma), relativistic mass modulation non-
linearity, and the charge separation due to the higher-
order nonlinearity. A general system is derived to include
all such effects. A weakly nonlinear treatment of the sys-
tem predicts the existence of large-amplitude subthermal
solitons in the pulsar magnetosphere. The result ob-
tained may get its application in the explanation of mi-
crostructure- of pulsar radio emission and other related
phenomena.
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