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We have extended a recent theory of spin relaxation in gases due to static magnetic field inhomo-
geneities to include the effects of oscillating magnetic fields. We use this theory to show how mag-
netic field inhomogeneities cause spin relaxation under magnetic resonance conditions. We have
confirmed some of the main theoretical predictions by experimental observations. Spin relaxation
in inhomogeneous magnetic fields can be used as a convenient new way to measure diffusion con-

stants in gases.

I. INTRODUCTION

In a recent paper, Cates et al.! derived expressions for
the relaxation rates of polarized spins due to static mag-
netic field inhomogeneities in gases at low and high pres-
sures. This work was a generalization of earlier work by
Gamblin and Carver? and by Schearer and Walters,> who
developed the theory of longitudinal spin relaxation due
to static inhomogeneities at high gas pressures. Ques-
tions relating to spin relaxation due to magnetic field in-
homogeneities have also been considered by Barbe,
Leduc, and Laloé*® and by Lefevre-Seguin, Nacher, and
Lalog.® In practice, spins are frequently subject to oscil-
lating magnetic fields, for example, ambient 60-Hz fields,
or oscillating magnetic resonance fields. Even if the oscil-
lating field is perfectly homogeneous, the longitudinal re-
laxation rate can be greatly accelerated under magnetic
resonance conditions, since the static field inhomo-
geneities are transformed into static and oscillating field
inhomogeneities in the small, effectively static “holding
field” of the rotating coordinate system. In this paper we
extend the analysis of Cates et al.,! which we shall refer
to as CSH, to include the effects of oscillating magnetic
fields. We use these new results to discuss how magnetic
field inhomogeneities cause spin relaxation during mag-
netic resonance conditions. In Sec. III we discuss experi-
ments which have been designed to test the main predic-
tions of the theory. There is very good agreement be-
tween theory and experiment. The results of this paper
show that the quantitative study of spin relaxation in
known magnetic field inhomogeneities is a precise and
convenient way to measure the diffusion constants of no-
ble gases in various gaseous mixtures. The technique we
suggest differs from earlier work® in that we explicitly
derive limits in which the spin relaxation is independent
of the cell radius. In certain experimental conditions, the
dependence on the cell radius R can be as great as R*,
making the cell radius a dominating source of systematic
error.

II. THEORY

Since the analysis of spin relaxation in the presence of
oscillating magnetic fields is an extension of the work of
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CSH, we shall only outline the steps which differ substan-
tially from CSH, and we will refer to the results of that
paper for background details. We assume that the total
magnetic field B(r,t) at a position r within the cell and at
a time ¢ is the sum of a static mean field B, and a static
inhomogeneous field B,(r), both of which were discussed
in CSH, and an oscillating magnetic field which is the
sum of two real, vector fields, an in-phase field B), and a
quadrature field B), both oscillating at the frequency .
We can write the oscillating part of the field as

B(r,t)—B,—B,(r)=Bj(r)coswt + By (r)sinw?

=B,(r)e "'+ B}(r)e’" . (1)
The complex vector field amplitudes are
B,(r)=1[B)(r)+iBj(r)] ()
and
B (r)=1[By(r)—iBy(r)] . (3)

The complex field amplitude will be associated with a
complex Larmor frequency

8xHp
#i

where A =gy up /# is the gyromagnetic ratio of the spins.
Then the spin Hamiltonian of the atoms is

H=HO{tHV fye—ioppyleivi_z0.L (5)

Q,(r)= B,(r)=AB,(r) , (4)

where the unperturbed Hamiltonian H'?' describes the
rotation of the spins about the z axis at the mean Larmor
frequency Q,,

HO=#Q,L, . (6)
The perturbation due to static field inhomogeneities is
HV=#0,-L . (7

The perturbation amplitude of the oscillating field is

V=#Q,L. (8)
In summary, the Larmor frequency Q of (5) is

Q=072+, +Q,e '+ QFe . ©)
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As in Eq. (16) of CSH we assume that the spin polariza-
tion evolves because the spins rotate at the frequency
while they diffuse through the gas. The rate of change of
the spin-density matrix is giwen by Eq. (16) of CSH,
which we rewrite as

% |p)=(—iQ-L+DV?)|p), (10)

where D is the diffusion coefficient of the spins in the gas.
To simplify the subsequent analysis of relaxation in the
rotating coordinate system, we have written the density
matrix as a vector | p) in polarization space instead of an
operator p in spin space. This amounts to making the re-
placement [K;,p]—L;|p) where K; is a spin angular
momentum operator and L; is the corresponding angular
momentum operator for polarization space.

We see an exponentially decaying solution to (10) of
the form

lp)=3 [ ))fjg(r)e =7 —iedt (11)
59

where |j)= |LM), an irreducible spherical tensor,’ is

one of the eigenpolarizations defined by Eq. (19) of CSH.
Equation (11) differs from the analogous equation (23) of
CHS since it contains terms oscillating at the integer
multiples g of the perturbation frequency w. These terms
represent the spins in the process of exchanging g pho-
tons with the oscillating field. In analogy to Eqgs. (26) and
(27) of CSH we expand the damping rate ¥ and the mode
amplitudes f;, as power series in the perturbation ampli-
tudes 0, and 2,. The mode amplitudes of various orders
are determined by equations analogous to Egs. (28)-(30)
of CSH. The zeroth-order mode amplitudes satisfy the
partial differential equation

(DV*—iA;—iwp +7'O)f =0 (12)
The first-order mode amplitudes are determined by

)) (U+Y(“f,

EHUI) (0) 2 p+1

(DV2—iA-—iwp +7©

1 t (0)
+ 2 V =

The second-order mode amplitudes are determined by

(sz_“\ —la)p+Y°))f(2)+7/(”f,~(“+7/(2) i(pu)
2 (l) i 2 f(};)-q-l
+SViAY —0. (s
if 7 ’

The mode amplitudes satisfy the boundary condition (25)
of CSH, which we rewrite as

af(n)
“on

The normal derivative vanishes at the cell walls, because

=0. (15)
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we assume that the cell walls cause negligible spin relaxa-
tion.

For concreteness we will assume, as in CSH, that the
sample cell is spherical. Other simple cell shapes can be
analyzed in a similar way, and a detailed discussion of cy-
lindrical cells was given in a related paper by Wu et al.?
There will be a zeroth-order solution to (12) of the form

qu aip =9ad;idgp » (16)

for every combination of a diffusion index a, which
represents the spatial quantum numbers /un of a diffusion
mode [Eq. (37) of CSH] of a spherical cell, a polarization
index i which represents the multipole quantum numbers
LM of the irreducible basis tensors [Eq. (19) of CSH], and
a photon index p, which represents the number of pho-
tons of the oscillatory field which are being exchanged
with the spins. The corresponding decay rates are given
by Eq. (32) of CSH as

yi,%-Dki+iA,»+iwp

Dx?

L 4iQoM +iop , (17

where x,, is the nth solution to dj,(x)/dx=0. We may
write the nth-order corrections to the polarization ampli-
tudes as superpositions of the zeroth-order diffusion
modes ¢z of a sphere, which were defined by Eq. (37) of
CSH,
idtaip= 2 36 g aip - (18)

Substituting (18) into (13), we find in analogy to Eq. (43)
of CSH

(Y aip =¥ g @ Bjgsaip 7 aip aﬂﬁuﬁm
+—ﬁ—<[3|H},-“ @)dy,+ <B| ila)s, ,
+§<B|V,ﬁ|a>8q,p+1=o, (19)

where the matrix element of the oscillating perturbation
is defined in analogy to Eq. (22) of CSH as

BIVilad=[d*r ¢5V;d, . (20)

The integral extends over all volume elements d 7 of the
sample cell.

As in the case of purely static field inhomogeneities,
the first-order correction y(,) to the damping rate of the
uniform mode is zero. In analogy to Eq. (50) of CSH we
find that the second-order correction is

s (0|Hj"|B){B|H;"|0)
iy 7y g — 7o)
Ko vIBB|V;|0)
2_ ﬁ (0)

B.j (Yﬁjp—l 701)
,<0| ij\BMBI j'i|0>

2(.,(0) (0)
B HWgpr1—7Yoip)

, (21)
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where the prime means that terms with vanishing denom-
inators are to be excluded from the sum.

We will assume that the oscillating field is nearly
homogeneous so that we can write in analogy to Eq. (51)
of CSH
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In contrast to the case considered in CSH of a static field
inhomogeneity, which has €,(0)=0, there can be a
nonzero mean value £2,(0)=£0 of the oscillating magnetic
field. The nonzero matrix elements of (8) therefore in-
clude, in addition to a term analogous to Eq. (54) of CSH,
a term which involves no change of the diffusional quan-

Qz(r).——ﬂz(O)—}—rVQz(O) . (22) tum number
J
R — jl(xln) * * * *
< 1’Un | VLM',LM | O> :\/L (L “+ 1 )C(L lL ,M,M’—M) SIINIH——Z—-ﬁR [X#'V(Qz )M'—M] +8106#0[(QZ )M'—M]
X1n
(23)
where C denotes a Clebsch-Gordan coefficient.’ We also note the relation
[(Qz)#]*=(—1)"(ﬂf) (24)

—p

between the spherical components of the complex vector 2, and its complex-conjugate vector 5.
The first term of (21) was evaluated in Egs. (55) and (56) of CSH. If we evaluate the last two terms of (21) in an analo-
gous way, we find that the total relaxation rate, due to the static field inhomogeneity €, and the oscillating field Q,, is

P 8M°R*|VQ,, |? LS DIL(L +1)—M?] | |VQ, [?+|VQ,,|?
oM =""""175D > X1, ~2) DXt R+
L DILE +1)—M?] |vQ,_ |? 'S 4DM? |\7ﬂzz|2
. (x3,—2) D}, R+ (Qy—w)? ~ (x3,—2) | Dx},R 40
2 |VQ,, |2
+2D[L L+1)—M?] _42+] 25)
(x1,-2) D’x}, R 4+ (Qy+w)?
The imaginary part of the damping (a frequency shift) is
7?’0 LM“MSQO
VO, |24+ |VQ,, |2
_mra,s, T4 190 |
T ox?,(x1,—2)(D*1, R+ Q)
+s MR*? | VQ,_ | *(Q—~w) |V, [ *(Qy+) M9, ]2 9, |°
S x3,(x?,—2) | Dx},R *+(Qy—w)?* D*x},R *+(Qy+w)? 2 | Qto Qp—o
(26)
[
Here Q,, VQ,, and VQ, are evaluated at the center of the #Qo—w)—i#iDx?2, /r?, (27

cell and Q,,.=Q,,+iQ,,. The last term in (26) is a
Bloch-Siegert shift,'? Wthh has no analog in Eq. (56) of
CSH since 2,(0)=0 by definition.

The last three terms in (25) represent the relaxation
due to virtual emission and absorption of o, 7, and o _
photons from the oscillating magnetic field. A o, pho-
ton carries *1 unit of angular momentum along the z
axis, and a 7 photon carries no angular momentum along
the z axis. The relative densities of o, and 7 photons are
proportional to 1 | Q,. |?and |Q,, |%. When a o, pho-
ton is absorbed by spin in the uniform mode, the energy
of the photon field decreases by #iw and the energy of the
spin increases by #Q,—i#Dx?, /R?. The imaginary part
of the spin energy comes from the natural lifetime
R*D ~'x[;? of a spin in the diffusion mode (1un). The to-
tal change in the energy of the photons and the spins is
therefore

and this is a representative “energy denominator” of the
second or third line in (21). Note that the Bloch-Siegert
shift comes from terms in (21) with purely imaginary
denominators, that is, from virtual transitions with no
change in the diffusional state. Consequently, there is no
relaxation associated with the Bloch-Siegert shift.

The limits of validity of these calculations are the same
as those discussed in CSH if ©,(0)=0 and there is no
Bloch-Siegert shift. If the mean value €,(0) is nonzero,
we must also have

| Qpto| > [ Q] . (28)

A. Relaxation during magnetic resonance

As an application of the results derived above we will
discuss relaxation during magnetic resonance. The fre-
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quency o of the oscillating field will be close to the reso-
nant frequency, that is, |w| = | Q,|. Since the oscillat-
ing field is supposed to induce transitions between the
spin sublevels, it will also have a nonzero spatially aver-
aged value Q,(0) so the condition (28) will be violated.
To avoid the difficulties associated with the violation of
(28) we will discuss the behavior of the spins in the rotat-
ing coordinate system!' where the spin-density matrix
can be written as

iotL,

[p). (29)

|o)=e

Recall that one can use either | p) or | o) to calculate the
expectation value of a vector observable, say, the nuclear
spin {K) of the atoms. The prescription is

(K)=(K|p)=(K|o)
X(K,|o)+¥(K, |0)+Z(K,|o), (30

I

where we have used the notation (K |p)=Tr[Kp],
(K| 0o)=Tr[K,o], etc. to denote expectation values in
polarization space. We note that the expectation values
in (30) are all understood to be evaluated at the same spa-
tial position r within the cell. The rotating unit vectors
are

X=xcoswt +Yy sinwt ,

¥= —xsinwt + Yy coswt , (31)

N

=Zz.

Thus (30) implies that the expectation values (K, | o) and
(K, | o) are the projections of (K ) on the rotating vec-
tors X and ¥.

Differentiating (29) with respect to time and making
use of (10) we find |o) obeys an evolution equation
analogous to the evolution equation (10) for |p),

la)lei

—a—-|a)=isz|a)+e EY [p)

at
=(—iQ,"L+DV?) o). (32)

Equation (32) describes spins which diffuse through the
gas and simultaneously rotate at the effective Larmor fre-
quency 2,. It can be solved by the perturbative methods
discussed in the preceding section. From inspection of
(32), (9), and (10) and from the fact that

iwtL —iwtL,

e ‘L.e =etiol (33)

and
totL, —iwle _

e L e =L,, (34)

we find that , can be written as the sum of four com-
ponents

Q,=0,+2,+Q.+Q, . (35)
The homogeneous, static component is
Q,=1(x+iy)Q,_+z(Qy—w)]+c.c. , (36)

where c.c. denotes the complex conjugate of the preced-
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ing expression. The homogeneous, oscillating component
is

Q,=[Hx—iy)Q, e " +20ye "“J+cc.  (37)

The homogeneous oscillating component ), can cause
Bloch-Siegert shifts'® similar to those discussed in con-
nection with (23), and it can also lead to various paramet-
ric resonance phenomena,'>~'* but it cannot cause spin
relaxation, so we will not consider it in more detail. The
inhomogeneous, static component is

Q. =1-Vi[(x+iy)Q,_+zQ,,]+c.c. (38)
The inhomogeneous, oscillating component is
Qu=r-V[Hx—iy)(Q, e ¥4+ Q, e ')
+2Q,,e " "“4c.c. (39)

By comparing (1) and (36) we note that it is possible to
write

Qa:%[Bé'(xxwtzz)+B'2'XZ]+)»BO—‘UZ ) (40)

where the in-phase field component B and the quadra-
ture component B} were defined in (1). Similarly, we can
write

Q. =Ar-V{i[B(xx+yy)+B) Xz]+B,z} . (41)

The Larmor frequencies (2, the fields B, and their gra-
dients VQ and VB, which occur on the right-hand sides
of (36)—(41), are to be evaluated at the center of the cell
where r=0.

We define the Rabi frequency w, by

0, = Qs | =1Qy_| . (42)
Then, as illustrated in Fig. 1, (36) becomes

Q,=Q,w, (43)
where

Q,=[(Qy—0)+02]'?. (44)

The axis of quantization w is
w=2X cosa sinB+4y sina sin8+z cosf3 . (45)

The colatitude angle of w is

=tan~! , 46)
B=tan Op—o (
and the azimuthal angle is
Q B ’ —B n
a=tan~'—% —tan~' 22 47)
ax BZx +BZy

We may imagine that the w axis was formed by rotating
the z axis by the angle 8 about the axis

v=ycosa—Xsina , (48)

and we may obtain a complete set of Cartesian unit vec-
tors (u,v,w) by defining
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FIG. 1. Quantization axes u, v, and w for the density matrix
| o). The spin expectation value (K | o) rotates about the axis
w at the frequency (2,, which can be determined from the static
and oscillating magnetic fields with (40). According to (30), the
expectation value of the spin, as viewed from the laboratory sys-
tem at the same spatial location r, is (K)=(Xx+¥y
+2z)(K | o). Thus, in comparison to (K | o), (K ) has an ad-
ditional rotational velocity w about the z axis. For this reason
(K | o) is called the expectation value of the spin in the rotating
coordinate system, and (32) is said to describe the evolution of
the spin polarization in the rotating coordinate system.

u=v X w=2x cosa cospf+y sina cosf—zsinf3 . (49)
The criterion (28) now becomes
Q220 > D, |, |QFo|> |0 ], (50

and this will be satisfied for most magnetic resonance ex-
periments. We can therefore use (25) and (26) to describe
the relaxation due to field inhomogeneities in the rotating
coordinate system. There will be an effectively static in-
homogeneity VQ, which we identify with V{,, there will
be an oscillating, homogeneous field {2, which causes a
Bloch-Siegert shift such as that due to £, in the last term
of (26), and there will be inhomogeneities V{2, oscillating
at the frequencies w and 2w, which we can identify with
the inhomogeneity V{, of (25) and (26).

It is frequently the case that the oscillation frequency @
satisfies the conditions

0?>>0%, o*>>D?R™*. (51)

If the condition (51) holds, which we shall assume to be
the case henceforth, the relaxation [described by the last
three terms of (25)] due to the effectively oscillating field
inhomogeneity 1, is negligible compared to the relaxa-
tion [described by the first two terms of (25)] caused by
the effectively static field inhomogeneity Q..

To calculate the relaxation due to the effectively static
field inhomogeneity (38), we need only make the replace-
ment Q,, —»Q,, Q;,>Q,, Q;,—>Q,, and Q;—Q,; in
(25) and (26). From (38) and (45), (48) and (49) we find
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Q,, =Q u=r-V(cosa cospl,, +sina cospl,,

—sinfQ,,) , (52)
Q,=Q,v=r-V(cosaQ,, —sinald,,) , (53)
Q., =Q. w=r-V(cosasinfQ,, +sina sinfQ,,
+cospl;,) . (54)
Substituting the appropriate gradients into (25) we find
Ry =28 va,,

D[L(L +1)—M?]
(x2,—2)
|V, |*+ |V, |?
Dx},R *+ 0?4+ (Qy—w)?

+2

(55)

The polarization quantum numbers L and M in (55) refer
to the w axis of Fig. 1.

Suppose that we can neglect the inhomogeneity of the
oscillating field ), so the relaxation is due solely to the
inhomogeneous static field ©,. Then (55) implies that the
longitudinal relaxation rate in the rotating coordinate
system is

1
T,

rl

=RYHo=v18(1,s) . (56)

Similarly, the transverse relaxation rate is

1 (r,s) 5?2
— Ry — g\ +
Yo,n1=71 2 1452

Tr2 (57)

We have written 1/7,, and 1/T,, in terms of the charac-
teristic relaxation rate
8R*|VQ,, |2
=T
which is the high-pressure limit of the transverse relaxa-
tion rate in the laboratory system, as discussed in connec-

tion with Eq. (61) of CSH.
The line-shape function is

glrs)=3 5 y 175 .
" Axl, —2)xt, +riris?)(1452)

(58)

(59)

The relative Rabi frequency r, which is analogous to the
relative pressure p /p* of Eq. (2) of CSH, is

o,R*?
D

The relative detuning, the ratio of the detuning frequency
Q,—w to the Rabi frequency w,, is

r =

(60)

S=—". (61)

The relaxation rates 1/7,, and 1/T,, are sketched in Fig.
2 for several values of r. We note that the longitudinal
relaxation rate is peaked at resonance, and the transverse
relaxation rate is at a minimum at resonance. At exact
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FIG. 2. Relaxation rates in the rotating coordinate system
due to inhomogeneities in the static field. The rates are calcu-
lated according to (56) and (57) when there is negligible relaxa-
tion due to the inhomogeneity VQQ,.

resonance T,,=2T,;. When the frequency is well off res-
onance, T,, << T,,.

ITII. EXPERIMENTAL STUDIES

We have performed experiments to check the validity
of the theory. The basic geometry of the apparatus is
shown in Fig. 3. We used spherical Pyrex glass cells con-

Interference

Filter Removable )\ /
=~ IVTOI’
(B (e

Resonance ‘ T

Lamp Photoelustic

2] Modulator

A
Laser — Cell —L_ Detector
Light
Coils T~ z
Static field
Y along Z axis

FIG. 3. The most important optical parts of the apparatus
used to study the effect of magnetic field inhomogeneities on
nuclear-spin-relaxation rates. Two or more pairs of magnetic
field coils were used in the experiments, and one pair is shown
to illustrate the polar angles 6 and ¢ of the symmetry axis.
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taining 1 Torr of xenon, isotopically enriched to 69%
129X e, and about 25 Torr of nitrogen gas, which is the
main species which limits the diffusion rate of the xenon
atoms. The pressures are quoted for a cell-filling temper-
ature of 25°C. The cells also contain several milligrams
of rubidium metal of natural isotopic composition. At
the beginning of each experiment, the Rb atoms in the
vapor phase were maintained at high polarization by op-
tically pumping with several hundred milliwatts of circu-
larly polarized 7948- A light from a cw dye laser, pumped
by a krypton-ion laser. During this pumping phase,
which took several minutes, angular momentum was
transferred from the spin polarized Rb atoms into the nu-
clear spins of the '?Xe atoms by spin exchange collisions
in van der Waals molecules.”>~'® Once the nuclei had
been polarized, the laser light was blocked and the mirror
of Fig. 3 was removed to allow unpolarized 7948- A D,
light from a Rb resonance lamp to pass through the cell,
through a photoelastic modulator and onto a silicon pho-
todiode. The photoelastic modulator was used to detect
the small amount of circular polarization, which was pro-
portional to the longitudinal nuclear spin (K,) of the
129Xe atoms. More details about the detection process
can be found in the work of Zeng et al.'®

A convenient way to create magnetic fields is to use a
pair of identical coaxial coils, each having n circular
turns of wire carrying a current I. The radius of the coils
is a and they are separated by a distance 2d as sketched
in Fig. 3. The coils are aligned along the direction of the
unit vector c. Several coils such as those shown in Fig. 3
were used simultaneously in the experiments to be de-
scribed below. If homogeneous static or oscillating fields
were needed, the coils were wired so that their fields add-
ed at the center of symmetry (the center of the cell of Fig.
3), and the coils were located as nearly as possible to the
Helmholtz configuration where 2d =a. The field from
these Helmholtz coils was very homogeneous over the
volume of the cell.

If known field inhomogeneities were needed, the coils
were wired in opposition so that their fields canceled at
the center of symmetry of the “inhomogeneity coils.” At
the center of the cell, the coils produce a magnetic field
gradient which can be expressed in dyadic form as

VB(c)=«I(3cc—1), (62)

where the unit dyadic is 1 =xx+yy+zz, and the calibra-
tion constant k is
3mna’d |
Kk=——>——>—>GcmA™ . (63)
5(d2+a2)5/2

We can regard the gradient (62) as independent of posi-
tion within the cell as long as the radius R of the cell is
much smaller than the radius a of the coils. Let us de-
scribe the direction of ¢ with the polar angles 6 and ¢ as
indicated in Fig. 3:

c=xcosd sinf+y sing sinf+z cosO . (64)
Substituting (64) into (62) and taking matrix elements be-

tween the unit vectors x, y, and z we find that the matrix
form of (62) is
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0B, /dx
9B, /0y
0B, /dz

3B, /dx OB, /dx

VB(c)= |0B, /dy 0B, /dy
3B, /dz OB, /0

sin?6 cos’¢— 1

=3kl |sin’0 sing cosd

sin@ cos@ cos¢  sinf cosO sing

To aid in the discussion of the experiments we will write
out explicitly several special cases of (65). For coils
aligned along the x axis we have

2 0 O
VB(x)=«kI |0 —1 0 |. (66)
0o 0 -1
For coils aligned along the y axis we have

-1 0 O
VB(y)=«I{ 0O 2 0 |. (67)
0 0 -1

For coils aligned along the z axis we have

-1 0 O
VB(z)=«xI| 0 —1 0]. (68)
0O 0 2
We may pass the same current I through two identical

pairs of coils, aligned along the x axis and y axis, respec-
tively, such that the total field gradient is

3 0 O
VB(x)—VB(y)=«I |0 —3 0] . (69)
0 0 O

Note that the third row of the field gradient (69) is zero.
It will also be convenient to orient the coil axis ¢ at the
“magnetic angle” 6,, =cos™'1/V'3=54.7°. For 6=6,,
and ¢ =0 we have from (65)

1 0 V2
VB(6,,0)=xkI| 0 —1 0 |. (70)
V2 0 0
Similarly, for 6=6,, and ¢ =m/2 we have
-1 0 0
VB, m/2)=kl| 0 1 V2]|. (71)
0 V2 0

A. Components of VB which cause relaxation

To test which parts of the gradient tensor are impor-
tant in causing relaxation, we have carried out a set of
measurements to study 1/T,, for the field gradients (66)
and (69). After being polarized as described above, the
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sin?0'sing cos¢ sinf cosb cos¢
sin’0sin’¢—1 sinfcosfsing | . (65)

cos’0—1

129X e nuclei were subjected to a resonant, homogeneous,
oscillating magnetic field while a static magnetic field in-
homogeneity was created by passing constant currents
through one or more pairs of inhomogeneity coils. The
basic parts of the apparatus are shown in Fig. 3. We
made no attempt to shield the magnetic noise in the labo-
ratory and this added a small amount of scatter to the ex-
perimental data. The detected signal is proportional to
the projection of the nuclear spin onto the z axis.!® The
magnetic field that the atoms experience in the rotating
frame can be understood with reference to Fig. 1. When
the oscillating magnetic field is on resonance we have
B=m/2 and the axis of quantization w in the rotating
frame is perpendicular to the z axis. The spin polariza-
tion rotates at the Rabi frequency Q,=w, about the w
axis and is alternately parallel and antiparallel to the z
axis. The polarization in the rotating frame will be pure-
ly transverse and it will decay at the rate 1/7,,. The
curve labeled s=0 in Fig. 4(a) is a representative piece of
experimental data. The envelope of the transient is well
represented by a decaying exponential curve of the form
exp(—t/T,,).

The results of many measurements of T,, are shown in
Fig. 5. The closed triangles of Fig. 5 were taken as a
function of the current 7 in coils which produced the gra-
dient (69). The measurements are plotted as a function of
3kl which is the increment to the ambient value of
3B, /9dx or the decrement to dB, /dy. Since the gradient
tensor (69) has VB, =0, we would expect inhomogeneity
coils to cause no relaxation, according to (58), and none
was observed. The “theoretical” line for the closed trian-
gles of Fig. S is simply a least-squares fit of a horizontal
line.

The closed circles of Fig. 5 were taken as a function of
the current I in coils which produced the gradient (66).
The measurements are plotted as a function of kI which
is the decrement to the ambient value of 0B, /dz. Ac-
cording to (57) the contribution to the relaxation rate
from field inhomogeneities should be

1 v.8(r,0)
T,, 2

4R *A2%g (r,0)
=== 0198, /0x | 2+ | 8By, /3y |2

+ | 0B, /3z —«I |?), (72)

where
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FIG. 4. (a) Spin relaxation of 'Xe due to magnetic field in-
homogeneities. Traces are shown for three values of the detun-
ing parameter s =(Qy—w)/w,. For clarity, the decay rates
were increased by applying a large gradient described by (71).
The envelopes of the transients decay at the rate 1/T,,+1/T
and the center lines decay at the rate 1/7,,+1/7T, where 1/T,,
and 1/T,, should be given by (56) and (57), and 1/T is a small
contribution to the relaxation due to collisions of '*Xe atoms
with Rb atoms and with the cell walls. The most reliable data
for T,, are obtained for s < 1 and the most reliable data for T,
are obtained for s > 1. (b) Values of T,, and T,,, extracted from
traces of the sort shown above, but with a smaller gradient (66),
are plotted as a function of s. The solid lines are best fits to the
data of the functions (56) and (57). A more detailed discussion
of these data is contained in Sec. III B.

300

200 t+

100 t

Relaxation Rates ( 10 sec™')

-20 -1.5 -1.0 -05 0.0 0.5 1.0 1.5 2.0
applied static field gradient ( mG/cm )

FIG. 5. Transverse relaxation rate T, in the rotating frame,
as a function of field gradient. (a) The relaxation produced by a
current [ in coils which produce the gradient (69) as a function
of 3xI. The inhomogeneity coils have no effect on VB,. (b) The
relaxation produced by a current I in coils which produce the
gradient (66) as a function of xI. The inhomogeneity coils do
contribute to VB,. These data show that spin relaxation during
magnetic resonance is dominated by VB, and that the remain-
ing independent parts of the gradient tensor, for example,
0B, /0x, have relatively little effect on the relaxation rate.
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A= 8xkHp

=7400 sec"!G~! (73)

is the gyromagnetic ratio of '*Xe nuclei. In (72) we have
written the field gradient as the sum of an ambient part
VB,, and an applied part VB,(x)=(0,0, —«I) given by
(66). The ambient components are largely due to steel
structures (cabinets, reinforced concrete) near the ap-
paratus. The solid curve in Fig. 5 is the parabola

1

=(5.0%10%) sec"!'em?> G2
TrZ

X [(360 uG cm~')—kI1*+0.032 sec™! . (74)

The ambient field dB;,/9z=360 pGcm~' and the
minimum relaxation rate 0.032 sec ™! of the parabola (74)
were obtained by a least-squares fit to the experimental
data points of Fig. 5. The Rabi frequency of the experi-
ments depicted in Fig. 5 was w, =6.28 sec ™!, the effective
radius of the cell was 0.60 cm, and the diffusion constant
was D =D,(760/24.5)=3.4 cm?sec”!. The diffusion
constant Dy =0.11 cm*sec™! at 1 atm was determined in
the experiments discussed in Sec. III C. The parameter r
of (60) was therefore »=0.67, and we may evaluate (59) to
find that g(0.67,00=0.97. These parameters, along with
the gyromagnetic ratio (73) were substituted into the ex-
pression 4R *A%g(r,0)/(175D) which, according to (72),
should give the coefficient for the quadratic term of the
parabola. The agreement with experiment is seen to be
quite good.

The data of Fig. 5 illustrate clearly that spin relaxation
during magnetic resonance is due mainly to VB, and is
little affected by dB, /dy =9dB,, /dx, 0B, /dz, and 3B, /dy.
We can use coils which produce the gradients (70), (71),
and (68) to cancel out 9B, /dx, 3B, /3y, and 9B, /dz, re-
spectively, and to eliminate most of the relaxation due to
field inhomogeneities in magnetic resonance experiments.

We note that all of the data of Fig. 5(b) were taken
with constant currents in two pairs of coils which pro-
duced the gradients (70) and (68). The currents in these
coils were set to minimize the relaxation rate, presumably
by canceling out the elements dB,/dx =3B, /dz and
dB, /0z of the ambient gradient tensor.

B. Effects of detuning on relaxation

We also studied spin relaxation as a function of detun-
ing from the Larmor frequency , during magnetic reso-
nance conditions. The sample cell was the same as the
one discussed in Sec. III A, the pumping and probing
procedures were the same, but the magnetic fields were
more carefully controlled in these experiments. A static
magnetic field was provided by a solenoid, and an oscil-
lating field was provided by a pair of Helmholtz coils
aligned with the y axis. A static gradient (66) was pro-
duced by passing a current /=3.0 mA through a pair of
inhomogeneity coils aligned with the x axis. The coils
had n=4 turns, a radius a=1.70 cm, and a spacing
2d=4.32 cm. From (66) and (63) we conclude that
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k=0.30 Gem ™' A~!. The important element of the gra-
dient was dB,/dz=—kI=—-9.0X10"* Gem™'. Two
layers of u metal shielded the cell from external magnetic
noise, and an active feedback system eliminated long-
term drifts of the magnetic field. With the exception of
the inhomogeneity coils, the apparatus is exactly that de-
scribed by Wu et al.!®

At the end of the pump phase of the experiment and
just before the oscillating field was turned on, the spin po-
larization of the '2’Xe nuclei was (K ) =Pz, where the
initial polarization amplitude P depended on how long
the sample was pumped, the relaxation mechanisms in
the cell, etc. At the instant the oscillating field was ap-
plied, the longitudinal spin polarization in the rotating
coordinate system was WP cosf3 and the transverse spin
polarization was —uP sinf8. The transverse polarization
rotated about the w axis at the frequency Q, and decayed
exponentially at the rate 1/7,,. The longitudinal polar-
ization in the rotating system decayed at the rate 1/7;,.
The signals observed with the apparatus of Fig. 3 were
proportional to the projection of the nuclear-spin polar-
ization onto the z axis, and they were therefore of the
form

S()=A4P(e " "sin?Bcos,t +ecos?B),  (75)

where A is a proportionality constant. Representative
transients for three values of s, the detuning parameter
defined in (61), are shown in Fig. 4(a). The envelopes of
the transients decay at the rate 1/T,,=1/T,,+1/T and
the centerlines decay at the rate 1/T,,=1/T, +1/T,
where 1/T,; and 1/T,, should be given by (56) and (57),
and 1/T is relaxation, typically about 30% of 1/T,,,
which is due to causes other than inhomogeneities. Col-
lisions of '2?Xe atoms with Rb atoms and with the walls
are the main contributors to 1/7, which can be deter-
mined measuring 1/7,, at very large detunings where
field inhomogeneities have a negligible effect on the relax-
ation rates. We subtracted 1/7 from the raw experimen-
tal data to obtain the values for 1/7T,; and 1/T,, plotted
in Fig. 4. In agreement with the predictions of the
theory, we measured the same relaxation rates, within ex-
perimental error, for + |s | and — |s |, and the mean
measured values for * |s | are plotted in Fig. 4(b). We
could determine s experimentally from the measured fre-
quencies {2, of transients such as those of Fig. 4(a), and
from the known absolute detunings Q,—w. The values of
T,, and T,, were fitted simultaneously by least squares to
the functions (56) and (57) with the cell radius R as a free
parameter. The best-fitting radius was R=0.60 cm,
which is slightly smaller than our estimate R=0.61 cm
based on measurements with calipers. At zero detuning,
the data show that the longitudinal relaxation rate ap-
proaches a value which is twice that of the transverse re-
laxation rate, as predicted by (56) and (57).

C. Motional narrowing

A striking prediction of CSH is that at low relative
pressures, motional narrowing occurs and 1/T, is pro-
portional to pressure. In contrast, the classical result,3
valid at high relative pressure, predicts that 1/7T, is in-
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versely proportional to pressure. It was shown in CSH
that the transition from low-pressure behavior to high-
pressure behavior occurs when the relative pressure

2 _ MR’
p* D

(76)

is on the order of 4. In practice, it is difficult to perform
experiments in static magnetic fields at small values of
the relative pressure. An experimentally convenient mag-
netic field for '*Xe is B;=0.1 G, where the Larmor fre-
quency is Qy=AB,=740 sec”'. For cells such as those
discussed above with a radius of R=0.60 cm, and D =~3.2
cm?sec™! at a pressure of p ~30 Torr, the relative pres-
sure is p/p*=~86. To get p/p* =1 we would have to use
a pressure of p~32=0.35 Torr, an impractically low
value. As discussed by Zeng et al.,'® the spin transfer
efficiency from the optically pumped alkali atoms to the
noble-gas nuclei drops to unusable values for pressures
below about 10 Torr. Furthermore, it would not be pos-
sible to optically pump the alkali vapor efficiently at such
low pressures because of the rapid diffusion of the spin
polarized alkali atoms to the cell walls. One could also
think of decreasing p /p* by decreasing the cell radius R,
but we would have to decrease R by V'86=9.3 to get
p/p*=1, and the resulting cells would have to have radii
of 0.6 mm or less, an impractically small value. Making a
series of cells with different radii or different pressures is
not an attractive option because of the difficulty of con-
trolling the experimental parameters of many different
cells and the need to interchange them in the experimen-
tal apparatus. It would be much better to use a single cell
mounted permanently in the apparatus, and to vary p /p*
by changing the magnitude of the Larmor frequency .
To ensure that p/p* <1 in the sample cells discussed
above, where R=0.60 cm, we would need a Larmor fre-
quency ,<27X 1.4 Hz, which corresponds to a static
field of about 1073 G. It is very difficult to produce such
small static magnetic fields with the required stability of
magnitude and direction.

A more practical way?’ to study relaxation caused by
magnetic field inhomogeneities under motional narrowing
conditions is to work in the rotating coordinate system.
At exact resonance, when o =, the longitudinal relaxa-
tion rate 1/T,, in the rotating coordinate system, given
by (56), depends on relative Rabi frequency 7 in the same
way as the longitudinal relaxation rate 1/7, in the labo-
ratory system, given by Eq. (55) of CSH, depends on the
relative pressure p /p*. It is relatively easy to produce a
very small and stable rotating magnetic field, and we al-
ready pointed out that the relative Rabi frequency for the
data of Fig. 4(b) was r =0.7, that is, the data were taken
well into the motional narrowing regime. By combining
experiments in the rotating system with experiments in
the laboratory system, we have measured longitudinal re-
laxation rates over a domain which includes both high
and low relative pressures, that is, from r=04 to
p/p*=98.

All measurements were done with the same apparatus
described in Sec. III B. The sample cell differed slightly
from that of Secs. III A and IIIB. The cell had a nomi-
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nal radius, based on measurements with calipers, of
R=0.55 cm. It contained 30.5 Torr of N, gas and 1 Torr
xenon, isotopically enriched to 69% '*°Xe.

To study the spin-relaxation rates at high relative pres-
sures, we observed the longitudinal spin relaxation in the
laboratory frame. The spins were subject to a homogene-
ous static field which produced a Larmor frequency
and to an inhomogeneous static field described by (66).
The inhomogeneity coils were the same as in Sec. III B
but the coil spacing was larger, 2d=5.8 cm. The calibra-
tion factor (63) of the coils was k=0.147 Gem~ 'A%
At 8.2-sec intervals the spins were inverted with a 7
pulse, as discussed in more detail below, to eliminate the
effects of slow drifts in the overall gain of the recording
system. A representative relaxation transient is shown in
Fig. 6. Measurements were made at values of the static
magnetic field B, ranging from 0.11 to 0.02 G. The cor-
responding values of p/p* ranged from 17 to 91. At
each value of the static field, relaxation transients such as
that of Fig. 6 were measured for several values of the ap-
plied field inhomogeneity, corresponding to static
currents I of 6-50 mA in the inhomogeneity coils. To fa-
cilitate comparison of these experiments with theory we
have converted the measured values of the relaxation
rates to experimental reduced rates 1/7, defined by

1 1
T Yol
where the characteristic rate y, as defined in Fig. 1 of
CSH, is
VO, | ‘+|vQ,, |))R? _ 5(AkRI)?
Yo= Q = Q

) a7

(78)

According to Eq. (57) of CSH, the reduced rate, which is
plotted as a function of p /p* in Fig. 1 of CSH, should be
equal to

) (79)

where the function g(r,s) was defined by (59). For the
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FIG. 6. A spin-relaxation transient for the decay of the longi-
tudinal spin polarization in the laboratory system. Most of the
relaxation is due to inhomogeneities of the static magnetic field.
Slow drifts in the gain of the recording system were eliminated
by using 7 pulses to invert the polarization from time to time.
The open circles of Fig. 7 were obtained from transients such as
this.
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high relative pressures of these experiments the theoreti-
cally predicted relaxation rate is very nearly equal to the
classical value [Eq. (1) of CSH], that is, directly propor-
tional to the diffusion constant D and independent of the
cell radius. These data, plotted as the circular points in
Fig. 7, are therefore ideal for the determination of D. By
a least-squares fit of the data to the theory (79) with D as
a free parameter we found that the diffusion constant of
the cell was

D =2.7 cm?sec™!. (80)

The total pressure in the cell was p=31.5 Torr, and the
partial pressure of xenon was only 1 Torr. A reasonable
estimate of the standard diffusion constant D, of xenon
atoms in 1 atm of nitrogen gas is therefore

D, =0.11cm?sec™! . (81)

—_p—P

760 Torr
This seems to be the first measurement of D, for xenon
diffusing in nitrogen gas.

The experimental uncertainties were such that we do
not claim a measurement accuracy any better than 30%.
However, our experiments were not designed to measure
diffusion constants, but to validate the new theory dis-
cussed in CSH and in this paper. It is clear that quantita-
tive analysis of the nuclear-spin-relaxation rates of noble
gases in the presence of known field inhomogeneities is an
excellent new way to measure the diffusion constant of
noble gases in various gaseous mixtures. Much more pre-
cise measurements could be made without much
difficulty.

To study longitudinal spin relaxation at the equivalent
of very low relative pressures, we carried out a series of
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FIG. 7. (a) Open circles, measured values of the longitudinal
relaxation rate 1/7, of spins in the laboratory system in units of
Yo, defined by (78). The reduced rates 1/y,T, are plotted as a
function of the reduced pressure p /p* defined by (76). (b) Open
triangles, measured values of the longitudinal relaxation rate
1/T,, in the rotating coordinate system in units of y,, defined by
(95). The reduced rates 1/y,T,, are plotted as a function of
p/p*=r, where r is the relative Rabi frequency defined by (60).
(c) Open squares, measured values of the transverse relaxation
rate 1/T,, in the rotating coordinate system in units of y,. The
reduced rates 1/v,T,, are plot d as a function of p/p*=r.
The solid lines are the theoretical curves (79) and (98).
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experiments in the rotating coordinate system. The basic
idea of these experiments was to orient the polarized
spins along a small transverse magnetic field, rotating at
the Larmor frequency, and to monitor the relaxation of
the spins along this rotating quantization axis. Since our
experimental procedure did not permit us to monitor
transverse spin polarization in the laboratory frame, we
had to periodically apply 7/2 pulses of oscillating mag-
netic field to rotate the spins into alignment with the z
axis, where the spin polarization could be measured. To
facilitate the measurement, the spin polarization was also
inverted with 7 pulses before being rotated back into
alignment with the rotating magnetic field to permit
more relaxation to occur. We used an inhomogeneous
oscillating field to be sure that the theoretical predictions
of the relaxation caused by this type of inhomogeneity
were correct. Although these experiments were very in-
structive, they required the use of rather complicated se-
quences of pulses from two oscillators, one to provide the
oscillating inhomogeneous field and one to provide the
homogeneous quantizing field in the rotating coordinate
system. One of the oscillators also provided 7 and 7/2
pulses.

We began by polarizing the 'Xe nuclei by spin ex-
change optical pumping, as described for the experiments
above. In Fig. 8 we show representative data from the
experiments, a simplified sketch of the apparatus is
shown in Fig. 9, and an outline of the pulse sequences is
shown in Fig. 10. Oscillating voltages were generated by
two Hewlett-Packard 3325A function generators, which

@ 1'1“ @2 (:zl

| b by
el

FIG. 8. Representative data for determining 1/T,,, the longi-
tudinal relaxation rate in the rotating coordinate system. The
initial spin polarization was oriented along the negative z axis.
The spin polarization was inverted with a 7 pulse at the point
a,. At the point b, the spins were rotated with a 7/2 pulse to
orient them along the x axis. Between the points b, and ¢, the
spins were subject to a homogeneous quantizing field along the
x axis and to an inhomogeneous field which caused the spin po-
larization to relax at the rate 1/7T,,. At the point ¢, the spins
were rotated to orient them along the —z axis of the rotating
coordinate system. This sequence was repeated until the spin
polarization was too small to measure. More details of the ex-
perimental procedure can be found in the discussion of Figs. 9
and 10 in the text.
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we call oscillators 1 and 2. These were tuned to the mag-
netic resonance frequency w={, The oscillators were
ordinarily phase-locked together such that the phase of
oscillator 1 led the phase of oscillator 2 by 90°. The oscil-
lators drove voltage-to-current converters (not shown in
Fig. 9) which could be connected to a pair of Helmholtz
coils or to a pair of inhomogeneity coils in a sequence
which was controlled by an Apple Ile computer.
Oscillating homogeneous fields were produced by
currents in the Helmholtz coils, which had a symmetry
axis along the y direction. These coils were wrapped on
circular aluminum supports, and they were normally
used to produce quasistatic fields for another experiment.
At the oscillation frequencies (130 Hz) of these experi-
ments, the Helmholtz coils acted like the primary of a
transformer and the aluminum supports acted like a
shorted secondary circuit. The currents induced in the
coil supports caused the field at the cell to lag the driving
current. Direct measurements with a pickup coil showed
that the lag angle was X =45°+5°, as sketched in Fig. 10.
There may also have been some small contributions to X
from eddy currents in nearby metal parts of the ap-
paratus, but there was no evidence that the fields from
the induced currents were inhomogeneous enough to

Helmholtz
Coils

\ I i
- nhomogeneity

Coils
SPDT o SPST

Relay Switch Relay Switch

Oscillator 1 Oscillator 2

Yoo - =v + /2% T
Ph;ase

Amplitude 1 Amplitude 2

Apple Ile

FIG. 9. Schematic diagram of the apparatus used to generate
the data of Fig. 8. The oscillators 1 and 2 were used to produce
homogeneous and inhomogeneous fields, in a sequence which
was under the control of an Apple Ile computer. Details of the
pulse sequences are discussed in the text in connection with Fig.
10.
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Signal Timing Diagram
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FIG. 10. Pulse sequences used to measure 1/7,,, the longitudinal relaxation rate in the rotating coordinate system. Oscillator 1
was used to produce 7 and 7/2 pulses, by driving the Helmholtz coils of Fig. 9. Oscillator 1 was also used with an optional phase re-
tardation ¢ to drive inhomogeneity coils to cause spin relaxation. Oscillator 2 was used only provide a quantizing magnetic field
along the x axis of the rotating coordinate system. Currents induced in the aluminum supports of the Helmholtz coils caused the
field at the cell to lag the current in the drive coils by angle X =45°. During the intervals from b, to ¢, a current from oscillator 1
passed through the inhomogeneity coils, and the resulting inhomogeneous field caused the spins to relax at a rate which depended on
the phase =X — 1 of the current. As we have indicated in the sketch, the effective field seen by the spins was curl-free for §=0, and

it was divergence-free for 6 =7/2.

affect the measured relaxation rates.
Denote the current produced by oscillator 1 in the
Helmholtz coils by

I(t)=1I,cos(wt +X), (82)
where the real, positive current amplitude is I,. The field
produced by the current (82) is

20
A

where the gyromagnetic ratio A was given by (73). Com-
paring (83) with (40) and noting that the field was exactly
on resonance so o =,=129.3 Hz X 27, we see that

a

B=

y coswt =Bjcoswt , (83)

Q,=Q,y. (84)

The spins could therefore be rotated about the y axis by
the current (82). To produce 7 /2 rotations of the spins
about the y axis we gated the current (82) on at the time
of a zero crossing, and turned it off after six cycles of the
oscillating field. The rotation frequency was ,=5.38
HzX2m=Q,/24. The gate-on time, 46.5 msec, was
chosen to be a multiple of the internal clock interval of
the computer. The current amplitude was empirically
adjusted to make the rotation as close as possible to 7/2
rad. To produce a spin rotation by 7 rad about the y

axis, we gated the current on for 12 cycles or 93 msec.

At the beginning of the probe phase, we applied a 7
pulse, which occurred at the point labeled a, in Fig. 8, to
invert the spins and to obtain a value for the initial polar-
ization. After a delay of 2 sec to obtain a reading of the
signal, we applied a 7/2 pulse to orient the spins with the
x axis. The time of application of the first 7/2 pulse is in-
dicated by b, in Fig. 8. Immediately after the 7/2 pulse,
a homogeneous quantizing field was applied along the x
axis by gating the current

I(t)=1I,sin(wt +X) (85)

from oscillator 2 into the Helmholtz coils. The ampli-
tude of the current was such that it produced the field

B=20,y sinwt =B 'sinwt . (86)

Comparing (86) and (40) we conclude that the quantizing
field was

Q,=o,x . (87)
The basis vectors of Fig. 1 can therefore be chosen to be
wW=X,

u=—z, v=y. (88)

As a result of slight angle errors in the /2 pulse, the spin
polarization was not quite parallel to the x axis, and the
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perpendicular part of the polarization rotated at the Rabi
frequency w, about the x axis. The projection of this ro-
tating component onto the z axis produced small oscilla-
tions of the circular dichroism signal, which can be seen
between the points b, and ¢, of Fig. 8.

At the same time (the point b, of Fig. 8) that the quan-
tizing field from oscillator 2 was applied to the Helmholtz
coils, the phase angle of oscillator 1 was retarded by an
angle 1, so that the current from the oscillator was

I(t)=1I,cos(wt +9), (89)
where the phase angle & is
Sd=X—1¢. (90)

The current from oscillator 1 passed through inhomo-
geneity coils, which had an axis of symmetry along the x
direction, and which therefore produced a gradient de-
scribed by (66). The coil supports were nonconducting
plastic, and were much smaller than the supports for the
Helmholtz coils, so the inhomogeneous field was very
nearly in phase with the driving current and, according
to (62), it could be written as

B=r-VB=«Ir-(3xx— 1)(coswt cosd —sinwt sind) .

C2Y)
Comparing (91) with (41) we conclude that
Akl
Q.= 5 r-(3xx—1)(-[xx+yy]cosd — Xzsin8) . (92)

Multiplying out (92) and using (88) to evaluate the propa-
gations of . we find

Qe =Q,; =0,
A.Kll .

Q,=Q,= (2x sind—y cosd) , (93)
Akl )

Q=0 = > (2x cosd+y sind) .

The effective field B,=A"!Q, therefore lies in the uv
plane (or the xy plane). The field depends on the phase
angle 8, and we note that V-B,=1«l,cosd and
VXB,=(z/2)xIsind. The gradient tensor is not trace-
less and symmetric, that is, divergence-free and curl-free
because we neglected field components which are not
static in the rotating coordinate system. For example,
the divergence of the field is proportional to the number
of rotating field lines which leave the xy plane and bend
into the direction of the z axis. The field lines for §=0
and /2 are sketched in Fig. 10.

Substituting (93) into (55) we find that the theoretically
predicted value for the longitudinal relaxation rate dur-
ing the 12.9-sec intervals from b, to ¢, of Fig. 8 is

1 1 8
==y, =—= ,0)Y, 94
7. Y, 175rg(r )Y, (94)

r

where the characteristic rate is

(AKRI,

Vo= (14+3sin38) . (95)

r
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and r is the relative Rabi frequency of (60).

At the points ¢, in Fig. 8 the currents in the Helmholtz
coils and in the inhomogeneity coils were turned off. The
phase retardation ¥ was eliminated and oscillator 1 was
used to drive a second 7/2 pulse through the Helmholtz
coils and to rotate the spins into alignment with the nega-
tive z axis, where they produced an observable circular
dichroism signal in the 2-sec interval between c, and
ap41-

Since no field inhomogeneity was applied during the in-
tervals between the points ¢, and b, , |, most of the spin
relaxation occurred in the intervals from the points b, to
¢,, during which time the spin polarization was along the
quantization axis w=x of the rotating coordinate system.
We therefore assumed that the inversion signals, which
occur at the points a,, where attenuated by a factor
exp[ —(12.9 sec)/T,,] between successive inversions, and
we analyzed data such as that of Fig. 8 accordingly to
determine values of T ,,.

Keeping all other experimental parameters fixed, we
measured 1/T,, as a function of the phase angle 8, of (90).
The results are shown in Fig. 10. There is excellent
agreement with the 1 + 3sin?8 dependence on 8 predict-
ed by (94) and (5), and the data can be used to infer that
the phase retardation of the field with respect to the drive
current of the Helmholtz coils was 49°+5°, in agreement
with direct measurements with pickup coils.

To facilitate comparison of our data with theory, we
defined an experimental reduced rate 1/7,, analogous to
(77), by

11

Ty Y. Th

) (96)

where the characteristic rate y, was defined by (95).
From inspection we see that the theoretical reduced rate
defined by (94) depends on r in exactly the same way as
the theoretical reduced rate (79) depends on p /p*. Con-
sequently, we should find that the experimental reduced
rate (96) will lie on the same curve, if plotted against r, as
the experimental reduced rate (77), if plotted against
p/p*.

We measured 1/T,; for absolute Rabi frequencies
w, /27 ranging from 0.52 to 12.9 Hz. At each value of o,
we measured 1/T,, for five or six different drive currents
I, in the inhomogeneity coils. The currents ranged from
1 to 20 mA. Experimental values of 1/7, for different in-
homogeneity currents at the same value of r were aver-
aged and plotted in Fig. 7 as triangular data points. The
predicted low-pressure relaxation rate data are propor-
tional to R*, and the cell was not quite spherical since it
had a small internal stem at the point where it was sealed
off from the filling manifold. We therefore let R be a free
parameter and adjusted it to get a good fit between exper-
iment and theory. The fitted value of R=0.56 cm which
gave a good fit to the data was within experimental error
the same as the value R=0.55 cm that we measured with
calipers.

We have also used the oscillating, inhomogeneous mag-
netic field described above to measure the transverse re-
laxation rates 1/T,, in the rotating frame. The experi-
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mental procedure was very simple. After polarizing the
129X e nuclei by spin exchange optical pumping for an ap-
propriate time, oscillator 2 provided a driving current of
the form (85) for the Helmholtz coils and oscillator 1 pro-
vided a current of the form (82) for the inhomogeneity
coils with §=X=45°. Transients similar to the one la-
beled s=0 in Fig. 4 were observed in the circular di-
chroism signal. The Rabi frequency could be determined
directly from the frequency of the damped sinusoid. At
high Rabi frequencies, it was not possible to record the
signal directly with a chart recorder because the band-
width limitations, and the signal envelope was recorded
with a lock-in detector tuned to the Rabi frequency.

To facilitate comparison of our data with theory, we
defined an experimental reduced relaxation rate 1/7, in
analogy to (96),

1 1

T B err2

where the characteristic rate y, was defined by (95). As
described above, measurements were made for several
different drive currents I, in the inhomogeneity coils at
each Rabi frequency. Experimental values of 1/7, for
different inhomogeneity currents at the same value of r
were averaged and plotted in Fig. 7 as square data points.
Substituting (93) into (55) we find for §=45°, L=1, and
M =1 that the theoretical rate is

) 97)

L:4rg(r,0)+8r . (98)
Ty 175

The theoretical curve (98) is plotted in Fig. 7 for
p/p*=r.

IV. CONCLUSIONS

The experiments reported here show that it is possible
to quantitatively understand how inhomogeneous mag-
netic fields cause spin relaxation in gases. Some of the
important points which we have demonstrated are as fol-
lows.

(1) When spins are subject to an oscillating magnetic
field which has a frequency close to the magnetic reso-
nance frequency, the spin relaxation is characterized by a
longitudinal relaxation rate 1/7,, and a transverse relax-
ation rate 1/T,, in the rotating frame. At exact magnetic
resonance, theory predicts and our experiments confirm
that for relaxation due to static field inhomogeneities,
1/T,,=2/T,,=1/T,, where 1/T, is the transverse relax-
ation rate in the laboratory frame. As the oscillation fre-
quency is detuned from exact resonance, the longitudinal
relaxation rate 1/T,; decreases rapidly toward 1/T, the
much smaller longitudinal relaxation rate in the laborato-
ry frame. The transverse relaxation rate 1/7,, ap-
proaches 1/T, for large detunings (see Fig. 4). Figures 2
and 4 also show why the inversion of spins must be “‘fast”
in an adiabatic fast passage experiment. If the passage
through resonance is done too slowly to increase the adia-
baticity of the process, the spin polarization can be
significantly degraded by the greatly enhanced longitudi-
nal relaxation rate at resonance.

(2) Under magnetic resonance conditions only three of
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the five independent components of a static magnetic field
gradient have a large effect on spin relaxation. The three
important parts of the gradient tensor are dB,/dx
=0B, /dz, 0B,/dy =0dB,/dz, and 0B,/dz. The two
unimportant parts of the gradient tensor are
3B, /dy =0B, /0x and 0B, /0x = —0B,/dy —0B,/0dz. It
is therefore possible to use currents in three independent
pairs of inhomogeneity coils, for example, the coils de-
scribed by (68), (70), (71) to cancel the major part of the
relaxation due to inhomogeneous fields (see Fig. 5).

(3) An oscillating, inhomogeneous magnetic field with a
frequency close to the magnetic resonance frequency of
the spins can be very effective in causing spin relaxation
in the rotating coordinate system. If the inhomogeneous
oscillating field is coherent with the homogeneous oscil-
lating field that establishes the quantization axis of the
rotating frame, the relative phase of the two fields can
have a large effect on the relaxation rate (see Fig. 11).

(4) Motional narrowing of 1/T,, occurs as the relative
Rabi frequency r =w,R?2/D, or equivalently, the relative
pressure p /p*, decreases. There is also motional narrow-
ing of 1/T,, for r <1, that is, when the characteristic
diffusion rate D /R? across a spherical cell of radius R is
faster than the absolute Rabi frequency w, (see Fig. 7).

(5) The predicted rates of spin relaxation due to mag-
netic field inhomogeneities depend on the diffusion con-
stant D of the spins in the gas, on the physical dimensions
of the sample cell, on the strength of the homogeneous
and inhomogeneous magnetic fields, and on the frequency
of any oscillating fields. These quantities are usually well
known, except for the diffusion constant. Spin relaxation
in inhomogeneous magnetic fields can therefore be used
as a powerful new way to measure diffusion constants.
We think that measurements of either 1/T, or 1/T,, at

50 +

40
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30 ¢

1/7,,(10

O 1 L i L a< 1 L
-120 -9¢ -60 -30 0 30 60 S0 120

Phase Retardation ¢ (degrees)

FIG. 11. Measured values of the longitudinal spin relaxation
rate in the rotating coordinate system as a function of the phase
retardation i of the drive current in the inhomogeneity coils
(see Fig. 10). In accordance with the predictions of (94) and
(95), the data were fit to a function of the form
1/T,,=C[1+3sin®(X—4)] with C and X as free parameters.
The peak relaxation rate occurred when 8 =X —¢¥=m/2 and the
effective inhomogeneous field B.=Q./A of (94) was
divergence-free. The minimum relaxation rate occurred when
6=0 and B, was curl-free.
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high effective pressure would be most convenient for
determining diffusion constants because of the simplicity
of the experimental procedure, and because the cell
geometry has only a minor effect on the analysis.

(6) In this paper we used the lowest, nonvanishing or-
der of perturbation theory to calculate the effects of mag-
netic field inhomogeneities on the spin relaxation. In the
experiments described here, the field inhomogeneities (7)
and (8) are small compared to the “energy denominators”
of (21), provided that the energy denominators involve a
change in the polarization quantum number M of (17). If

CATES, WHITE, CHIEN, SCHAEFER, AND HAPPER 38

M does not change, the denominator can be on the order
of D /R ? and, for small D, can be comparable to or small-
er than the inhomogeneity matrix elements. Thus it may
be necessary to incude the effects of higher-order terms in
the perturbation calculation for high relative pressures.
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