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Structure of a fluid interface near the critical point
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The structure of the liquid-liquid interface of three very different mixtures (carbon

disulfide+ methanol, methanol+ cyclohexane+ deuterated cyclohexane, and nitrobenzene+ n-

decane) has been studied using ellipsometry in the reduced temperature range 0.0009 & t & 0.042.
Although the elliptical thickness varies by an order of magnitude between these mixtures, the

data from all three mixtures can be scaled to the same universal constant by a combined mean-

field plus capillary-wave model of the interface. The universal constant determined experimental-

ly is significantly less than the theoretical value.

When two fiuid phases coexist, the order parameter
changes smoothly as one crosses the interface between the
two phases. Mean-field theories of the interface' 3 pre-
dict an order-parameter profile with a transition region
whose thickness is only a function of the bulk correlation
length g . When capillary waves are added to the
theory, 4 6 the thickness of the interface increases and be-
comes a function of a long-wavelength cutoff (which is

usually determined by an external field or the area of the
interface) and a short-wavelength cutoff I*. The short-
wavelength cutoff is the length that sets the smallest scale
on which capillary waves can be defined.

We have used ellipticity measurements (see Fig. 1) of
the liquid-liquid interface in the binary fiuid carbon
disulfide (CS2)+methanol (CH3OH) from room temper-
ature to within 0.2 K of the consolute point at T, 309 K
and we have compared these data with the Fisk-Widom
version of mean-field theory. The data from this mixture
and two other mixtures, methanol (CH3OH)+cyclohex-
ane (C6Htz)+ deuterated cyclohexane (C6D12), and nitro-
benzene (C6H5NO2)+n-decane (CtoH2z) are consistently
20% to 309o higher than the mean-field values. Adding

capillary waves to mean-field theory moves the theoretical
curve in the right direction but overcorrects by a
significant amount for all three mixtures.

The ellipticity p is the imaginary part of the reflectivity
ratio and is a measure of the optical thickness of the inter-
face. p can be calculated at Brewster's angle Btt from an

equation derived by Drude:7
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phases, s or as is the case here, n —and n+ can be obtained
from direct measurements. For the CS2+CH3OH mix-
ture, for example, we find n(+ ) n, +Bt~ (hno/2)tt',
where n, 1.5146, B 0.053, 6„0.394, t (T, —T)/T„
and P 0.325. All three systems were analyzed in the
same way and gave the same result when compared with
theory. Values of n„B,and hno for the other two mix-
tures are included in Table I. For the refractive index and
ellipticity measurements we used the HeNe wavelength

632.8 nm.
The experimental values of p and rt can be used to test

various models of the refractive index profile. From a
model of n(z) one can compute p and compare the results

with

pD Im —[(n —+n$)' /(n ng)]rt, — (la)—
r, CHg OH+C6H )2+C6 D12

0

~ [n (z) —n ][n (z) —n$)—
7l dz. (ll )

4 n z

Here n(z) is the refractive index profile perpendicular to
the interface and n — and n+ are the refractive indices
deep in the interiors of the respective bulk phases. n —and

n+ (the refractive indices for the upper and lower phases,
respectively) can be estimated using the Lorentz-Lorenz
relation and the densities and compositions of the two
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FIG. 1. Ellipticity p from the liquid-liquid interface of three
mixtures. Solid circles: CS2+CH3OH; open circles: C6H5NO2
+n-ClpH22, open squares: CH3OH+C&HI2+C6D[2. The inset
diagram shows the sample cell with light incident at Brewster's
angle 8g.
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TABLE I. Three mixtures compared.

Mixture

CS2+CH3OH
CH3OH+ C6HI2+ C6DI2
C6HsNO2+ &-CioH22

309.30
319
297.62

1.5146
1.378
1.4659

0.053
0.0754
0.0614

hnp

0.394
0.1365
0.2216

G'p

(erg/cm )

13.8
16.8'
31.0

(nm)

0.177
0.166'
0.117

h,p
(q/cm')

0.656
0.0024
0.7531

'Reference 10.

to the measured values. We will first take n(z) from
Fisk-Widom theory3 and then look at the effects of capil-
lary waves.

For Fisk-Widom theory we take n(z) to be

n(z) & (n++n —)+ —,
' (ny n-—)X(z/26), (2)

where the order-parameter profile X(z/26) is given by

X(z/2b) %2tanh(z/26) [3 —tanhz(z/2b)]

For a binary-liquid mixture, X(z/2b) is related to the
composition profile at a height z normal to the interface.
In Fisk-Widom theory b is equal to the bulk correlation
length in either phase ( gp t ", where v 0.625.
Once the amplitude gp has been determined, p can be
calculated without adjustable parameters.

We have determined gp using a relation from two-
scale-factor universality and a compilation of experimen-
tal data. 9' Specifically, ap((p ) /ktr T, =R, where ktr is
Boltzmann's constant, and crp is the interfacial tension
amplitude. At present there is a difference between the
experimental value of the constant R ( 0.1047) and the
theoretical value (R 0.128). We have chosen the exper-
imental value at this point but we will outline a method
(put forward by Kayser and extended by Van Leeuwen
and Sengers ) to reconcile the two values later in this pa-
per. For the CS2+CH3OH mixture, we have measured
op to be 13.8 (mN/m) using the method of Chaar, Mold-
over, and Schmidt, P which implies that @ 0.177 nm.
With this determination of gp, the density profile theory
of Fisk and Widom falls 20% below the experimental el-

kttT, q

(2rr)' " P

dq (4)
o(q)q~+2gap

'

where g is the acceleration due to gravity 980 cm/sec, hp
is the density difference between the two phases hppt~,
and cr(q) is the interfacial tension that is allowed to de-
pend on the capillary-wave vector q. The boundary condi-
tions are a(qm, „)ab(theory) and a(q 0) o(expt)
where q,„(2'/I ) is the largest wave vector allowed
by the theory. We have taken ab (theory) to be the Fisk-
Widom value for the bare surface tension. The single de-
gree of freedom present in Kayser's calculation is removed
by demanding that the interfacial tension a(q) be max-
imum at q q,„,i.e., [da(q)/dql ~q „0,where

lipticity. This is not surprising because we have not in-
cluded the effects due to capillary waves. Even greater
differences occurred for the two other systems CH3OH
+C6H~2+ C6D~2 and C6H5NO2+ n-C~pH22.

For a more realistic calculation capillary waves must be
included. For the capillary-wave model we will use the
self-consistent calculation of Van Leeuwen and Sengerss
with the advantage that there are no adjustable parame-
ters. Thus the number of capillary waves to be included is
determined uniquely. Their approach extends the work of
Kaysers in which he used one adjustable parameter (the
short-wavelength cutoff I ). I' (the vertical blob size)
and I* are determined by boundary conditions on the in-
terfacial tension.

In capillary-wave theory, the capillary-wave mean-
square amplitude is given by

r

kT, -2 -q ab0't')'q'
o(q) -ob+, ', de qdqln8z' & 2rr s Tg

(5)

The above condition on the derivative of a(q) at q, „

fixes
the value of I' 1.977$ . The value of I is then adjust-
ed until o(q 0) a(expt) with the result I 4.74(
q,„ando (q) are now completely determined and Eq. (4)
can be integrated numerically to give the capillary-wave
amplitude.

The capillary-wave contribution to the ellipticity p,„at
Brewster's angle for a sharp but rough interference is
given b~ Beaglehole" and Zielinska, Bedeaux, and

Vlieger
' and depends linearly on qm,„.

3 rp n+ n ks Tc qmax—2 — 2

(6)
4 c (n$+n2 )'/2 ab 2x

where r0/c 2x/A, , ab is the bare surface tension and q, „

is now equal to 2Jx/4. 74( . The total ellipticity is given
by the sum

Ptot -PD+PCW- (7)

Although the fit was moved in the right direction by the
addition of capillary waves, the resulting ptot is now too
large. That the two contributions should be added direct-
ly rather than by adding the squares has been shown by
Marvin and Toigo. '

A possible reason for this conflict between measured
and calculated values of p may be due to an overlap of the
two models since the Fisk-Widom theory includes a wide
range of fluctuations but it is not known exactly which
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fluctuations have been included. '4 Another possible reason
for the conflict may be that Eq. (6) has been developed
only to first order in ((2) '~2/L Second-order terms, which
have not been calculated, may be significant. '4 At present,
however, the combined theory used here does give good
agreement with sulfur hexafluoride (SF6) when the
reflectivity data of Wu and Webb'5 are used.

The quantity tl in Eq. (lb) has been used to character-
ize the interface. 7" Recently, Beaglehole'6 measured tl

for pure carbon tetrachloride (CC14) near its critical
point. In Fig. 2 we plot his data'6'7 for CC14 together
with l t) l derived from our ellipticity data and Eq. (la)
for the mixture CS2+CH3OH. Our data for the pseudo-
binary system (CH3OH+C6Ht2+CsDtq) and the binary
system (C6H5NO2+ n-CtoH22) are also plotted at several
temperatures. As can be seen from the data in Fig. 2 and
from evaluating Eqs. (2) and (3) in Eq. (lb), the integral
t) is a system-dependent characteristic length that varies

as the ellipsometric contrast (n+ n——) 2 for systems with
comparable correlation lengths.

To compare results from different systems it is neces-
sary to remove the dependence on the ellipsometric con-
trast and the correlation length. We, therefore, start by
defining the universal quantity.

Z f (I —X (y))dy universal constant=2. 28
U

which is an integral over the order-parameter profile X(y)
which is itself a universal function. Z f is related to the
integral t) through

Ill=2(n+ n —)2-g z f (8)

for temperatures in which the correlation length «X and
where l(n2 n$—)/(n$ +n 2)

l «1, which is thecase for
the fluids discussed in this work. Equation (7) can be
rewritten using Eq. (la) and Eqs. (6) and (8) as

(9a)

which simplifies to 0.128. If we define Z,„=—3/24~(1/ob4. 74) 1.39 then
Eq. (9b) can be written

Ptot
n + 3 1 1

5n xmf+
4 74

(9b) &2m
ptot — 4 ~n (Zmf+Zcw) ~ (10)

under the same conditions used to obtain Eq. (8). crb is a
dimensionless bare interfacial tension cib=at, (g ) /kgT,

where Z Z f+Z, „
is a universal constant. The values of

Z obtained using the measured values of p and Eq. (10)
are plotted in Fig. 3 for the three mixtures studied here.
Note that within experimental uncertainty these three
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FIG. 2. The ellipsometric thickness I tl I is plotted vs temper-
ature for three mixtures and one pure fluid. The symbols are the
same as in Fig. l. I tl I varies by an order of magnitude between
mixtures depending on the optical contrast (n+ n ). Addi-— —
tional open triangles represent CC14 data of Ref. 16.
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FIG. 3. When I ti I is scaled as indicated in the text, the fluid

mixtures (CS2+CH3OH), (CH3OH+CsHt2+C6Dt2), and

(CsHsNOq+n-CtDHt2) give the same value for the universal

constant Z. The theoretical value for Z( 3.67) is significantly

higher. We were unable to scale the pure fluid CC14 (open tri-

angles) to either the mixtures or the theoretical value of Z with

the present model.
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very different mixtures give the same value for X. The cal-
culated value of X( 3.67), however, does not coincide
with the measured values.

Figure 3 is thus our clearest indication of the disagree-
ment between theory and experiment. The source of the
disagreement is not known but it has been suggested'
that the density profile theory may contain fluctuations
that extend into the capillary-wave region. In effect this
would cause an overcounting of modes and lead to the re-
sult displayed in Fig. 3. Calculations of the region of
overlap have not yet appeared in the literature. Since the
theory agrees with the reflectivity data of SF6, an alter-
nate explanation appears more likely. A second possible
source for the disagreement is that Eq. (6) has been
developed only to first order in (g2)'l2/X. Second-order
terms will tend to reduce the disagreement. '4

The combined model as described above and the
analysis summarized in Eq. (10) does not fit the CC14 data
when values of n , n+, —o,g, and hp appropriate to CC14
are used. As was done for the present mixtures, we have
used the correlation length g in the two-phase region for
the modeL For CC14 Beaglehole obtains a good fit to the
Fisk-Widom model in the small t region by identifying the
characteristic length b in Eqs. (2) and (3) with the corre-
lation length on the critical isochore in the one-phase re-

gion g+( 1.95( ). We see no reason to make such an
identification. Further work is needed to resolve the
differences between the liquid-mixture cases and the
pure-fluid case. We have verified Beaglehole's datum for
CC14 at t 0.47 using a photoelastically modulated ellip-
someter based on his design. " We have not solved prob-
lems related to pressure-induced cell-window strain for
pure fluids near their critical points and thus have not
been able to confirm Beaglehole's higher pressure data
where the model should apply. The liquid mixtures we
used have an advantage for the experimenter in that their
vapor pressures near the consolute temperatures are less
than 1 atm; thus, pressure-dependent cell-window strain
does not interfere with the ellipticity measurements. Oth-
er precautions that we have taken include four-stage ther-
mostatting with mK temperature control, thorough in situ
stirring, and in situ refractive index measurements. 's The
ellipticity measurements for CS2+ CH3OH were repeated
in two separate fused silica cells and gave the same result.
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